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PREFACE 


Principles of Aerodynamics is an outgrowth of six years’ develop- 
ment of a set of printed lecture notes used by the author in under- 
graduate classes at the University of Washington. The purpose 
of the book is to present an introduction to some of the more 
important theoretical and practical aspects of aerodynamics. 

In order to provide flexibility in teaching, many chapters have 
been designed as independent units. Thus, for instance, any of 
Chaps. 4, 7, 8, 9, 10, 12, and 15 may be omitted without destroying 
the continuity of the text. 

While the assistance of all the scientists and engineers whose 
work has made this volume possible can scarcely be acknowledged 
separately, the author takes pleasure in thanking particularly the 
National Advisory Committee for Aeronautics, the Aeronautical 
Research Council, and the University of Washington Aeronautical 
Laboratories for permission to use some of the great wealth of 
material available in their reports. He wishes also to express his 
gratitude to his colleagues at the University of Washington and 
to Prof. F. S. Eastman, Prof. V. M. Ganzer, Prof. A. V. Hall, 
Dr. Alexander lOemin, and Prof. V. J. Martin for their helpful 
criticisms during the preparation of the manuscript. 

Jambs H. Dwinnbil 


SbattIiB, Wash. 
My, 1949 
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CHAPTER 1 
INTRODUCTION 


Aerodynamics is a branch of fluid mechanics that deals with 
the particular fluid, air. The laws that govern fluid mechanics are 
fundamentally identical to those used in the usual mechanical 
studies, but they frequently appear in an unfamiliar or extended 
form, giving the impression of novelty. In this introductory 
chapter, some of the general laws of fluid mechanics will be dis- 
cussed, with partictilar reference to applications in aerodynamics. 
It is thought advisable to generalize the discussion wherever pos- 
sible, to prevent creating the impression that the relations are 
peculiar to aerodynamics. 

1*1 Newton’s Laws of Motion. From an engineering stand- 
point, the most important laws governing both solid and fluid 
mechanics are those encompassed by the laws^ of Sir Isaac Newton: 


1. Every body continues in a state of rest or uniform motion in 
a straight line unless acted upon by some external force. 

2. An acceleration, which is proportional to the force, will be 
produced in the direction of the force. 

3. Action and reaction are equal and opposite. 


The meaning of the first and third laws is evident from physical 
experience. The implications contained in the second law are not 
apparent without study. According to the statement of the law, 


F oc a (1*1) 

where F is force 

a is acceleration 

There is no statement as to the size of the acceleration, but only 
that one will be produced if there is an unbalanced force on the 
body. In the form of an equality, 


F = ma 


( 1 - 2 ) 


where m is a constant called mass. Mass is a physical character- 

^ The laws are not stated exactly as originally proposed. They are reworded, 
without reservation, for simplicity of presentation. 

1 
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istic of the body that may be regarded as a measure of its material 
content or “how much matter” it has. By this is meant that the 
TTni.aa of a body is constant if no molecules are added to or sub- 
tracted from the body, even though it may undergo changes in 
state. This definition does not describe all the properties of mass, 
but has an advantage of giving to it a degree of tangibility. 

Mass may be considered from another viewpoint. Let a sta- 
tionary body be suspended in a vacuum from an infinite string. If 
a horizontal force is applied for a short time and is then removed, 
the body attains a constant linear velocity in accordance with 
Newton’s first law. If the force is applied continuously, the 
velocity increases linearly with time; hence the acceleration is 
constant. Now let the experiment be repeated on half the body 
(half the mass). With the same force, the resultant acceleration 
must be double, in accordance with Newton’s second law. There- 
fore, mass may be regarded as a measure of the inertia, or “resist'- 
ance to acceleration,” of a body. 

The character of mass has been described; its magnitude will 
next be discussed. One of the most elementary of algebraic proc- 
esses is that involved in determining a constant of proportionality 
in an equation such as 

x = by (1-3) 

where x and y are variables and & is a constant. The procedure 
is to substitute any known value of x and its corresponding value 
of y. For instance, if a: = 6 when y = 3, substitution shows that 
k = 2. This constant, once determined, is fixed for all values of 
X and y within the meaning of the equation. Similarly, Eq. (1-2) 
may be regarded as an equation involving two variables, F and a, 
and a constant, m. If any force and its corresponding acceleration 
are known for the body, the constant of proportionality, m, may 
be found in a manner similar to that described above. One such 
combination may be chosen if the body is allowed to fall freely in 
a vacuum, where the force is the weight and the acceleration is 
that due to gravity, thus 



(1-4) 


The magnitude of mass may be obtained from Eq. (1*4) by use 
of the standard acceleration of gravity, 32.2 fps per sec. 
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Mass is a scalar qiLantity, while weight is a vector quantity. The 
relation between them is seen to arise only from experimental 
convenience. 

If W is the weight in pounds and g is the acceleration in feet 
per second per second, the dimensions of mass may be obtained 
from Eq. (1*4): 


m « 


lb-sec^ 

ft 


(1-5) 


This unwieldy combination of terms is combined to form the 
engineering unit of mass called a slug; hence, 

1 lb force = (1 slug mass) (1 fps per sec acceleration) 

Equation (1*2) may be written in several forms dependent upon 
convenience. For instance, 


F = ma == m-r: 

dt 

F dt — m dv (1-6) 

If F is independent of time and m is independent of velocity, 
integration of Eq. (1*6) gives 

Ft = m(Vf — Vi) 

= m Av 

= mvf — mVi 

F = j(vr-v,) 

F = M Av 

where F is force, lb 
m is mass, slug 
a is acceleration, fps per sec 
V is velocity, with subscript/ indicating final and subscript i 
indicating initial, fps 
t is time, sec 
Ft is impulse, lb-sec 
mv is momentum, dug-ft per sec 
M is mass per unit time, slug per sec 
Av is change in velocity, fps 


(1-7) 

(1-8) 

(1-9) 

(MO) 

(Ml) 
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Ezaxnple 1. A force of 1.5 lb is applied continuously to a 25-lb body 
for 30 sec. If the original velocity is 20 fps, j&nd the final velocity. 
SolvMon, According to Eq. (1*7), 

Ft 

Final velocity V/ -^ + Vi 
m 

__ (1.5) (30) (32.2) ■ 

26 ^ 

= 78.0 fps 

Example 2. A machine gun fires 0.1-lb bullets at a rate of 850 per 
min with a muzzle velocity of 3000 fps. Find the average recoil force. 
Solution, This problem involves a continuous mass movement, and 
so may be solved by Eq. (ITl). 

Mass per sec, M = 

Change in velocity, At; = 3000 fps 

Average recoil force F *= ilf At; = (0.0440) (3000) = 132 lb 


1*2 Fluid Mass Density. The density, or specific weight, of a 
substance is defined as weight per unit volume, designated by the 
symbol w. Correspondingly, mass density^ is defined as mass per 
unit volume, designated by the symbol p. The relation between 
the two is shown by an equation: 


P 



(M2) 


where p is mass density, slug per cu ft 
w is specific weight, lb per cu ft 

Mass density is used almost without exception in aerodynamic 
calculations in preference to specific weight; however, the follow- 
ing statements regarding p may also be applied to w;, in view of 
Eq. (M2). 

The mass density of a solid or liquid is essentially constant, but 
the mass density of a gas depends upon the temperature and pres- 
sure according to the equation of state. 


pV 

T 


= R 


(M3) 


where p is pressure, psf 

V is specific volume, cu ft per lb 
T is temperature, F abs 

R is constant which, for dry air, is 63.3 ft per degree 
Fahrenheit 

^ In aerodynamics, “density** frequently implies “mass density.*' 
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Strictly speaking the equation applies only to a “perfect gas/^ 
but except under extreme conditions of temperature and pres- 
sure, it may be applied without appreciable error in aJl aero- 
dynamic problems. 

As its name implies, the equation of state has to do with the 
state of a gas and is independent of the thermodynamic process 
by which th§ state was established. Thus, for instance, if the 
temperature and pressure of a particular gas are specified, the 
specific volume is uniquely defined. 

The equation of state involves three variables. The process 
describes the relation between two of these variables. Three 
processes that are immediately apparent involve holding one of 
the three variables constant. This leads to the isobaric (constant- 
pressure), isochoric (constant-volume), and isothermal (constant- 
temperature) processes. Evidently addition or release of heat is 
required during each of these processes; therefore none of them is 
adiabatic. In a fourth process, the system is thermodynamically 
insulated (adiabatic) and contains no dissipative forces. This is 
called an isentropic process. 

This text will be concerned mostly with processes that are either 
isothermal or isentropic. The isothermal process is represented 
by the equation 

= C . (1-14) 

where C is a constant. [Equation (1-14) is evidently a mathe- 
matical statement of Boyle’s law.] The isentropic process is 
represented by 

pTT = Cl (1-15) 

where Ci is a constant and y is the ratio of specific heat at constant 
pressure to the specific heat at constant volume, having a value 
of 1.4 for dry air. 

The equation of state may be written in several forms, of which 
the following will be particularly useful in subsequent discussions: 
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Notice that the isothermal equation is obtained by setting To = Ti 
in the above equations. 

The isentropic equation may also be written in several forms . 


VoVi = piVl 

£9 = 

P6 Pi (1’17) 



Substitution of these relations in one of the forms of the equation 
of state gives a relation between p and T, V and T, or p and T. 

In Eqs. (1-16) and (1*17) the dimensions of the variables are 
inconsequential, except that the dimensions of each variable must 
be consistent within an equation; e.p., pressure may be expressed 
as pounds per square foot, pounds per square inch, or inches of 
mercury, etc., but po and pi must have the same chosen dimensions. 

Example. Find the mass density of air in a variable-density wind 
tunnel in which the pressure is 14 atm and the temperature is 36 C, 
knowing that for standard conditions (^ = 15 C or 69 F, and p ^ 1 atm 
or 14.7 psi) the mass density po = 0.002378 slug per cu ft. 

Solution. Absolute zero on the centigrade scale is —273 C; henc^, by 
Eq. (M6), 

M» , - (a) (1) „ . (0.002378) 

=« 0.0311 slug per cu ft 

1*3 Fluid Compressibility. A relation that occurs in many 
branches of mechanics is the following: 

Stress a unit strain (1-18) 

The stress in this relation may be produced by pressure or shear, 
and the resulting strain may be a change in volume, area, or linear 
dimension. If the relation is written as an equation, the constant 
of proportionahty may be regarded as a measure of ^‘elasticity'' 
or “resistance to deformation" whose magnitude can be obtained 
experimentally. 

Equation (1-18) may be used for describing the deformation 
AV occurring in a fluid as a result of a change in pressure Ap. 
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Ap = i?-^ 

where Ap is pressure increment, psf 

V is specific volume, cu ft per lb 
— AF is specific volume decrement, cu ft per lb 
E is bulk modulus of elasticity, psf 
In the limit, as Ap approaches zero, 



(1-19) 


( 1 * 20 ) 


The negative signs in Eqs. (1*19) and (1*20) are inserted because 
E is conveniently defined as a poative quantity, and a positive 
dP always produces a negative dV. For isothermal conditions 
in a gas, 


hence 


and therefore 

For isentropic conditions 


pF = C' 

dp 2. 

dV~ V 

E = p 


and therefore 


pT'^Ci 

dp yp 

dV~ V 

E = yp 


( 1 - 21 ) 


( 1 - 22 ) 


The bulk modulus is seen to be a physical characteristic of a gas 
that depends only upon the pressure. It is the fundamental 
criterion of gaseous compressibility. In a great many aero- 
dynamic problems, particularly those associated with high-speed 
flight, the rate at which a pressure wave travels in air has more 
physical significance than the bulk modulus, and it may be shown^ 
that there is a simple relation between these two variables 


E = pa^ 


(1-23) 


where p is mass density, slug per cu ft 

a is speed of infinitesimal pressure-wave propagation in air, 
equal to speed of sound in air, fps 

^ See, for example, Dodge, R. A., and M. J. Thompson, “Fluid Mechanics,’’ 
McGraw-Hill, New York, 1937. 
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Equation (1*23) gives rise to the use of the speed of sound, a, 
as a criterion for air compressibility. If pressure-wave phenomena 
are assumed isentropic, Eqs. (1*23) and (1*22) may be combined: 



By further combining Eqs. (1*24) and (1*13), speed of sound may 
be expressed in terms of the absolute temperature as follows: 


a = 41.4'\/^ 


where a is speed of sound in dry air, fps 

7 is ratio of specific heats, having a value 1.4 for dry air, 
dimensionless 
T is temperature, F abs 

This equation was developed from theoretical considerations, but 
experiments have shown very close correlation. The accepted 
equation for speed of sound based upon experimental evidence is 



The speed of sound will be shown later to play an important 
role in judging the importance of air compressibility on the aero- 
dynamic forces of an airplane. 

1*4 Fluid Viscosily. All fluids are viscous to some extent, 
whereas solids are generally assumed to be inviscid. The viscous 
property of a fluid asserts itself only when the fluid is in motion 
and is observable as a retarding action of one layer of fluid on a 
contiguous layer. 

In order to develop the equations relating to viscous phenomena, 
it is necessary to introduce the concepts of laminar and turbulent 
How. Laminar flow implies a periodic fluctuation of the velocity 
about its mean value, caused entirely by molecular agitation. 
Turbulent flow implies a periodic fluctuation of larger magnitude 
caused hy fiuidrparticle agitation, which is superimposed upon the 
molecular fluctuations. A simple example will demonstrate the 
physical characteristics of each regime: a burning cigarette in still 
air produces a thin ribbon of smoke that rises until the flow becomes 
unstable and breaks down into a billowing column. The thin 
ribbon is laminar, while the billowing column is turbulent. 
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In the following development, which assumes laminar flow, an 
element of fluid is considered that has a shearing stress produced 
by a velocity gradient perpendicular to the direction of flow, as 
shown in Fig. 1*1. According to Newton, the following equation 
relates the stress and deformation:^ 


dv 


(1-26) 





T 

Fio. I'l. Element of fluid) dy hig^, 
subjected to shearing stress r that 
produces a continuous deformation dv. 


where t is shearing stress, psf 

M is coefficient of viscosity, slug per ft-sec 

^ is velocity gradient, per sec 

The deformation is continuous during the application of the stress, 
and remains at a fixed value upon its removal. The constant of 
proportionality, /t, may be re- 
garded as a measure of '‘viscosity’^ 
or “resistance to continuous de- 
formation/' Equation (1-26) may 
be considered one of the family of 
expressions given by Eq. (1T8). 

The magnitude of the coefficient 
of viscosity for a perfect gas may 
be shown by considering two planes of gas separated by a 
distance X, which is the mean transverse distance that the molecules 

travel between collisions (Fig. 
1-2) . The lower plane is assumed 
to move with velocity v, and the 
upper plane is assumed to move 
with velocity v + Av. Owing to 
Fig. I'2. Two planes of fl^uid separated molecular agitation, there is GOn- 
^ of molecules from 

one plane to the other. The 
low-^speed molecules from the lower plane are speeded up upon 
reaching the upper plane, but by Newton’s second law of motion, 
this implies there is an inertia force in a direction opposite to .the 
acceleration. Correspondingly, there must be an inertia force in 
the opposite direction arising from the deceleration of molecules 


v+Av 




1 Strictly speaking, the relation applies only to the so-called ‘^Newtonian 
fluids,” of which air and water are two examples. The text will not be con- 
cerned with non-Newtonian fluids. 
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panging from the Upper to lower planes. The resulting shearing 
force per unit area (shearing stress) depends upon the transverse 
mean moleculaj velocity, the density, and the change in velocity, 
in accordance with Eq. (ITl) ; hence 

T oc pv„ Av (1‘27) 

where p is density of gas, slug per cu ft 

iJ„ is root-mean-square molecular velocity, fps 
A« is change in velocity, in direction of flow, fps 
An equation for shearing stress in terms of the coefl^cient of 
viscoaty has already been given in Eq. (1-26). The two relations 
may be equated. 

P ^ « /Wm A» (1-28) 


From the physical conditions of the problem 


and 


dv Av 
dy ~ \ 

1 

P « - 


(1-29) 

(1-30) 


Substitutii^ Eqs. (1*29) and (1-30) in Eq. (1-28) yields 

p “ I’m (1-31) 

From the 'kinetic theory of gases, the absolute temperature of a 
gas is directly proportional to the kinetic energy of its molecules, 
or 

T (1-32) 

hence from Eqs. (1-32) and (1*31) 

P oc Vr (1.33) 

Equation (1*33) indicates that the coefficient of viscosity is inde- 
pendent of pressure and varies as the square root of the absolute 
temperature; however, this analysis has been made for a perfect 
gas. Actually the coefficient of viscoaty of air varies more closely 
with the three-quarters power of the absolute temperature. Since 
most aerodynamic calculations are restricted to a linodted tempera- 
ture range, the following linear equation is suggested. It dupli- 
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cates the data from the International Critical Tables within ±0.5 
per cent for temperatures ranging from —70 to 160 F, 

H = (338.5 + 0.575010-« (1*34) 

where /x is coefficient of viscosity of air, slug per f t-sec 
t is temperature, F (not F abs) 

The coefficient of viscosity for gases has been shown to increase 
with temperature, because of the increased molecular agitation. 
It decreases for liquids, however, because the intermolecular spac- 
ing increases with increasing temperature, and this increased 
spacing reduces the attraction or ‘‘cohesion” between the molecules. 

A parameter that will find considerable use in subsequent 
chapters is the kinematic coefficient of viscosity ^ v, defined by . 



1*6 Air Properties. Air close to the earth’s siuface is a gaseous 
mixture containing approximately 80 per cent nitrogen and 20 per 
cent oxygen, by volume. Water vapor is usually present to some 
extent, but in aerodynamic calculations dry air is generally 
assumed: the error in density amounts to about 0.6 per cent for 
average conditions (say 59 F and 50 per cent relative humidity), 
but may reach 2.5 per cent for extreme conditions (say 100 F and 
100 per cent relative humidity).^ The density of humid air is 
always less than that of dry air. 

Aerodynamic forces arising from relative motion between a body 
and the surrounding air are dependent not only on the size and 
shape of the body and the magnitude of the relative velocity but 
also upon the density, compressibility, and viscosity of the air. 
As has been shown, air density is dependent inpon temperature and 
pressure, while viscosity and speed of sound are dependent only 
upon temperature. Even at sea level the natural variations in 
temperature and pressure are sufficient to cause appreciable 
changes in aerodynamic forces, and at altitude these conditions 
are severely aggravated by the natural tendency toward decreasing 
temperature and pressure with increasing altitude. In order to 
provide a basis for estimating and comparing airplane performance, 
a “standard” variation in temperature and pressure with altitude 

1 See Wood, K. D., “Technical Aerodynamics,” McGraw-Hill, New York, 
1947 . 
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has been assumed. This standard variation is used throughout 
the United States and is widely accepted elsewhere. 

1-6 Temperature Variation with Altitude. Careful scrutiny of 
the variation of temperature with altitude for various sections of 
the world has shown an approximately linear decrease in a layer 
immediately adjacent to the earth's surface, with approximately 
constant temperature in the contiguous layer. The first layer is 
called the troposphere; the second layer is the stratosphere, and tlu^ 
plane separating them is the tropopause. Thickness of the layers 
is primarily a function of latitude and season. For instance, the 
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Fig. 1-3. Comparison of average temperature variation at lat 40®N with the 
assumed standard variation. {From TR 147 ,) 


troposphere is about 25,000 ft thick at the poles and about 56,000 ft 
thick at the equator. Seasonal variations for a position about 
lat 40'’N in the United States are given in Pig. 1-3. 

The approximately linear variation of temperature in the trop- 
osphere and stratosphere is represented, for engineering purposes, 
by an exactly linear variation that has been accepted as standard. 
This variation is shown in Fig. 1-3. The standard temperature 
decreases linearly from 59 P at sea level to -67 F at 35 332 ft 
then remains constant to 104,987 ft. This covers the altitudes of 
usual interest in aerodsmamics.^ Bdow the tropopause the equa- 
tion for standard temperature is 


f = 59 -- 0.00367A (1.36) 

where h is altitude, ft 

tis temperature corresponding to hj F 
^ Tentative variations for higher altitude are given in TN 1200. 
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0.00357A \ 
T To- 0.00357AI 


(1*37) 


where t and to are temperatures at altitude and sea level, respec- 
tively, F 

T and To are temperatures at altitude and sea level, respec- 
tively, F abs 

1*7 Pressure and Mass-density Variation with Altitude, Cor- 
responding to the standard sea-level temperature, an atmospheric 
pressure of 2116.4 psf has been assumed. This requires a standard 
density of 0.002378 slug per cu ft, according to Eq. (1*13). 

The assumed variation in temperature with 
altitude automatically specifies values of pres- 
sure and density at all altitudes. In the 
following analysis equations will be developed 
to allow computation of these values. 

Let a column of air be 1 ft on a side, as 
shown in Fig. 1-4. At an altitude k let an 
element of volume have a height dh. The 
weight of this element is w dh where w is air 
density, pounds per cubic foot. Since density 
is the reciprocal of specific volume, the weight 
of the element may also be written dh/V, 
where V is specific volume in cubic feet per 
pound. Thus the equation relating the forces 
on the element may be written 

p + p + dp (1-38) 

dp = -y (1-39) 

where the minus sign in Eq. (1*38) is inserted 
because a positive dA is in a direction opposite to a positive dp. 
From Eq. (1T3) 


Xi’ 


dh 


h 


Sea levd 

Fig. 1*4. Element of 
atmospherei dh high, 
subjected to pressure 
and gravitational 
forces. 






V+dp 




53.37’ 

P 


dp dh 

p ~ bZ.ZT 


whence 


(1-40) 
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Substitution of Eq. (1*37) in Eq. (1-40) gives 


dp — dh 

y “ 53.3(ro - 0.00357/iJ 



(1*41) 


By integration, the pressure variation for standard aititude is 
obtained: 


= Po 



(1-42) 


From Eq. (1'16), 



(1-43) 


hence, the density variation for standard altitude is obtained: 


P = 



(1-44) 


In Eqs. (1*42) and (1-44) the temperature must be in degrees 
Fahrenheit absolute, not Fahrenheit, because in both equations 
temperature enters as a ratio, not as a difference. The units of 
pressure and density are immaterial, provided they are consistent. 

The temperature, pressure, and density variations given by 
Eqs. (1-36), (1'42), and (1-44) are tabulated for various altitudes 
in Table I, Appendix A. The ratio p/po, which occurs frequently 
in aerodynamic calculations, is denoted by the symbol <r. Tabula- 
tion of ff, as well as its inverse square root, is also given in Table I, 
Appendix A. 

1*8 Speed-of-soimd Variation with Altitude. The speed of 
sound varies only with temperature. According to Eq. (1*25), 

“ - »•«> 

where T is temperature, degrees Fahrenheit absolute. The speed 
of sound for standard sea-level conditions is 1120 fps, or 763.6 mph. 
The variation with altitude is given in Table I, Appendix A. 
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1*9 Viscosity Variation with Altitude. The coefficient of vis- 
cosity for air also varies only with temperature. It is given 
approximately by Eq. (1*34), repeated below. 

M = (338.6 -h 0.6760 10-» (1*46) 

where m is coefficient of viscosity, slug per ft-sec 
t is temperature, F (not F abs) 

The coefficient of viscosity for standard sesrlevel conditions is 
3.73 X 10"^ slug per ft-sec. The variation with altitude is given 
in Table I, Appendix A. 

The variation with altitude of the reciprocal of kinematic vis- 
cosity, 1/v, is also given in Table I, Appendix A, 

1*10 Absolute and Gage Pressure. Two separate but related 
systems are used to specify pressures. The first uses an absolvt/e 
pressure whose zero corresponds to a complete vacuum, as in a 
mercury or aneroid barometer. The second uses a gage pressure 
whose zero corresponds to atmospheric pressure, as in a tire pres- 
sure gage. Absolute pressure is the sum of the atmospheric and 
gage pressxires. A positive gage pressure means an absolute 
pressure greater than atmospheric; conversely a negative gage 
pressure means an absolute pressure less than atmospheric. The 
two systems are somewhat analogous to the Fahrenheit and 
Fahrenheit absolute temperature systems. The magnitude of a 
specified pressure generally makes clear which one is intended, 
particularly in aerodynamics, where gage pressures are generally 
small compared with atmospheric pressure. Of course, any instru- 
ment may be made to indicate either absolute or gage pressure 
simply by adjustment of the zero on the scale. 

Three mechanical pressure devices form the elements of most 
aircraft instruments and are frequently used in experimental work. 
A diaphragm consists of a rigid cylindrical shell (Fig. l*6a) with 
flexible circular ends. A pressure difierential intide the chamber 
so formed causes deflection of the ends, which may be indicated 
by a pointer through a suitable linkage system. A bellows is 
fiiTnilflT to the diaphragm except that the cylindrical sides are 
flexible while the ends are rigid (Fig. 1*66). A bourdon tube con- 
rists of a tube that is closed at one end and is bent in the form of 
a circle (Fig. l-5c) with the open end held by a support. A pres- 
sure differential within the tube causes deflection of the closed 
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Fio. 1*6. . Mechanioal pressure elements: (a) diaphragm, (6) bellows. 
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end, which again may be suitably connected to a pointer. These 
three devices are expensive, delicate, and often complicated. 

Manometers are used extensively in experimental work because 
they are relatively cheap, quite rugged, and extremely simple. 

I'll Manometry. A manometer is a hydrostatic device used 
to indicate differential pressures. The simplest type consists of 



( 0 ) 

Fio. 1*5. (continued) Mechanical pressure elements: (c) bourdon tube. 


a ^ass tube bent in the form of a U, with a common liquid in both 
legs, as shown in Fig. l-6a. A difference in pressure in the two 
legs causes a differential liquid height; whence. 


Ap = wh 


( 1 - 47 ) 


where Ap is pressure differential, psf 
w is liquid density, lb per cu ft 
h is differ^tial height, ft 

For small pressure differentials, the manometer is inclined to 
facilitate reading. If the angle is too small, however, the meniscus 
may become difficult to read. 

Kgure l"6b shows a modification .of the TJ-tube manometer, 
consisting of a reservoir attached to one leg. If the horizontal 
area of the reservoir is large compared with that of the tube, the 
fluid' level in the reservoir may be assumed stationary. Equa- 
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tion (1-47) csan then be applied again, using h as shown. Figure 1-7 
illustrates an inclined version of this type of manometer. 

Figure 1*8 shows an arrangement of a U-tube manometer in 
which two reservoirs and two fluids are used. If the areas of the 
reservoirs are large compared to the area of the tube, so that 
changes in reservoir liquid level may be neglected, the effective 


Atmospheric Negative 
pressure pressure 



(a) 


Atmospheric Negative 
pressure pressure 



Fio. 1‘6. Conventional U-tube manometers. 


density may be shown equal to the difference between the den- 
sities of the two liquids used (see Prob. 1-8). 

There are many kinds of mwomammeters used to increase the 
accuracy of readings. Most are based upon the principle of the 
manometers discussed. For instance, one consists of a conven- 



tional U-tube manometer, the meniscus of which is observed 
through a horizontal microscope. Cross hairs in the microscope 
are made to coincide with the meniscus. The vertical position of 
the microscope is then indicated on a scale. 

Where several pressures are to be indicated simultaneously, a 
multiple manometer is used. A series of glass tubes is connected 
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to a common reservoir as shown in Kg. 1-9. For recording small 
pressure differentials, the plane of the tubes may be inclined; 
however, inaccuracies in the ^ss tubing generally limit the angle 
of inclination. Greater precision can be obtained by stretching 


Atmospheric Negative 

pressure pressure 



Fio. 1*8. A precision manometer. 


transparent plastic tubes between rigid supports, and providing 
individual eccentrics for each tube or by using bored glass tubes. 

In some aerodynamic tests the recorded pressures must be 
integrated. This may be done hydrostatically by means of an 
integrating manometer consisting of a series of bored glass tubes, 
all of the same diameter, in combination with a ^gle large bored 
glass tube which forms the reservoir. Changes in the liquid level 
of each tube cause proportionate changes in the reservoir level. 
When the diameters of the tubes and reservoir are known, the 
change in reservoir level may be related to the sum of the changes 
in level in all the tubes. 
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Several different kinds of fluids are used in the various manom- 
eters just described. The chosen fluid should have a specific 
gravity that will give a satisfactory rise in level in the particular 
manometer selected. A fluid may not be satisfactory because it 
sticks to the tube in droplets, because it evaporates, because it 
deteriorates rubber or plastic tubing, because it is combustible. 



iFio. 1*9. A multiple manometer. 


because it cannot be dyed satisfactorily for photographing, or 
because the meniscus is diflSicult to read. In Table II, Appendix A, 
are listed several satisfactory manometer fluids, with some impor- 
tant characteristics of each. 

PROBLEMS 

I’l* A 7000-lb pursuit plane has four fixed machine guns on its wing 
leading edge. They each fire eight-hundred .fiO^aliber bullets per min- 
ute with a muzzle velocity of 2800 f ps. What will the average deceleration 
of the airplane be as a result of the simultaneous firing of all four guns? 
A .50-caliber bullet weighs 1.6 oz. 

1-2. Two trains travel parallel to each other in the same direction at 
20 and 60 mph, respectively. Each train has a cannon pointed at the 



INTRODUCTION 


21 


other, with the barrel perpendicular to the direction of motion. The 
low-speed train j&res ten 5-lb cannon balls per minute at the other train 
in a continuous stream with a muzzle velocity of 100 fps. The balls 
come to rest on the high-speed train, then are returned at the same 
rate with the same muzzle velocity, so as to come to rest ultimately on 
the low-speed train. Find the magnitude and direction of the aver- 
age force on each train resulting from the simultaneous firing of both 
cannons. 

1*3. Air at temperature = 0 F and pressure pi — 14.7 psi is com- 
pressed isentropically until <2 « 59 F. Find pa. Hint: Keep all equa- 
tions in symbolic form until final solution. 

1*4. Obtain an equation for speed of sound assuming that the pressure 
and density changes resulting from the wave propagation are accomplished 
isothermally. Explain why this assumption gives a lower speed than 
Eq. (1*25). 

1*5. A solid cylinder 6 in. in diameter is enclosed by an open-ended 
drum 6.25 in. in diameter, so as to be free to 
turn on a bearing at its base. A weight W = 

1.0 lb is attached by a pulley A having a 
diameter of 1.0 in. to a second pulley B having 
a diameter of 0.5 in. as shown. A liquid 
having coefficient of viscosity, fi = 0.0005 lb- 
sec per sq ft, is poured in between the cylinder 
and drum to a height of 10 in. Ignoring 
mechanical friction and the viscous force on 
the bottom of the cylinder, find the steady 
velocity v (fps) with which the weight W 
falls. (Assume laminar shearing stress.) 

1*6. Find the kinematic coefficient of vis- 
cosity, V, for air if p = 0.00210 slug per cu ft, and p = 28 in. of mercury. 

1*7. Check the values of absolute pressure, mass density, coefficient 
of viscosity, and speed of sound given in Table I, Appendix A, at 50,000 ft. 

1*8. A manometer has mercury (sg = 13.6) in its U 
tube and acetylene tetrabromide (sg = 2.97) in its 
reservoirs as shown. With no difference in pressure 
at A and B, the mercury levels are the same in the 
two legs of the U tube, and the acetylene tetrabromide 
levels are the same in the reservoirs. 

a. Find the effective specific gravity of the manom- 
eter; i.e,j find the specific gravity of a liquid that 
would produce the same vertical rise of fiuid in a 
simple U-tube manometer. Ignore the change in 
level of the liquid in the reservoirs. 

6. Find the height h (in.) of mercury rise corresponding to a difference 
in pressure between A and B of 3 psi. 





CHAPTER 2 
FLUID DYNAMICS 


The flow over an arbitrary body or through a tube of arbitrary 
shape does not lend itself to precise mathematical description 
except under very unusual circvunstances. It is almost always 
necessary to introduce simplifying assumptions relating to the 
geometry of the body or to the physical properties of the fluid 
itself. These assumptions, of course, limit the use of the mathe- 
matical expressions; hence considerable care is required in their 
interpretation. One of the most fundamental simplifications of 
this whole text is that steady motion is assumed; i.e., conditions 
such as temperature, pressure, density, velocity, and acceleration 
at a point past which a fluid is flowing are assumed to be independ- 
ent of time. Other assumptions will be introduced periodically 
throughout the text. 

In the following discussions pressures will frequently be referred 
to. In a fluid, pressures may be either static or dynamic. The 
atmospheric pressure at sea level results from the weight of air 
above. Similarly the hydrostatic pressure on the floor of the 
ocean results from the weight of water and air above. These 
pressures are associated with stationary fluid and are properly 
called static pressures. Static pressure frequently results from 
gravitational attraction between the fluid and the earth, but it 
may arise in other ways. For instance, the pressure in an auto- 
mobile tire is, for practical purposes, independent of gravity. 
Pascal's law states that static pressure acts equally in all direc- 
tions; therefore, for instance, atmospheric pressure on the floor 
of a room is exactly the same as that acting on the walls and 
ceiling (ignoring the slight difference in altitude of the floor and 
ceiling). Dynamic pressure is associated with a fluid in motion 
and is evidenced by an increase in static pressure when the fluid 
is brought to rest. The relation between these two pressures 
will be discussed in the following articles. 
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2*1 The Perfect Fluid. In a real fluid, flve^ important forces 
act on the fluid and determine Its equilibrium;® 

1. Gravitational forces 

2. Fluid pressure (static) forces 

3. Compressive forces 

4. Shearing (viscous) forces 

5. Inertia forces 

Only the flrst three are associated with fluids at rest, but all are 
present for fluids in motion. The first force is often ignored in 
gases, and the third is usually ignored in liquids. 

One of the most drastic approximations of fluid mechanics is in 
the concept of a “perfect fluid,” which is assumed to be hcmo- 
geneouB^^ <u>ntinuous^ incompressible, and inviscid^ This hypo- 
thetical fluid is not concerned with the third and fourth forces; 
thus the degree to which its equations fit a real fluid depends 
upon the relative importance of these two forces in determining 
conditions of equilibrium. If the fluid is viscous, the influence 
of viscosity is generally confined to a region close to the body called 
the boundary layer, within which the velocity decreases rapidly, 
becoming zero at the body surface. The velocity gradient, by 
Eq. (1-26), is responsible for a shearing force that is not accounted 
for by perfect-fluid theory. The flow pattern outside the boxmd- 
ary layer of a body is predicted fairly accurately by perfect-fluid 
theory, provided that the actual flow does not become detached 
or “separated” from the body surface. If such a condition 
exists, the complete pattern is usually modified to such an extent 
that the perfect-fluid equations are entirely inadequate to describe 
the motion. The greater part of aerodynamics studies is con- 

^ Other forces such as surface tension, etc., are not of sufficient interest to 
include in a text on aerodynamics. 

* The terminology used to define the five forces is commonly accepted but 
nonetheless ambiguous, because it depends upon the point of view. From 
a molecular viewpoint ^e second, third, and fourth forces may all be regarded 
as inertia forces. Usually the context naakes the meaning clear. 

® Homogeneity, in the strict sense, implies continuity and incompressibility, 
but is used here to mean that fluid density is independent of position in a fluid 
at rest; whereas incompressibility is used to mean that fluid density is inde- 
pendent of static pressure. 

^ A perfect fluid is frequently assumed to be homogeneous, continuous, and 
inviscid lyui compressible. 
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cemed with “streamlined” bodies which are designed specifically 
to maintaiTi a flow that does not separate; hence, the perfect-fluid 
theory is valuable for representing these flow patterns. For 
cylinders, spheres, and other so-called “bluff” bodies, the equa- 
tions are useful only as approximations up to the point of 
separation. 

In nearly all fluid-dynamic studies, the fluid is assumed to be 
homogeneous.^ In most aerodynamic studies it is further assumed 
to be continuous. The viscous and compressible properties are 
ignored or included according to their relative importance in a 
particular problem. 

2-2 The Contmuity Equation. A continuous tube of fluid 
(Fig. 2*1) under conditions of steady flow that has no transfer of 



Fig. 2*1. A stream tube. 

fluid across its borders is referred to as a stream tube. The mass 
of fluid leaving the stream tube every second must be the same 
as that entering, or 

PoAoUo = piAiVi (2T) 

where A is cross-sectional area of stream tube 
V is average velocity 

This very important formula is called the conMnuity equation. 
It applies whether or not the fluid is viscous and compressible. 
If the fluid is incompressible, Eq. (2T) may be simplified thus: 

Am - AiVi ( 2 * 2 ) 

The requirement of continuity is really a specialization of the 
principle of conservation of matter. 

2-3 The Bernoulli Equation. Consider an element of the 
stream tube shown in Fig. 2-2, with cross-sectional area A, If 
the fluid is assumed incom'pressihle, the contraction of the stream 
tube in the direction of flow demands an increasing velocity by 
Eq. (2*2). 7/, in addition^ the fluid is assumed inviscid, the inertia 
force arising from the above acceleration must be balanced 

^ This assumption is not justified for rarefied air encountered at extreme 
altitudes and in some supersonic tunnels. 
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entirely by a dififerential pressure across the fluid element. Denot- 
ing the upstream velocity and pressure by v and p, respectively, 
and the downstream velocity and pressure by o -F and p + dp, 



Fig. 2*2. Pressure and velocity relations on the ends of an elemental length of 
stream tube. 


respectively, an equation may be written relating the force arising 
from the pressure differential and the force from inertia: 


pA - (p + dp) A = 


= pA dx 


dt 


= pAv dv 


Simplifying the above relation yields 


whence 


dp = —pv dv 


V = — + c 
V + = C 


(2-3) 


(2*4) 


Equation (2-4) may be analyzed by inspection. Since p is a 
pressure, then and C must also have the dimensions of 
pressure. The quantity embodies a velocity and is referred 
to as dynamic pressure (also sometimes called velocity pressure or 
impact pressure). On the other hand, p is referred to as static 
pressure. Dynamic and static pressure are the only pressures 
assumed to be present in this system; consequently their sum is 
defined as the total pressure: 

p + Hpt^ = H (2-6) 

or 

Vo + = Pi + }4p4 (2*6) 


where H is total pressure. Dynamic pressure occurs so frequently 
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in aerodynamics that a special symbol q has been assigned to it. 
In equation form 


q = Kpy® 

where q is dynamic pressure, psf 

p is fluid density, slug per cu ft 
V is velocity, fps 
Or if the fluid is air, 


Q 


391 


(27) 


(2-8) 


where V is velocity, mph 

<ris ratio of air density p to standard air density po, 
dimensionless 

Equations (2-6) and (2*6) may thus be rewritten: 

p + q^H (2*9) 

or 

po + Q'o = pi + ffi (2*10) 

Equation (2*9) is one form of the Bernoulli eqmtion. It states 
that the sum of static and dynamic pressures is equal to the total 
pressure and that this total pressure is constant in any stream 
tube. The equation does not apply to compressible fluids, 
because the integration leading to Eq. (2*4) assumes that p is a 
constant, nor does it apply if the fluid is viscous, because the 
equation satisfying equilibrium of forces [Eq. (2*3)] does not 
contain a viscous force; however, the use of the Bernoulli equation 
for predicting static pressures on a body or in a short length of 
pipe involves small error, provided the velocity and velocity 
gradient are not too large. 

A form of the Bernoulli equation that applies to compressible 
fluids is given in Art. 8*1. 

2*4 Implications of Continuity and Bernoulli Equations. In 
aerodynamic work the compressible property is not important 
until the velocity in a stream tube is so high that the static 
pressure is reduced sufficiently to cause an appreciable reduction 
in air density. Compressible effects, therefore, are associated 
with comparatively high velocities, around 350 mph or higher. 
The viscous property of a fluid has its greatest relative importance 
at low speed. The inertia property is present at aU speeds. 
For a great class of problems, the assumption that the fluid is 
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incompressible and inviscid does not lead to serious error, and for 
these problems the continuity and Bernoulli equations may be 
used with constant density in each. 

There are a great many examples of the use of the continuity 
and Bernoulli equations, but perhaps the simplest and most 
enlightening one is the venturi tube, shown in Fig. 2-3, It con- 
sists of a constricted section (throat) followed by a gradual 
expansion. Fluid passing through the constricted region has a 



Fio. 2*3. A venturi tube. (The manometers indicate static pressure.) 


high velocity, by virtue of the continuity equation, and hence a 
low static pressure, by the Bernoulli equation. The venturi tube 
has a great number of uses; for instance, on some aircraft it is 
used to supply a low-pressure reservoir to actuate gyroscopic 
instruments. Again, if the ^ ^ 

areas and diiBference in pressure ir ^ . 

between inlet and throat are ( 

measured, the velocity at either / J i ^ ‘ 

point may be calculated from ^ "1 | 

a combination of the above / i \ 

two fundamental equations. / i^\ 

In this manner the venturi 
tube is sometimes used to meas- 
ure velocity and quantity of 

flow through a pipe. Fk. 2-4. Anatomi^r. 

A second example is the 

familiar atomizer, shown in Fig. 2-4. Air in the bulb is forced 
through a contracted section A and is discharged from an ex- 
panded section B, Since the tube area is greater at B than at 
A, the velocity must be less at B than at A, Since the static 
pressure at B is atmospheric, that at A must be less than atmos- 
pheric. The reduced static pressure at A allows atmospheric 
pressure to force fluid from the reservoir up tube C, to be expelled 
with the air at B, 
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A third ftyfl-mpla involves finding the efflux velocity of a liquid 
from a tube in the bottom of a container (Fig. 2’5) . The center of 
the opening is h feet below the free surface of the liquid. The tank 



Fig. 2'5. Liquid being ejected from a tank. 


is assumed large compared with the opening, so that , the velocity 
at points A and B is assumed to be zero. 

Pb - Pa + wh (2-11) 

where Pb is static pressure at B, psf 
Pa is static pressure at A, psf 
w is fluid density, lb per cu ft 

From the Bernoulli equation [Eq. (2*6)] conditions at points B 
and C may be related, assuming a perfect fluid: 

Pb + = Po + Mp*'! 

However, db = 0; hence 

Pb — Pc -h J^pt^ (2‘12) 

Since Pa = po — atmospheric pressure, then from Eqs. (2-11) 
and (2-12) 

vc (2-13) 

A final example is the pitot tube, conventionally used on aircraft 
and in research laboratories for measuring air speed. The instru- 
ment, which is shown diagrammatically in Fig. 2*6, consists of a 
small tube surrounded by a large one. The inner tube is open in 
the direction of the stream. The stream of air approaching the 
pitot tube in the direction indicated by Vo is reduced to zero 
velocity when it reaches the openmg of the small tube at point 1. 
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It then passes around the outer tube until, at point 2, it has 
attained essentially its original velocity oo. At this point, a hole 
is located in the outer tube. Applying the Bernoulli equation 


( 2 ) 



Fig. 2*6. Pitot tube connected to a manometer to indicate dynamic pressure. 

to the stream tube, starting at a remote point where the static 
pressure is 23o and the velocity is Oo, gives 

2>o + Hp»o = pi + ^p»f 
= P* + 

From the preceding explanations, 

= 0 and = t>o 

hence. 

Pi = po + yipvt (2*14) 

Pi = Po (2*15) 

Equation (2*14) shows that the static pressure at point 1 is the 
same as the free-stream total pressure, while Eq. (2*15) shows 
that the static pressure at point 2 is the same as the free-stream 
static pressure. Tubes A and B may thus be arranged so as to 
indicate the free-stream static, total, or dynamic pressures. Figure 
2*6 shows tubes A and B connected to a liquid manometer, so as 
to measure the free-stream dynamic pressure. 

2*6 Fluid Forces. The procedure by which a fluid force on a 
body is computed often depends upon the complexity of the par- 
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ticular problem. In some instances the total force is obtained 
by vectorial addition of aU the separate forces on the body; on 
the other hand, it is often more direct to observe the effects the 
body has on the fluid and to draw conclusions as to the nature of 
the body forces required to produce them. Both methods of 
analysis will be used in the following discussions. 

Some common nomenclature used to describe fluid forces may 
be introduced at this time. First, the term relative velocity is 
used to accoimt for the fact that a pressure or force system is 
dependent, not upon the absolute velocity (how ever it may be 
defined), but upon the velocity relative to the point or body 
considered. For instance, the aerodynamic force on an airplane 
wing is found using the air velocity relative to the wing: it makes 
no difference whether the air passes over the wing or the wing 
passes through the air. Second, the terms remote and local are 
used to differentiate between conditions far upstream of a point 
on a body and at the point itself. For instance, air approaching 
a wing may have a velocity of 200 mph relative to the wing, but 
the air at various points on the wing surface may have relative 
velocities greater or less than 200 mph, dependent upon position. 
The former velocity is called the remote velocity, while the latter 
is called the local velocity. Third, on any body there must be at 
least one point for which the local velocity is zero. This point 
is called the front (upstream) stagnation point. By the Bernoulli 
equation the static pressure at the stagnation point is seen to have 
its maximum positive value, which is greater than the remote 
static by the amount of the remote dynamic; hence, 

= po + go (2-16) 

where subscript s refers to stagnation and subscript 0 refers to 
remote condition. For a perfect fluid, a rear stagnation point 
occurs downstream on the body where the velocity is again zero. 
For a real fluid, the growing boundary layer ultimately becomes 
a “wake'' of reduced velocity shed from the downstream portion 
of the body, and the rear stagnation point does not exist. 

2*6 Jets. A jet is a stream of fluid wdth boundaries formed 
by a fluid of different velocity. The boundary fluid may or may 
not be the same as that in the jet; for instance, the water ejected 
from a common garden hose gives a jet and boundary of dissimilar 
fluids; while a pricked balloon gives a jet and boundary of similar 
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fluids. A jet may be of interest because it is ejected from, or 
impinges on, a body; the two examples above represent the 
former condition while the jet that strikes the blades of a steam 
or gas turbine represents the latter. At any rate, an inertia 
force may be produced by either accelerating or decelerating the 
jet fluid, and this inertia force is responable directly or in- 
directly for the propulsion of most fluid-bome vehicles, from tugs 
to space ships. For convenience in discussion, jets will be con- 



Fig. 2*7. Flat plate normal Jet. 


sidered in two groups: decelerated and accelerated. A perfect 
fluid will be assumed unless otherwise noted. 

Decelerated Jets. Let a liquid jet impinge on a stationary 
infinite flat plate with velocity o, as in Fig. 2-7. The jet is assumed 
perpendicular to the plate, and the liquid is assumed to flare 
smoothly along the plate surface. The force on the plate is then 
obtained by considering its effect in reducing the approaching jet 
velocity to zero. According to Newton’s second law of motion, 

F = M Av (2-17) 

where the mass per second is the product of the denaty and the 
volume per second, and the change in velocity is from o to .0. 
The decderation is toward the plate so that the inertia force 
must be in the same direction. For equilibrium, a force is 
required on the plate directed opposite to the approaching 
stream; therefore, 

F = (j>Av){v) 

= pA»* (2-18) 

whbre A is the jet area. The force on the plate can also be 
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obtained by considering the effect of the jet in producing a dis- 
tributed static pressure on the plate (Fig. 2-8). This procedure 
is unwieldy, however, because first the equation for the pressure 
distribution must be obtained, and then the product of an ele- 
mental area and its local static pressure must be integrated. 

Its use seems to be unjustified 
;in yiew of the simplicity of the 
inertia method. Notice that 
the force happens to be twice 
the product of the dynamic 
pressure and the jet area, but 
this result could not have been 
anticipated from consideration 
of dynamic pressure alone. 

If the plate is moving at 
constant velocity with respect 
to the ground, the jet force is 
found by using velocity and 
mass per second relative to the 
plate. The ground is only a convenient reference. 



Fio. 2*8. Flat plate and normal jet, 
showing static pressure distribution. 


Example. A square flat plate is set perpendicular to a jet of water 
that is moving at 10 mph with respect to the earth. The plate is moving 
toward the jet with a velocity of 5 mph with respect to the earth. If the 
jet area is 2 sq ft and the plate area is 100 sq ft, what hydraulic force is 
acting on the plate? 

Solution, The velocity of the jet relative to the plate is 15 mph, or 
22 fps. The plate area has nothing to do with the problem, except to 
show that the plate is large compared to the jet. By Eq. (2*18), 

F s= pAv® 

= (1.94) (2) (22)2 
= 1880 lb 


In Pig. 2*9 another situation is depicted: a long ribbonlike jet 
of area A approaches arid l^yes a semicircular plate tangentially. 
The scalar magnitudes of the velocity approaching and leaving 
the plate are assumed equal. The force can be found in the same 
manner as in the preceding problem. The change in velocity 
is from +t; to — u; hence 

F ^ M Av 

= {pAvy(2v) 

= 2pAv^, 


(2-19) 
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This problem may also be treated by assuming the approaching 
stream to be reduced to zero velocity and the returning stream 
to start from zero velocity; i.e., the inertia force of the approach- 
ing stream is directed toward the plate in a direction opposite 
that of the acceleration (in the same direction as the decelera- 
tion), and the inertia force of the returning stream is also directed 
toward the plate, because it 
must also be opposite the 
acceleration. The total force, 
composed of the vector sum of 
the two separate forces, is 
identical to that obtained in 
Eq. (2*19). This procedure is 
justified because the over-all 
force is being found; the history of the particles of fluid from the 
time they enter the system until they leave is entirely um'mportant. 
Consider the system shown in Fig. 2*10. Here the change in 
velocity is represented most conveniently by vectors (Fig. 2-lOa). 



Fig. 2*9. Curved plate and jet. 



The leaving stream is in a direction different from the approach- 
ing stream, but the change in velocity may be found as a function 
of the an^e between the two. (The scalar magnitudes of the 
velocity approaching and leaving the plate are again assumed 
equal.) 


F = (pAt;)(Az;) 



= 2pAv® sin I (2*20) 

The problem can also be solved by assuming that the fluid, 
originally at velocity v, is reduced to zero velocity, then changes 
direction and accelerates to velocity v again. Two forces cor- 
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responding to the two accelerations are determined, and the 
problem is solved veetorially. Thus, in Fig. 2T06, Fi is the 
horizontal force resulting from deceleration of the approaching 
stream; F* is the inclined force resulting from acceleration of the 
leaving stream; and F is the reaction force required to close the 
force trian^e. 

In the two preceding conditions the plate was tangential to the 
approaching stream. Figure 2T1 shows a different situation: 



in order that the sum of all forces parallel to the plate may be 
zero, some of the fluid must travel m both directions along the 
plate. Summing forces parallel to the plate gives 

pAv^ cos + pAii^ = pAiv^ 

A cos 0 + Aj = Ai 


From the continuity equation, 


Av = Atv + Aiv 
A = A 2 + Ai 
A cos S + As = A — As 

As = ^ (1 — cos d) 

a 

Ai = ^ (1 + cos Q) 


(2-21) 

(2-22) 


From the above equations, the areas of the two jets, Ai and 
As, are seen to be a function only of the initial area and the 
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angle of inclination of the plate. The force on the plate is 
obtained by summing forces that are perpendicular to the plate: 

F = pAv^ sin 6 (2*23) 

Decelerated jets may also arise because no fluid is perfect; 
i.e., a bluff or streamlined body immersed in a moving stream of 
real fluid sheds a wake that may be regarded as a decelerated jet. 
The inertia force on the body is called drag. The drag on a bluff 





Enlarged diagram 
of wake 

Fig. 2*12. Flow over a streamlmed strut or wiiig showing the velocity distribution 
within the wake. 

body is not always amenable to simple solution by investigation 
of the wake, because the wake velocity is frequently periodic, 
but on a streamlined body the drag is readily obtained by inte- 
gration (Fig. 2*12). 


D = / dM Av 

= — v„) dw (2*24) 

where D is drag, lb 

6 is span of body (into the paper), ft 
dM is differential mass flow, slug per sec 
V is remote velocity (constant), fps 
Vy, is wake velocity (variable), fps 
dw is differential wake width corresponding to ft 
The principal use of the above drag relation is in experimental 
applications. A wing, for instance, may be tested in a wind tun- 
nel or in flight, and the distribution of velocity in the wake may 
be found by using a number of total-pressure tubes (the static 
pressure being assumed constant across the wake). The drag 
may then be found from Eq. (2*24) by graphical integration. 
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A word of caution must be inserted regarding the choice of station 
for which the wake measurements are to be made: This analysis 
is not concerned with the actual shearing and pressure forces that 
act on the body surface; it is an indirect procedure by which the 
effect of the body on the fluid is investigated. The particular 
force being determined is an inertia force; hence if the wake 
static pressure is not equal to the remote static pressure, the 
resulting pressure differential is responsible for a force that must 
be accounted for in the calculations. The complication may be 
avoided by always choosing the wake or jet station sufficiently far 
downstream so that the static pressure is essevMally equal to the 
remote value. 

The preceding discussion might appear to conflict with the 
Bernoulli equation since the wake can have a transverse velocity 
gradient but constant static pressure downstream of the body, 
and, at the same time, have a constant velocity and static pressure 
upstream. The explanation lies in the fact that the Bernoulli 
equation applies strictly to a perfect fluid, but the wake contains 
all the manifestations of fluid viscosity. From the standpoint of 
equilibrium of forces, there can be ho transverse static-pressure 
gradient through the wake unless some other force exists coinci- 
dentally, i.e., a centrifugal force arising from curvature of the 
flow. The sum of the static and dynamic pressures does show 
that the total pressure is least in the center of the wake, as might 
have been anticipated, since the viscous effects are predominant 
in that region. 

Accelerated Jets, Let a jet be exhausted with velocity from 
a container that contains all its constituents; the jet discussed in 
the third example in Art. 2-4 and that ejected from a rocket are 
two simple examples. The force on the container, called the 
thrust^ results from acceleration of the jet fluid, and is given 
in a maimer similar to the preceding examples. If the transverse 
jet velocity is assumed constant, 

T — M Av 

= pAvj (2-25) 

where T is thrust, lb 

A is jet area, sq ft 

Vy is jet velocity with respect to container, fps 
The same remarks regarding the necessity for choosing a station 
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for which the static pressure is equal to the remote value should 
be made here; for example, let water in the tank of Fig. 2-13 
be ejected from a sharp-edged orifice. The water is unable to 
execute the 90-deg turn at the orifice; consequently it is exhausted 
in a tube of decreased area. This is called a vena contracta or 
region of reduced area. The velocity at the reduced area is a 
maximum, and this maximum velocity must be used in Eq. 
(2-25), along with the minimum area. 

It is interesting to notice that the 
static pressure on the boundary of 
the jet is constant and is equal to the 
atmospheric pressure, but that it must 
increase from the boundary to the 
center of the jet if the streamlines 
are curved, e.g . , near the orifice. This 
variation in static pressure is required 
to balance the centrifugal force on 
each fluid particle. Evidently, as 
soon as the fluid boundaries become 
parallel, both the velocity and static 
pressure must be constant across the 
jet. It is clear that computation of the jet force is simplified by 
choosing a station so far removed from the orifice that the jet 
velocity is constant. 

If the container had been moving with constant velocity with 
respect to the ground, the thrust given by Eq. (2-25) would be 
unchanged, provided that the mass flow and velocity were chosen 
with respect to the container. If the container had been im- 
mersed in a tank of an arbitrary gas, the thrust would again be 
computed by Eq. (2-25). An important conclusion may, there- 
fore, be stated: The thrust arising by expulsion of fluid from a 
container is independent of the relative velocity and physical 
characteristics of the fluid medium through which the container 
moves. This statement assumes that the change in medium 
properties is not accompanied by a change in the pressure differ- 
ence between the inside and outside of the container. 

Attention is now directed to the type of jet that arises from 
acceleration of the fluid medium in which the body is immersed. 
A propeller and a jet-propulsion unit are two familiar examples. 
This problem is the antithesis of the wake problem discussed 



Fig. 2*13. liquid being ejected 
from a tank through a sharp- 
edged orifice to illustrate a vena 
contracta. . 
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earlier: here energy is added to the fluid where previously it was 
subtracted. 

Let a propeller operate in a moving fluid as shown in Pig. 
2-14. The purpose of the propeller is to accelerate a quantity of 
air per second; hence, the slip-strfeam velocity v, is greater than 
the remote velocity »o. The affected air is represented by a 
tube, having a constant velocity at any cross section, whose area 



Fig. 2*14« Eepresentative tubular flow of air assumed to be affected by a 
propeller. 

decreases in the direction of flow according to the continuity 
equation. The thrust on the propeller is obtained by 

T ~ pAviv, — Vo) (2*26) 

The mass flow represented by pAv can be calculated at any con- 
venient station, but usually is given in terms of the propeller 
disk area and velocity 


T = pApVp(v, - Vo) 
or 

T^p^v,(v,-Vo) (2-27) 

where D is propeller diameter, ft 

V is velocity, with subscripts p, s, and 0 indicating pro- 
peller disk, slip-stream, and remote, respectively, fps 
Here again the slip-stream velocity must correspond to a station 
for which the static pressure is identical to the remote value. 

Let a jet-propulsion unit operate with a velocity Oo relative to 
air. If the added exhaust gases are ignored, the thrust equation 
is the same as Eq. (2'26). The mass flow may be computed at 
any convenient station, but if the exhaust region is chosen, care 
must be exercised to account for the change in p resulting from 
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the high exhaust temperature. If the mass flow of the added 
exhaust gases is not ignored, it can be accounted for as an expul- 
sive jet; hence 


T = JlifaCt;, - Vo) + Mjv, (2-28) 

where Ma is mass flow of air, slug per see 
Mf is mass flow of fuel, slug per sec 
Once again the static pressure at the chosen station in the slip 
stream must be the same as the remote value. 

2*7 Body Pressure Disbibution for a Perfect Fluid. The 
forces produced by jets have been 
determined by use of Newton’s 
second law of motion. Each 
problem presented could have 
been solved by computing the 
shearing and static-pressure 
forces acting at all points on the 
body and integrating to find the 
total force, but the method obvi- 
ously presents tremendous difficulties. Nevertheless, it is only 
through an appreciation of the distribution of pressure and shear- 
ing stress that the variation of dynamic forces with changes in 
body configuration and fluid properties may be understood. As 
an introduction to this phase of the study, pressure distributions 
on certain simple bodies immersed in a perfect fluid will be dis- 
cussed. Explanations of fluid phenomena will frequently be 
simplified by considering two-dimensional flow, i.e., flow in which 
aU particles of fluid remain in parallel planes as they pass over 
the body. Thus the flow over a cylinder whose axis is perpen- 
dicular to the remote velocity is two-dimensional except at the 
ends, whereas the flow over a sphere is three-dimensional every- 
where. 

Cylinder Pressures. Let a stationary cylinder be immersed in 
a moving perfect fluid, the flow pattern of which is depicted in 
Fig. 2-15. The spacing of the streamlines indicates the magni- 
tude of the velocity; i.e., by the continuity equation velocity is 
inversely proportional to area in a stream tube; hence closely 
spaced streamlines indicate a high velocity, and vice versa. 



Fig. 2' 15. Streamlined flow over a 
cylinder in a perfect fluid. 
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Theoretically, the velocity at any point on the surface of a 
cylinder is given by 

V = 2»o sin 6 (2-29) 

where »o is remote vdocity 

B is an^e measured from the front stagnation point, deg 
According to the Bernoulli equation, 

Po + = p + (2-30) 

or 

p - Po = J^p(t^ - tP) (2-31) 

Substituting Eq. (2-29) in Eq. (2-31) yields , 

p — po = ?o(l — 4 sin* 6) (2*32) 

Equation (2’32) gives the pressure differential from the remote 
value as a function of position on the cylinder surface. A graph- 
ical representation is given in Fig. 2-16. Vectors pointing toward 
the surface indicate positive pressures,* and vectors pointing 
away from the surface indicate negative pressures. Vector 
lengths represent pressure magnitudes. Since the static pressure 
is symmetrically distributed, no force acts on the cylinder; i.e,, 
int^ration of all pressure forces gives zero resultant force. The 
existence of a force in a real fluid is directly chargeable to its 
viscosity, which not only causes fluid shear at the surface but 
also modifies Eq. (2-29), causing dissymmetry of the pressure 
distribution. 

Equation (2*32) can be put in nondimensional form: 

C, = = 1 - 4 sin* » (2-33) 

where C, is a dimensionless pressure coefficient. The advantage 
of the coefficient is that its magnitude depends orJy upon the 
surface position on the cylinder; hence, it is unaffected by changes 
in p or Do. At the same time it shows the same variation with 6 
that p — Po shows at constant go. This nondimensional form of 
equation will be used repeatedly throughout the text, because 
the coefficients so formed reduce the number of variables in an 
equation. Usually, as in the present case, the nondimensional 

is cuBtomary to refer static pressures to the remote static pressure; 
thus a potitive pressure means a pressure rise. 
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coefficient may be thought of as a ratio of two quantities having 
the same dimensions. 

Sphere Pressures. The flow on a cylinder has been given as 
an example of the procedure used to obtain pressure distribution 
on a body. It was chosen because of its two-dimensional flow 
characteristics. If a sphere had 
been chosen, the pressure distri- 
bution could have been obtained 
in a similar manner from the 
equation for velocity at any point 
on the sphere surface: 

« = % »o sin ® (2*34) 

Streamlined-body Pressures. 

The cylinder and sphere are 
examples of bodies for which 
simple mathematical expressions 
define the surface velocity and 
pressure distribution for perfect- 
fluid flow. Such bodies are rare. 

The procedure necessary to define 
the pressure distribution on most 
bodies is unusually complicated 
when approached from a purely 
theoretical standpoint. For this 
reason experimental evidence is 

relied upon very heavily. The ^unmetiical streamlined airfoil 
depicted in Fig. 2*17 has front and rear stagnation points for 



« 
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Fig. 2*16. Pressure distribution on 
a cylinder in a perfect fluid. 



Fig. 2*17. Streamlined flow over an airfoil in a pwfect fluid. 


which the relative velocity is zero and the static pressure is equal 
in magnitude to go, like the cylinder. Unlike the cylinder, how- 
ever, the highest velocity, and hence the lowest static pressure, 
does not necessarily occur at the point of maximum thickness. 
It may occur forward or rearward depending upon the section 



42 


PRINCIPLES OF AERODYNAMICS 


[Chap. 2 


shape. Figure 2*18^ i^ows the velocity and pressure distribution 
for a typical airfoil section. Figure 2*19 shows the static-pressure 
distribution plotted on the airfoil surface in a manner similar to 
that used for the cyhnder. The resultant force on the stream- 
lined body is again zero for the perfect-fluid condition considered. 



02 0.4 0.6 on hO 


Fraction of chord 


Fig. 2*18. Presaiire and velocity distribution on an airfoil in a perfect fluid. 
(NACA 0012 airfoU from WR 



r - 

Fig. 2*19. Pressure distribution on an airfoil in a perfect fl.iud (from Fig. 2*18). 

2*8 Body Presstire Distribution for a Real Fluid. Perfect-fluid 
theory ^ves a foundation for the study of real fluids. The prin- 
cipal deviation from the characteristics of a perfect fluid is 
caused by fluid viscosity at relatively low speed and by gaseous 
compressibility at relatively high speed (above 300 to 400 mph 
for air at sea level). 

Fluid viscosity is responsible for a thin layer of retarded flow, 
called the boundary layer, that is immediately adjacent to a 

* Figures 2-18 and 2-19 are based on actual calculations for a conventional 
wing section. 
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wetted^ surface. Through this boundary layer the fluid shearing 
stress is transmitted, producing a force called shin friction on the 
body. The boundary layer further causes a modification to the 
flow pattern that disrupts the static- 
pressure equilibrium predicted by 
perfect-fluid theory, and thereby pro- 
duces a pressure force called form 
drag. Streamlined bodies are charac- 
terized by a larger proportion of skin 
friction than form drag (about 70 to 
90 per cent for the usual strut or ^ 
wing section), whereas bluff bodies 
are characterized by a relatively large 
proportion of form drag. A flat plate 
parallel to the remote-velocity vector 
is an example of pure skin friction, 
while in the perpendicular or normal 
attitude it is an example of pure form 
drag. Some bodies, notably cylinders, 
spheres, thick strut sections, etc., may 
act like either streamlined or bluff 
bodies, depending upon the combina- 
tion of some very important variables to be discussed later (Art. 
2-9) ; hence, a pattern of the streamlines and the corresponding 
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Fig. 2*20. Pressure distribu- 
tion on a cylinder in an actual 
fluid. 
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Fig. 2*21. 


0 

Pressure distribution on an airfoil in an actual fluid. 


pressure distribution may be shown only for a particular set of 
conditions. In Kg. 2-20 is shown a representative pressure 
' The word “wetted” may be used irrespective of whether the fluid is liquid 
or gaseous. 
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distribution for a cylinder operating in a real fluid; the difference 
in the character of flow as compared with a perfect fluid (Fig. 
2’16) is apparent. Figure 2*21 shows the pressure distribution 
on the wing section of Fig. 2‘19, for a real fluid. The major 
discrepancy is seen to occur at the wing trailing edge, where the 
pressure fails to rise to the stagnation value shown in Fig. 2‘19. 

Gaseous compressibility causes variations in density correspond- 
ing to changes in static pressure. Large changes in static pressure 
are characteristics of high speed, and fortunately in this region 
viscous phenomena are of secondary importance; hence, viscous 
effects may be ignored temporarily, in order to focus attention 
on compressible phenomena alone. 

The complete equation of continuity is, from Eq. (2T), 

PoAtVo = fnAiVi, (2*35) 

where subscripts merely indicate two stations along a particular 
stream tube that might be part of the flow through a pipe, or past 
a wing, etc. Let such a stream tube be considered in which the 
downstream velocity »i is large compared with the upstream 
velocity Vo. Since dynamic pressure is dependent upon the square 
of the velocity, is also relatively large; hence by the Bernoulli 
equation, static pressure pi is correspondingly small, and this 
implies a low density.^ In Eq. (2-35), therefore, pi is less than 
po when Pi is greater than vo. A peculiar situation arises when Vi 
reaches sonic speed (speed of sound) : for any further increase in 
velocity downstream of station 1, the density decreases so rapidly 
that the area must increase to compensate. In other words, for 
supersonic conditions (above the speed of sound), stream tubes must 
expand for increasing velocity. Consider the wing in Fig. 2-22 
for which the remote velocity po is subsonic (less than the speed 
of sound) but of just sufficient magnitude to produce sonic speed 
a at point A. The shape of the wing is such that it produces 
expanding stream tubes downstream of point A, which by the 
previous reasoning tmdd give supersonic flow. Let Po be increased 
(but still be subsonic) so as to produce this condition. Ultimately, 
regardless of supersonic conditions on the wing, there must be a 
return to the original subsonic flow downstream from the wing. 
The incompatibility of the super- and subsonic conditions results 
in an abrupt transformation, Jihrough a region of discontinuity 
I This is a very loose argument. A rigorous analysis is given in Art. 8-2. 
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of density, pressure, temperature, and velocity, called a shock 
wave. Naturally -the pressure distribution, and consequently the 
force system on the wing, is considerably modified by the com- 
pressibility burblSf or region of disturbed flow, produced'iy the 
shock. Compressible effects are present at all speeds arid should 
properly be accounted for, but their predominant importance is 
not felt until some point on a body reaches the speed of sound, 

wave 


% 


-Shock 


Supersonic 
flow • 


. Subsc 

flO' 


Fia. 2*22. Shock-wave formation on an airfoil at high subsonic speed. 

because only under these circumstances is the flow likely to 
break down. 

When the remote velocity itself is supersonic, a head wave 
similar to the bow waye on a boat is set up at the most forward 
point on the body. The velocity of the body is greater than that 
with which pressure wav^s are propagated through the atmosphere ; 
consequently there is a superimposition of compression waves 
near the leading edge of: the body that produces a refraction of 
the flow pattern and gives a flow that is radically different from 
that predicted by perfect-fluid theory. 

The history of events on a wing or streamlined section from 
subsonic, through transonic, to supersonic^ conditions depends 
primarily upon the shape of body. The optimum shape for each 
of the three regimes is, unfortunately, different, the blunt leading 
edge being characteristic of subsonic design (e.g., a conventional 
wing), and the sharp leading edge being characteristic of super- 
sonic design (e.g., a rocket). ^ 

2*9 The General Force Equation. The general equation for 
force on any body immersed in a moving fluid is dependent upon 
several variables. A possible form for the equation is suggested 
by a mathematical procedure called dimensional analysis. 

1 Subsonic, transonic, and supersonic flows are frequently specialized to 
mean, respectively, conditions on a body for which the velocity is everywhere 
less than the speed of sound, partially greater than the speed of sound, and 
everywhere greater than the speed of sound. 
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In any physical equation, the dimensions on both sides of the 
equal sign must be the same. For most problems in aerodynamics, 
these dimensions may be expressed in terms of mass, length, and 
time, symbolized by M, L, and T, respectively. For instance, in 
the simple equation 


dv 

the dimensions for the variables are 

M 

M 

^'lt 

1 . 

dy-T 


hence the dimeiisions on both sides of the equality are identical. 
This principle applies regardless of the type of equation. For 
instance, if the equation is a summation, the dimensions of the 
quantities added together must be identical. Or, again, if the 
equation is in differential or integral form, the dimensions must 
be consistent on both sides of the equation, with due regard for 
the possibility of certain constants being dimensional. The prin- 
ciple allows solution of an equation for which the general form, but 
not the exponents, is known. The following example will illustrate 
the method. 

To determine the equation for frequency of a simple pendulum, 
the variables involved that would be expected to enter into the 
equation are length and mass of the pendulum and acceleration 
of gravity. A general but arbitrary relationship may be written. 

V = KV‘mY (2*36) 

where v is frequency, with dimension 1/T 
FT is a constant, dimensionless 
m is mass of pendulum bob, with dimension M 
I is length of pendulum, with dimension L 
g is acceleration of gravity, with dimension L/T* 
a, 5, care unknown exponents, dimensionless 
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Because the dimensions must be identical on the two sides of the 
equation, 

[f ] - [^*] ["*] H 

Equating the exponents of like variables gives 

M :6 = 0 
r;l = 2c 

L :a = — c = 

hence the desired equation is 



By experiment, K could be shown to have the value 2w, Of 
course, in the particular example, this method of solution is 
hardly justified, since the frequency of a simple pendulum is 
much more readily determined by other mathematical means 
that give not only the general equation but also the exact value 
for the constant. Notice that the assumption as to the form of 
the original equation limits the possible type of solution; e.g,, 
Eq. (2*36) could not lead directly to a summation or to a trig- 
onometric or logarithmic equation. 

In the above example there were three unknown exponents 
corresponding to the three fundamental units; i.e., the exponents 
of the three variables Z, m, and g could be solved because there 
are three fundamental units: mass, length, and time. In a more 
complicated problem there may be more than three variables, 
hence more than three exponents, and consequently more unknown 
quantities than there are equations to determine these unknowns. 
In this case, one or more exponents must remain unknown in the 
final equation. The three exponents that are to be obtained 
absolutely as fractions or integers in the final equation are usually 
the exponents- of the three most important variables. With these 
general statements, attention may be directed to the solution of 
the general fluid-force equation in which inertia, viscous, and 
compressible effects are all present. The following equation may 
be assumed, with exponents to be determined: 

F = Kp^Fv^ijfa^ 


(2-37) 
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where if is a constant that depends on shape of body, dimensionless 
p is mass density, slug per cu ft 
I is a characteristic length of body, ft 
V is relative fluid velocity, fps 
fi is coefl&cient of viscosity, slug per finsec 
a is speed of sound, fps 

Substituting dimensions, as before, and equating gives 

Equating exponents of like variables yields 
M:l = a + S 

Z/ : 1 = ~3a + j8 + 'y— 6 + e 
T:2 = y + S + € 

Since fluid forces are usually expressed in terms of p, I, and v, their 
exponents will be determined absolutely. By simultaneous solu- 
tion of Eqs. (2*38) in terms of S and e, 

a = 1 — S I 

7 = 2-8-«[ (2*39) 

/3 = 2-8 j 



Substituting Eq. (2*39) in Eq. (2*37) and separating known and 
unknown exponents gives 

( 2 ^) 

Equation (2*40) is one form of the general force equation. It 
shows that in addition to being dependent upon p, v^, and P as 
might have been anticipated, the fluid force is also dependent 
upon two nondimensional parameters raised to unknown expo- 
nents. The first combination of terms is called Reynolds number R 
after Osborne Reynolds, who originated it, and the ^ond is 
called the Mach number M after Ernst Mach, for the gamfi reason ; 
hence 


R :s- 

P H 


(2*41) 



(2*42) 
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where v is kinematic coefl&cient of viscosity. Substituting 
Eqs. (2-41) and (2*42) in Eq. (2*40) yields 

F = (2*43) 

In order to simplify notation, Eq. (2*43) is written in the following 
form: 

F = CpQ^pvH^) 

= CfqA (2*44) 

where Cj? is nondimensional force coefiScient that depends upon 
body shape, Reynolds number, and Mach number 
q is dynamic pressure, psf 
A is representative area, sq ft 

Experience has taught that Reynolds number is the important 
criterion for low-speed operatioh and that Mach number is 
important for high-speed operation; consequently, the two 
influences may be discussed separately. 

First consider low speeds, for which compressible phenomena 
are unimportant; therefore Cf is independent of M and is depend- 
ent on K and 5. If these latter two constants can be found 
either mathematically or experimentally, the force equation for 
the body is solved. Usually the mathematical solution presents 
great difficulties, so that experiment is relied upon almost without 
exception,. The experimental information is usually plotted as 
log. Cp vs. log jB, from which K and 5 can be simply extracted. 
Of considerable importance is the fact that a curve of this sort is 
universally applicdble for all fluids at all speeds, for any body that 
is geometrically similar to the one used to establish it For example, 
Cp is the same for a 2-in. sphere in water as it is for a 10-ft sphere 
in air, provided the Reynolds number is the same. This single 
important fact provides the basis for a considerable pqrtion of 
all hydro- and aerodynamic testing. 

In setting up the original force equation, an unjustifi^ assump- 
tion was made as to its general form [Eq. (2*37)]. There was no 
particular reason, for instance, to assume that it should not be 
in the form of a summation. This implies that the constant K 
and the exponent 8 could themselves be functions of JB; further- 
more, they might even be discontinuous fimctions; consequently, 
the actual variation of Cp with R might consist of curved lines 
or even be discontinuous. These peculiarities actually do show 



60 


PRINCIPLES OF AERODYNAMICS 


[Chap. 2 


up in experimental data, but this does not contradict the principles 
involved, because the discontinuities, for instance, show up in 
all fluids for all geometrically similar bodies at the same Reynolds 
number. 

Next consider high speeds, for which viscous phenomena are 
relatively unimportant, so that Cf may be considered independent 
of R, The same remarks that were made for the Reynolds 
number criterion may be made for Mach number; i.e., a plot of 
Cf vs. M for a particular body is applicable to all bodies of that 
shape in any gas. For instance, Cf is the same for a 10-in. 
model of a guided missile tested in a wind tunnel in Freon gas as 
for the full-scale missile at 20,000 ft altitude, provided the Mach 
number is the same. This fact is the basis for all high-speed 
aerodynamic testiug. 

It should be noted that dimensional analysis produces an 
equation whose form could be anticipated by inspection. For 
instance, in Eq. (2*40), the group of terms pv^P has the same 
dimensions as F, and the other two groups of terms pvl/ix and v/a 
are both nondimensional. 

The form of the nondimensional groups could be anticipated 
because each contains one and only one variable not contained in 
the dimensional group, namely, m and a in the above example. 
Furthermore, the exponent of this variable becomes the exponent 
of the nondimensional group (6 and e in the example) . Frequently, 
therefore, the final equation can be written by inspection. For 
example, the original equation [Eq. (2*37)] could be extended by 
considering the general force equation for a body that is subjected 
not only to all the forces given but also to that of gravity. This 
would lead to 

F = K'p^Vv'^pfa^g^ (2*45) 

where g is acceleration of gravity, fps per sec 
rj is unknown exponent, dimensionless 
By inspection, the only possible combination of p, v, and I that has 
the same dimensions as ^ is v^/l; hence the solution is 

The last parameter is called Froude number G. 


(2-46) 
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The Froude number generally has little aerodynamic interest but 
is of considerable importance in ship design, where gravitational 
(wave) forces are the primary determinant of the total force. 

Any dimensionless quantity may be regarded as a ratio of two 
quantities having the same dimenaon. For example, Reynolds 
number may be given physical significance by multiplying numer- 
ator and denominator by vl: 

« - 5 (2-48) 

The numerator is then proportional to the inertia force, while 
from Eq. (1*26) the denominator may be shown proportional to 
the viscous force on the body; hence 

o inertia force 
viscous force 

Tests run on two geometrically similar bodies, tested perhaps in 
different fluids at different speeds, must have the same ratio of 
inertia to viscous forces if the Reynolds niunber is the same in 
the two tests. This implies that the flow pattern on the two 
bodies is geometrically similar at the same Reynolds number, so 
that, for instance, photographs of the flow patterns about the two 
bodies would be identical when reduced to the same scale. 

Similar statements could be made regarding Mach number: 


M 


inertia force 


compressive force 
and regarding Froude number: 

inertia force 


0 


gravitational force 


(2-50) 

(2*51) 


The Froude-number criterion is associated with aerodynamic 
phenomena that are outside the realm of everyday aerodynamics, 
and is therefore not included in the general force equation. 

2*10 The General Moment Equation. Of considerable interest 
is the moment about some arbitrary point produced by the gen- 
eral force given by Eq. (2-43). The moment equation may be 
stated without proof from dimensional considerations. 

M = (2*52) 


where K” is new shape coefficient, dimensionless 

X and r are new exponents of Re 3 niolds number and Mach 
number 
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The dimensioiiless quantities in Eq. (2 ’52) may be combined. 

M = Cn^qAl (2-53) 

where Cm is nondimensional moment coefficient like the force 
coefficient Cf 
I is representative length 

2*11 Principal Aerodynamic Forces and Moments. In order 
to determine conditions of static equilibrium on an arbitrary body 
immersed in a moving fluid, three mutually perpendicular aero- 
dynamic force and moment components must be known. Of 



Fig. 2*23. Positive lift, drag, pitching moment, and anj^e of attack on an airfoil. 

these six components, three have particular significance: the lift 
force L, perpendicular to the remote-velocity vector; the drag 
force jD, parallel to the remote-velocity vector; and the pitching 
moment M, in the plane that contains the lift and drag. Positive- 
sign convention is shown in Fig. 2*23, where the lift, drag, and 
moment are shown on an airfoil. On an airplane the three 
components have particular significance, because in level flight 
the lift counteracts its weight, the drag counteracts its thrust, 
and the moment about the center of gravity (eg) is zero. Equar 
tions (2*44) and (2*53) may be used to define the following equa- 
tions for a wing or airplane: 


L = ClqS 

(2-64) 

D = CoqS 

(2-66) 

M * C„qSc 

(2-56) 


where Cl is lift coefficient, dimensionless 
Cp is drag coefficient, dimensionless 
Cm is pitching moment coefficient, dimensionless 
q is dynamic pressure, psf 
S is projected wing area, sq ft 
c is wing chord, ft or in. 
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The choice of wing area and chord as representative area and 
length in these equations is entirely arbitrary but thorou^y 
standardized (for exact definitions of wing area and chord, see 
Art. 3-3). 

Lift, drag, and pitching moment and the corresponding coeffi- 
cients depend upon the shape, Rejrnolds number, and Mach 
number of the particular body considered. For an airfoil section 
these variables may be listed as follows: 

1. Shape 

а. Angle of attack, a 

б. Airfoil section 

c. Plan form 

d. Aspect ratio [see Eq. (3*2) for definition] 

2. Reynolds number 

.3. Mach number 

The influence of all variables except Ic and d must generally be 
obtained from experiments. Tests on a particular wing or airfoil 
are customarily conducted in a wind tunnel at constant air speed 
or dynamic pressure which, for constant temperature and static 
pressure in the test section, implies constant Reynolds number 
and Mach number. The data are customarily given in the 
form of Cl, Cd, and Cm vs. a, or Cd, a, and Cm vs. Cl, according 
to convenience. 

In the next two chapters nomenclature and experimental 
facilities will be described; Chap. 6 will then return to a discussion 
of the use of the aerodynamic coefficients developed m this 
chapter. 

PROBLEMS 

2-1. Fmd the quantity of air (lb per sec) passing through the test 
section of a lO-ft-diameter wind tunnel, if the temperature i — 115 F, 
the pressure p = 30.5 in. of mercury, and the velocity V = 250 mph. 
(Standard p = 0.002378 slug per cu ft.) 

2*2. Find the dynamic pressure in the test section of Prob. 2*1. 

2-3. A tube contracts from a cross-sectional area Ai = 600 sq ft to 
A 2 = 120 sq ft. The corresponding static pressures are pi = 16.0 psi 
and P 2 — 14.7 psi. Find the velocity V 2 (fps) at the contracted section. 
Assume standard air density, and assume a perfect fluid. 

2*4. To the front end of a boat is attached a U-shaped hollow tube, 
partly submerged, so that the lower end of the tube faces forward into the 
water, and the upper end faces forward into the air as shown. The 
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upper and lower ends of the tube are 5 ft above and below the water sur- 
face, respectively. If the boat is moving forward at 10 mph with respect 



to the water, what is the level of the water in the tube with respect to the 
external water level? Assume standard conditions. 

2-6. Two tanks, M and N, contain water and kerosene, respectively, 
M as shown in the accompanying figure. 

A plate XY, which is hinged at X, is 
held against the outlet of tank N by 
the water ejected from tank M. If 
outlet area of M is 2 sq ft, and outlet 
area of N is 2.6 sq ft, find the maxi- 
mum height of kerosene, that can 
be supported by a height of water, = 10 ft. (Kerosene sg = 0.80.) 
2«6. A jet of water is sent into a mechanism that shoots out two jets 




as shown. Assu mi ng all losses negligible, find the resultant force on the 
mechanism, in magnitude and direction, F = /(A,t;). 

2*7. The velocity distribution in the wake of a wing tested in a wind 
tunnel is found to be closely represented by a 
cosme curve, as shown in the accompanying v*=l00fps 

diagram. The mininiuTn wake velocity is three- 

fifths the remote velocity. If the wake width — r 

W ^ 2 in,, and remote velocity v = 100 fps, 7 * .s 

find the drag of the wing per foot of span. T ^ 

Assume standard conditions. Hint: This prob- 7 _ 1 ^ 

lem may be solved by either mathematical or *A I 

graphical integration of Eq. (2-24). 1\ I 

2*8. A ear partly filled with water is dis- 2 

charging through an orifice, as shown. Weight * ^ f 

of cu is 1000 lb. Weight of water at moment 

considered is 2500 lb. The center of gravity of 
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the car plus water is assumed to act at the same height as that of the 
water, and midway between the wheels. Discharge velocity is 16 fps 
with respect to the car, and discharge quantity is 3 cfs. Car velocity 
is 6 fps to the left. Neglecting hydraulic and mechanical friction, and 
assuming the water level in the 
tank remains horizontal, 

а. Find the width of the car (ft). 

б. Find the acceleration of the 
car (fps per sec). 

c. Find the front and rear wheel 
reactions Rp and jRa (lb). 

2*9. A 3000-lb rocket ejects a 
stream of hot gases at M = 1.0 at standard pressure but at 1650 F. 
Assume the exhaust gases have the same constituents as air. If the 
rocket is fired vertically upward, find its initial acceleration (fps per sec). 
Jet area is 2 sq ft. 

2*10. A 28,000-lb rocket discharges 19,400 lb of burned gases at a 
constant rate for 70 sec with a relative velocity of 6500 fps. It is fired 
vertically upward. Ignoring the drag force, and assuming the accelera- 
tion of gravity independent of altitude, find 

а. The maximum velocity attained by the rocket (mph). 

б. The total time to reach maximum altitude (sec). 

2*11. Compute the slip-stream velocity (fps), at 10,000 ft altitude, 
for a propeller having 7-ft diameter, if thrust T = 500 lb, remote velocity 
Vo = 264 fps, and the relation between sHp-stream velocity v, and pro- 
peller velocity Vp is given by 

V. — Vo = 2(vp — Vo) 



2*12. An instrument is constructed to show angular inclination of an 



air stream. It consists of a cylinder 
(see diagram) with holes drilled at A 
and B, The drilled holes, if extended, 
would pass through C. Tubes lead 
from holes A and jB to a XJ-tube vertical 
manometer M containing kerosene (sg 
= 0.80) . What height h of kerosene (ft) 
corresponds to a 3-deg inclination of 


the air stream if Fo = 200 mph? Assume standard conditions. 

2-13. A Quonset hut (assume it to be a half-circular cylinder) 100 by 
24 ft is built in the middle of a large plain. Maximum anticipated wind 
velocity perpendicular to the hut axis is 80 mph. Maximum and mini- 
mum recorded temperatures for the region are i = 95 F and < — — 10 F, 
while maxirmim and minimum recorded pressures are p = 31 in. of mer- 
cury and p = 28.5 in. of mercury, respectively. Find the maximum 
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anticipated lifting force on the hut, assuming that perfect-fluid equations 
may be used to establish velocity distribution. Ignore end effect (con- 
sider it a two-dimensional problem), and assume the static pressure 
within the hut is equal to the remote static pressure, 

2*14. The wing of an airplane operating at 10,000 ft altitude has a 
maximum positive pressure that is 100 psf higher than atmospheric 
pressure, and a maximum negative pressure that is 200 psf lower than 
atmospheric pressure. 

a. What is the airplane velocity (fps)? 

h. What is the maximum tangential velocity on the wing surface (fps)? 

2-16. By dimensional analysis find the general equation for thrust of 
a propeller 

T = f(v,nfD) 

where p is mass density, slug per cu ft 
n is rotational speed, rps 
D is diameter, ft 
V is forward velocity, fps 
a, 0, y Bxe exponents to be determined 

2*16. A model airplane was tested in a wind tunnel: < = 85 F; p = 
standard; c =* 10 in.; = 2 X 10® (based on the length c in feet). 

a. What was the air speed of the test (mph)? 

b. What was the Mach number for the test? 

2-17. A full-scale airplane has a design altitude of 13,000 ft and cruising 
speed of .240 mph'. A 1:10 scale model is constructed to test in a wind 
tunnel at 180 mph at 78 F. How many atmospheres of pressure is 
required in order to obtain the same R as that of the full-scale airplane? 
(1 atm = 14.7 psi.) 



CHAPTER 3 

AERONAUTICAL NOMENCLATURE 


This chapter will be concerned primarily with the description 
and classification of aircraft and aircraft components. There will 
be no attempt to enter into any detail, nor will the study be com- 
plete,^ but it will serve a useful purpose in clarifying subsequent 
discussions. 

3-1 Aircraft Types. The word aircraft applies to all man-made 
craft that are supported by the air. Airships of all types are 
statically supported by buoyancy, but nearly all other aircraft 
are supported d 3 mamically by relative air motion. Only the latter 
heavier-ihmtr-air craft will be considered in this text. 

Heavier-than-air craft may be subdivided into those whose 
wings are fixed, such as the aiirplxme and flying vnng, and those 
whose wings are movable, such as the helicopter and aviogiro. 
The helicopter and autogiro both have wings that rotate in a 
horizontal plane; the former having its wings continuously driven 
by an engine and the latter having its wings driven by the relative 
motion of the air. Both the autogiro and the airplane must have 
propellers to provide thrust, but the helicopter obtains thrust 
from its rotating wings, A separate type of aircraft that has no 
engine is called a glider. A glider that has a very high ratio of 
wing area to weight may be so light that it will rise when it 
encounters an atmospheric upgust (thermal). If designed specif- 
ically to soar for long periods of time in these upgusts, it is called 
a sailplane. 

Of all the types of aircraft mentioned above, the one of primary 
aerodynamic interest is the airplane. Airplanes may be classified 
in several ways: according to the number of wings employed, as 
monoplanes, sesquiplanes, or biplanes (Fig. 3-1); according to 
wing position, as parasol, high-wing, midwing, or low-wing air- 
planes (Fig. 3T) ; or according to the niunber of engines, as single- 
engined, twin-engined, or multiengined. Other classifications 
A fairly complete list of standardized nomenclature is given in TR 474. 
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could be made, dependent upon t 3 rpe of landing gear, propellers, 
engines, etc. One general classification, however, seems to over- 
shadow all the foregoing, and that is the classification according 
to the purpose for which the airplane is built: bomber, cargo. 


~ir~ 

Monoplane Sesqulplane Biplane 

— R— -ft- 

Parasol High-wing Mid-wing Low-wing 


Fig. 3*1. Conventional wing and fuselage combinations. 

pursuit, transport, trainer, etc. The Army and Navy of the 
United States have both adopted symbols for defining the utility 
of all military aircraft. The code letters and numbers specify the 
duty for which the airplane is designed, its model number, etc. 
In the commercial field, companies generally assign individual 
code numbers to their airplanes, but the method varies consider- 
ably between companies; hence, their numbers are significant only 
when compared with other numbers of the same company. 



3-2 Airplane Components. Customaxily an airplane has the 
follotving major components: a wing or wings for aerodynamic 
support of the w^t of the airplane; a fuselage to hold the pas- 
sengers, cargo, etc. ; a jet umt or propeller and engine to supply 
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motive force; landing gear for support while on the ground; an 
empennage (tail group) to aid stability; and control surfaces to 
regulate the Sight attitude. Figure 3*2 shows these main com- 
ponents. In the foUowing pages these components will be defined 
and described. 

3*3 Wing. The wing of an airplane is the component that is 
primarily responsible for sustaining it during Sight. The maxi- 
mum projected area of the wing is deSned as the wing area 8. If 
a nacelle or fuselage obscures part of the wing, the wii^ leading 
and trailing e(%es are graphically extended to pass through them. 



h 6 H 

Fig. 3*3. Wing^^planfonn definitions of area, span, and ohord. 

On the other hand, if a portion of the wing is cut out, say to 
improve vision, the cut out area is not included in the deSnition 
of S. These principles are clariSed in Fig. 3'3, where the cross- 
hatched lines indicate the wing area, according to the above 
deSnition. The maximum lateral wing dimension is called the 
span b, and the distance from wing leading edge to trailing edge 
is caUed the dhord c (Fig. 3*3). The chord of a wing is sddom 
constant, so that an average chord is frequently deSned, but 
the same symbol c is generally used; usuaUy the equation in 
which the symbol appears makes its intended meaning clear; thus 

c = - (3-1) 


where c is average chord, ft 

8 is' wing area (maximum projected area), sq ft 
b is span, ft 

Aspect ratio is the ratio of span to average chord, and from 
Eq. (3-1) may be expressed in terms of area also. 

. b 8 


(3-2) 
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Wings may liave a great variety of plan form (Fig. 3 4), whose 
principal geometric characteristic is the taper ratio X: 

X = I (3-3) 

where X is taper ratio, dimensionless 
c, is tip chord, ft 
Cr is root chord, ft 

A wing that does not have straight leading and trailing edges, 
such as an elliptical plan form, may be represented by an “effective” 
straight tapered plan form for many calculations. 

Leading edse 
Rectangular planfbrm 



Tapered planfbrm 


Fig. 3'4. 'Common wing planforms. 

Wing sweepback is given by the angle the leading or trailing 
edge makes with a perpendicular to the root chord, or by the per 
cent chord that forms a straight line from wing tip to tip; i.e., if 
the 25 per cent chord is straight, it has all points corresponding 
to the 25 per cent chord falling on one line on both sides of the 
root chord. Wing dihodval is usually defined as the angle formed 
by a line passmg through the 25 per cent chord of all wing sections 
in a spanwise direction and the line joining the two wing tips. A 
twi^ wing has vmJma if the angle of attack (see page 61) at the 
tip is le^ riian that at the root, and washin U the angle of attack 
at the tip is greater. By aerodynamic washout is meant that the 
z»o-lift chord (see next paragraph) at the tip is at a smaller «»T.fria 
of attack thiai at the root. 
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A wing section or airfoil section^ is formed by a streamlined con- 
tour as shown in Fig. 3-5. The line that is equidistant from the 
upper and lower surfaces is called the mean line, median line, or 
rneanrcamher line. The straight line joining the intersections of 
the mean line with the airfoil surface defines the chord} The 
angle between the chord and the remote-velocity vector v is called 
the angle of attack, a, and the deviation of the mean line from the 
chord line is called camber; i,e., a highly cambered airfoil section 
has an excessively curved mean line. When the airfoil is at such 
an angle of attack that there is no force perpendicular to the 
remote-velocity vector (no lift), the line parallel to the remote- 
velocity vector that passes through the trailing edge is called the 



Chordwise position of 
maximum camber 


Fio. 3*5. Geometric properties of an. airfoil section. 

zero-lift chord. For a symmetrical airfoil section, the chord and 
the zero-lift chord are coincident, and the camber is zero. 

Early planes were built according to the mistaken belief that 
the thinnest possible wings, accompanied by numerous external 
bracing wires and struts, were the best. Modem practice is to 
build the wing thick enough to include all necessary bracing inter- 
nally, whenever possible. The geometric proportions of an airfoil 
section are conveniently expressed in terms of three main variables: 

1. Shape of the mean line 

2. Thickness • 

3. Thickness distribution 

A great number of airfoil sections have been developed by experi- 

^ '^Airfoil” is technically a synonym for wing, although it is seldom used in 
this sense at present except in the phrase airfoil section. “Airfoil” is often 
used to designate a test specimen of a wing. 

* The chord is only an arbitrary reference. It is also frequently defined as 
the line joining leading and trailing edges, or as the line tangent to the lower 
surface at two points. The latter definition is used primarily for propeller- 
blade sections. 
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menters in the United States and elsewhere. In order to provide 
a reliable basis for design, the NACA, in 1929, started development 
of a syetematic series of sections that have since provided clear 
proof of the influence of changes in shape of the mean line and 
changes in thickness of the airfoil on aerod 3 mamic characteristics. 
Basing the series upon the assumption that the thickness distribu- 
tion is the least important of the three previously mentioned 
variables, the NACA chose the average thickness distributions 
from two well-known, successful airfoil sections as a basis for a 
major part of their early tests: they were the Clark Y (U.S.A.) and 
the Gdttingen 398 (German). By varying the per cent thickness 
and shape of the mean line but keeping the thickness distribution 
fixed, two series of airfoil sections were developed. These sec- 
tions, along with the later “low-drag^' and '^high-speed'^ airfoils, 
comprise the major part of the sections used in this country at 
the present time. 

The first four-digit series is based upon a mean line defined by 
two second-degree parabolas that are tangent at the point of 
maximum camber (Fig. 3*5). Changes in shape of the mean line 
are accomplished by varying only the position and magnitude of 
the maximum camber. Changes in thickness are accomplished 
only by increasing or decreasing all ordinates from the mean line 
by proportionate amounts. The code used to define the resultant 
contour of the airfoil is composed of four digits: the first gives the 
amount of maximum camber in per cent of chord, the second gives 
the position of the maximum camber in tenths of chord,^ and the 
last two give the Tnaximum thickness in per cent of chord. The 
following example may clarify the preceding explanation: 

2415 


Maximum camber is 
two-hundredths of chord 


Maximum camber position 
is at four-tenths of chord 


Maximum thickness is 
fifteen-hundredths of chord 


The second five-dtigit series has the same thickness distribution 
as the four-digit series but is based upon a mean line defined by 
a cubic in the forward part of ihe airfoil, which becomes tangent 
either to a straight line or to an inverted cubic that forms the after 

^ ^ Chordwise positions are invariably measured from the leading edge of a 
vnng or airfoil. 



Art. 3-3] 


AERONAUTICAL NOMENCLATURE 


63 


portion. The designation for the five-digit series is somewhat 
similar to that for the four-digit series and may be shown by the 
following examples: 



Maximum camber Maximum camber After portion Maximum thickness 

is two-hundredths position is at of mean line is fifteen-hundredths 

of chord three-twentieths of chord is straight of chord 


23115 



Same as above After i^rtion of mean Same as above 

line is inverted cubic 


Test results of the above four- and five-digit airfoils may be found 
in TR 460, 586, 610, 669,* etc. 

Theoretical considerations have indicated that by having the 
most negative pressure on an airfoil occur closer to the trailing 
edge than on the four- or five-digit series and by reducing the 
absolute value of the most negative pressure (Fig. 3-6), the drag 




Fraction of chord 



Fig. 3*6. Comparison of pressure distribution on a four-digit and low-drag 
symmetrical airfoil at aero angle of attack. {From WR LSOO.) 


may be reduced and the high-speed characteristics improved. 
This has led to several new airfoil series that are characterized 
by a mfl.TiTTniiTYi thickness occurring somewhere in the vicinity of 
the mid-chord. 

1 TR 669 contains correction factors that must be applied to all prior NACA 
airfoil tests run in the Variable-Density Tunnel. 
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One of the earliest of this type was originally designed for 
desirable high-speed characteristics. It is a modified four-digit 
series in which the first four digits have their usual meaning, while 
a group of digits following a dash indicates thickness distribution. 
The first digit within this group indicates leading-edge radius 
according to the following: 

0 designates sharp leading edge. 

3 designates one-fourth normal four-digit radius. 

6 designates normal four-digit radius. 

9 designates three times normal four-digit radius. 

The second digit gives the position of the maximum thickness 
in tenths of chord. For example,^ 

2409-04 

&me as four- Sharp leadmg edge Maximum thickness 

digit senes at four-tenths ^ord 

More extensive tests were subsequently run on other airfoils 
designed primarily for low drag characteristics, the most successful 
of which were the 1-series, 6-series, and 7-series. The numbering 
S 3 rstem is somewhat similar for these three groups, but each will 
be discussed separately. 

Ths 1-senee Airfoils, This group is defined as a symmetrical 
airfoil having a minimum (most negative) pressure occurring well 
back from the leading edge. Changes in airfoil characteristics 
within the series are then accomplished by changing the thickness 
and the shape of the mean line as in the four- and five-digit airfoils, 
the difference being that the airfoil is designed to give low drag at 
a particular angle of attack or lift coefl&cient. The second digit 
rrfers to the position of minimum pressure for the basic symmet- 
rical section at zero lift, in tenths of chord. The digit after the 
hyphen refers to the design lift coefficient in tenths, and the last 
two digits refer to the maximum thickness in per cent of chord. 
For example, 

16-218 


l-eeries airft^ Mixunxum pi’essure 

at six-toxths of chord 
for aymmetrieal basio 
aeetioa at zero lift 


Design lift coeffi- 
cient is 0.2 


Maximum thickness 
is emhteen-bundredths 
of chord 


» Forfurthermfonmtionamd teat results, see TR4!d2, WBL- 1 ^, TNV7Q, etc. 
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The mean line is usually curved in such a Tnanuftr that it pro- 
duces an approximately constant chordwise difference in pressure 
between upper and lower surfaces at the design lift coefficient, 
which produces an approximately constant load per inch on the 
chord. However, the mean line may be curved so as to produce 
an approximately constant load from the leading edge to the 60 per 
cent chord, say, and then a linearly decreasing load to the trailing 
edge. This change in ^^loading” is indicated after the airfoil 
designation: 

16-218, a = 0.6 

Uniform loading to six-tenths of chord, 
then linear decrease to trailing edge 


Same as before 


Frequently, if the loading is uniform so that a = 1.0, the load 
designation is deleted. 

One of the most useful 1-series airfoils is the 16-( ) series, 

which is usually referred to as the 16-series. 

The Q-series Airfoils. The system of designation is similar to 
that for the 1-series airfoils, but additional information is given 
by another number that shows the range of lift coefficients, in 
tenths, above and below the design lift coefficient, for which a 
favorable pressure gradient^ exists on both surfaces. 



6<«erie8 airfoil 


Same as before 


Favorable pressure gradient 
from lift coefficient 
of -0.1 to + 0,5 


Same as before 


In contrast to aU the preceding airfoils discussed, the thickness 
distribution of the above airfoil depends upon its maximuin thick- 
ness. A second subgroup with a thickness distribution obtained 
by linearly varying all ordinates in proportion to the maximum 
thickness is designated as in the following example: 


» as before 


65(315)-218 


Per cent thick airfoil from which thicknei 
distribution was linearly derived 


Same as before 


‘ The pressure gradient is favorable if the pressure becomes increasingly 
negative in the direction of flow. The theory will be discussed in Chap. 7. 
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A third subgroup is based upon a theoretical rather than indi- 
vidually derived (first subgroup) or linearly specified (second 
subgroup) variation in thickness distribution with m a ximum thick- 
ness. All digits have the same meaning as in the first subgroup. 
For example, 

653-218 

Again the above airfoil has a distribution of thickness that depends 
upon its maximum thickness. A fourth subgroup obtained by a 
linear variation like the second subgroup is specified like the 
second subgroup 

6 ®( 315)-218 

All the 6-series airfoil symbols may be followed by a loading term 
as in the 1-series. 

The 7~series Airfoils. This series was designed to produce a 
minimum pressure at different per cent chord on the upper and 
lower surfaces. For example, 

747 A 218 


T-serieB Favorable preseure Favorable pressure 

airfoil gradient for four-tenths gradient for seven- 

dhord on upper surface tenths chord on lower 
at design surface at design 


Serial letter to Same as 
indicate thiolcness 
distribution ^d 

Tnflft. n line 


All the 7-series airfoils have thickness distributions that are indi- 
vidually derived, hence do not vary linearly with maximum 
thickness.^ 

Supersonic flight poses problems that are entirely different from 
subsonic. A series of airfoils, based on theoretical considerations, 
has been developed by NACA, All airfoils are characterized by 
a knife-edge leading edge. The numbering system may best be 
illustrated by an example.^ 


Series number 1 
designates wedge 

2 detignates 
circulm^are _i 


Supersoni^- 


Maidmum thickness of 
lower surface is 
£hree-hundredth8 of chord 

Maximum thickness of lower 
surface is at 50 per cent 
chord 


Maximum thickness of upper 
surface is at 50 per cent chord 


[ Maximum thickness of upper surface 
u three-hundredths of chord 


^ For further iuformatioii and experimental results on the 1-, 6-, and 7-series 
airfoil sections, see WR L~5Q0. 

* For further information and test results, see TN 1211, 
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Examples of some common airfoils of the various groups 
described are depicted in Fig. 3*7. 


Four-digit 

series 

airfoils 


NACA 0015 


NACA 4415 


Five-digit 

series- 

airfoils 




NACA 23015 




NACA 23115 


1- series 
airfoils 


NACA 16-015 


NACA 16-515 


6-series 

airfoils 


NACA 65, *2-015 
NACA 662-415 


NACA 65(216)-415 
a=0.5 




NACA 65(421)-415 


7-series 

airfoils 


NACA 747A015 




NACA 747A415 


Supersonic 

airfoils 


NACA lS-(70)(03)~(70)(03) 


NACA 2$-(30)(03)-(30)(03) 


Fig. 3*7. Examples of common airfoil seotioiis. {From TR 537, WR Ir^60, 
TN 976, and TN 1211.) 


3*4 Fuselage. The fuselage or body of an airplane is primarily 
designed to hold the passengers, cargo, etc. It also provides a 
structural link between the wing and tail. In some airplanes these 
two separate functions are accomplished by booms and a cab 
(Fig. 3*8). Fuselages are made as streamlined as possible, but a 
certain amount of irregularity in the vicinity of the windshield is 
generally a necessary evil. Smooth airflow in the juncture between 
the wing and fusdage is often accomplished by means of a fillet, 
which is a nonstructural sheet that gives a gradual curvature from 
the fuselage to wing instead of the abrupt angular transition that 
would occur without it. A fuselage may have any convenient 
cross section condstent with structural and cargo specifications 
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except that if it is to be pressurized, a circular or multiple-circular 
section is generally used. It should be smoothly faired and have 
no sharp comers that might cause flow separation. 

The fuselage of a seaplane is called a hvll when it serves a dual 
purpose by providing buoyant support 
while on the water. 

3*6 Power Plant. The power 
plant consists of the complete propul- 
sive unit, including the engine. It may 
be classified either as a propeller and 
reciprocating engine or as a jet unit. 
There is some overlapping in the two 
categories, but this will be pointed out 
in the course of the discussion. 

Propeller and Redprocaling Engine. 
In a conventional power plant the 
propeller may be in front of the engine, 
in which case the airplane is called a 
tractor j or it may be behind, in which 
case it is called a pusher. A propeller 
may have any number of blades from 
one to five on a single hub, or may have four, six, or eight 
blades contra-rotating on two separate hubs. Engines may be 
inrUne, radial, muUipMank radial, etc. They may be liquid- 
cooled or air-<x>oled. They may be unsupercharged, supercharged 
by either a gear-driven supercharger or turbosupercharger, or 


Afr and 
exhaust 
gases 


Fxq. 3-9. D ia gr a mm atic representation of an exhaust-aspirated cooling system. 

compounded with an exhaust turbine attached to the crankshaft. 
The engine may be mounted on the front of the fuselage in a single- 
^gined airplane, so that the fuselage itself provides the stream- 
lining, or it may be mounted within an enclosed fairing or nacelle, 
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as on a multiengined airplane. In order to provide proper cooling 
and increase efficiency, the propeller may be provided with a spinner 
on the hub and a cowl on the forward section of the nacelle or 
fuselage. The cowl is a separate ring-shaped fairing that guides 
the air over the engine and allows it to flow smoothly over the 
nacelle or fuselage. Cowl flaps (Fig. 3*2) are frequently used to 
control the rate of flow of cooling air over the engine, although 


Combustion Exit 



Fig. 3*10. Diagrammatic representation of a ram«Jet. (From TN 1349.) 


in some installations the exhaust gases from the engine are used 
to “induce’* cooling flow (Fig. 3*9). This procedure obviates the 
necessity for having cowl flaps. Cooling flow is sometimes 
increased by the fan action of a auffj which consists of an airfoil- 
shaped sheetmetal fairing that surrounds the propeller shank. 

Jet Unit A jet unit may be classified according to whether it 
consists of a simple tube relying upon ram^ for compression of the 
combustible mixture, or whether it uses a mechanical compressor 
for this purpose. The former device, shown in Fig. 3*10, is called 


Combustion Adiustabit area 

CHnmsorv T.B-niBiK whaustnoah, 



Fuel spray-' nurblne 


Fig. 3*11. Diagrammatic representation of a turbo-jet. {From TN 1349.) 

a ramrjet or athodyd (aero-thermo-dynamic-duct) . The latter, 
shown in Fig. 3-11, is called a turbo-jetj since the compressor is 
driven by a gas turbine. 

CorribiTied Units. There are several interesting combinations of 
the above systems. For instance, the exhaust stacks of the 

^ Ham is the pressure rise that occurs at the front end of a body moving 
with a velocity relative to the air. 
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reciprocating engine may be connected to nozzles to increase 
exhaust velocity and hence produce an appreciable thrust incre- 
ment. Again a conventional propeller may be combined with the 
turbo-jet. The combination is called a turbo-propeUer (Fig. 3*12). 
Again, a small-diameter propeller may be enclosed within the shell 
of the turbo-jet just forward of the compressor to increase the mass 


Compressof 


Combustion 


Adjustable area 
exhaust nozzle. 




Fig. 3*13. Diagrammatic representation of a ducted proi>eller. 


Compressor 


Tan- pipe V Adjustable area 


rnsv \ exhaust nozzle 



Fuel nozzle 


Fuel sprays turbine 

Fig. 3*14. Diagrammatic representation of a turbo-ram-jet. 

flow of air (Kg. 3'13). This arrangement is called a dticted pro- 
jmler, and it is effective in increasing the static thrust and reducing 
the high fuel consumption of the conventional turbo-jet. Again 
^ ram-jet principle may be used to advantage in a turbo-ramrja 
(Kg. 3^) by injecting fuel in the high-speed stream of the tail 

and it is an effective 
meth^ for mcreaang thrust of the turbo-jet even though it does 
result m a considerable increase in fuel consumption. 
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3*6 Landing Gear. The landing gear is used to provide mobile 
support for the airplane on the ground. It may be a conventional 
type with two main wheels forward and a tail wheel in the after 
section of the fuselage; it may be a tricycle landing gear with the 
two m ain wheels further aft and a nose wheel near the forward 
section of the fuselage; or it may be a bicycle landing gear consisting 
of two main wheels on the fuselage center line and an auxiliary 
wheel outboard on each wing. Part or all of the landing gear is 
frequently retractable into the nacelle, wing, or fuselage to improve 
performance of the aircraft. 

3*7 Empennage. The empennage or tail group aids in stabilize 
ing and controlling the airplane. It usually consists of a single 
horizontal surface, and anywhere from one to three vertical sur-^ 
faces. The horizontal surface consists of a stabilizer and elevator, 
and the vertical surface consists of a fin and mdder. If twin 
vertical tails are used they are usually mounted near the tips of 
the stabilizer, so that the stabilizer approximately bisects them. 
The horizontal and vertical surfaces may be combined in one 
surface called a V tail, which is essentially a horizontal surface 
with extreme dihedral. A dorsal fin is a forward extension of the 
usual vertical surface and is used particularly on multiengined 
airplanes (Fig. 3-2). 

3*8 Control Surfaces. Control surfaces are used to regulate 
the flight of the airplane. The main surfaces are ailerons moxmted 
on the wing-tip trailing edges to provide control in ^‘rolling” the 
airplane (motion about the longitudinal axis of the airplane), 
rudder mounted on the fin trailing edge to provide control in 
“yawing” the airplane (motion about the vertical axis), and 
elevators mounted on the stabilizer trailing edge to provide control 
in “pitching” the airplane (motion about the lateral axis of the 
aii:plane). These three control surfaces appear on conventional 
aircraft as separate entities but may be combined so as to have 
one surface perform two or even all three functions, as in the 
V tail and in some versions of flying win^. 

Auxiliary controls include mounted inboard of the ailerons 
on the wing trailing edge and slots on the wing leading edge. Both 
controls are used primarily to reduce landing speed. An auxiliary 
surface that is sometimes incorporated with an aileron, rudder, or 
elevator is called a tab (Fig. 3-2). Its purpose is either to relieve 
pilot fatigue by shifting the neutral stick position from that cor- 
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responding to zero control-surface deflection to some other value, 
in which case it is called a tn/rfi toby or to aid in deflecting the con- 
trol surface, when it is called a servo tab} A large deflection of 
the control surface is accomplished by a relatively small deflection 
of the tab. 

3*9 Aircraft Instruments. Of all the instruments used to indi- 
cate the functioning of the various parts of the airplane and the 
performance of the airplane itself, one of the most important to 
the aerodynamicist is the air-speed indicator. It is essentially a 
pressure gage connected to a pitot tube, and it is calibrated in 
velocity units instead of pressure units. The calibration is done 
so as to correspond to standard sea-level conditions according to 
the equation 



where is indicated air speed, fps 
q is dynamic pressure, psf 

po is standard sea-level mass density, slug per cu ft 
The indicated air speed is, therefore, a function of dynamic pres- 
sure, so that at altitude, for instance, the air-speed indicator 
does not indicate true air speed. True air speed is obtained from 



where p is the mass density for the particular operating conditions 
considered. True air speed may be obtained from indicated air 
speed by combining Eqs. (3-4) and (3*5): 


V == 


Ji- 

v; 


7 = 


yj_ 

V? 


(3-6) 

(3-7) 


The indicated air speed is seen to be a fictitious air speed arising 
from the inability of an air-speed indicator to compmisate for 
variations in density of the atmosphere. 

^ Not all tabs used for this purpose are called servo tabs (see Art. 16-6). 
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Equations (3*6) and (3*7) are technically correct only under 
very restricted circumstances. For instance, even at moderate 
speeds, say about 300 mph, air compressibility must be accounted 
for (see Art. 8*4). Furthermore, the pitot tube is invariably 
mounted in a position on the airplane for which the velocity and 
static pressure are not identical to the remote values. This is 
frequently called posifo'ow error, and it is not usually constant with 



Fig. 3*15. Pitot tube and air-speed indicator. {KoUsman Instrument Division 
of Square D Cmpany.) 


angle of attack of the airplane. Superimposed on these effects is 
the possibility of slight mechanical defects in the construction of 
the pitot tube or the air-speed indicator. 

Calibration of the installation in a particular airplane is com- 
monly accomplished by making several flights at different air 
speeds between pylons. From the distance between pylons and 
the time of flight the ground speed may be computed. The runs 
are always made in both directions at a particular an: speed to 
nullify effect of wind, so that the average ground speed is equal 
to the true air speed. From the true air speed, the reading of 
the air-^peed indicator, the atmospheric temperature and pressure. 
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and the mathematical correction due to compressibility, the cor- 
rection factor due to position error and mechanical defect may 
be computed. 

A diagrammatic representation of a pitot tube and air-speed 
indicator is shown in Kg. 3*15. 

PROBLEMS 

3*1. An airplane at 40,000 ft is operating at a Mach number M « 0.5 
and Reynolds number R = 10,000,000. If the aspect ratio A - 12, 
what is the wing area S (sq ft)? 

3*2. An airplane leaves an airport at 3 p.m. with a full gas tank. It 
flies toward a point that is due west into a 20-mph head wind (relative 
to ground). What time must it turn back if it is to arrive with 20 gal of 
fuel still in the tank? The whole flight is made at constant indicated 
air speed F< =*= 100 mph. 

Altitude = 15,000 ft 
Fuel consumption « 0.5 lb per bhp-hr 
Gas weight = 6 lb per gal 
Average bhp = 1000 bhp 
Tank capacity * 350 gal 

3*3. In Prob. 3-2, a 20-mph wind is blowing from the northwest 
instead of a 20-mph head wind. Solve the problem again. 

3*4. An airplane at sea level flies a 23-mile straight course at 
150-mph ground speed with a 15-mph tail wind. Reynolds number R = 
10,000,000; density p — 0.0022 slug per cu ft; aspect ratio A = 12; 
standard pressure. Find the Mach number, wing span, and indicated 
air speed (mph). 

3*5. An airplane at sea level flies north from A to B into 
j Wind a 40-mph head wind, as shown, then northeast from B to C 
(the wind is stiU from the north). From a map of the 
terrain, AB = BC. Time of flight on leg BC is 2 hr. If 
constant indicated air speed Vi — 200 mph is maintained 
for both legs, find time for leg AB. 

3*6. An airplane equipped with a mechanically accurate 
pitot tube and air-speed indicator is flown north and south 
over a 2.5-mile course in order to find the position error 
for the instrument. Outgoing time To * 45 sec, and return 
jtime Tr — 54 sec. Temperature T = 80 F, and atmos- 
pheric pressure pa = 28 in. of mercury. The air-speed 
indicator shows a constant reading of 180 mph for the two legs of the 
flight. Ignoring eflFects of compressibility, find 

a. Themagnitudeofthewind, assuming no east-west component (mph), 

b. The position error aV (mph) to be added to the dial reading of the 
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air-speed indicator at this speed, in order to obtain the correct indicated 
air speed. 

3-7. An air-speed indicator is calibrated by fl 3 Hng an airplane over a 
square course 20 miles on a side. An air speed of 160 mph is shown by 
the mdicator and is held constant for the complete flight. A ground 
observer records the time on each of the four legs: AB, t = 7.06 min; 
BCj t 7.74 min; CD, t = 7.50 min; DA, t = 6.86 min. Mass density 
ratio = 0.80. 

a. Find the correction factor Fe by which the dial reading of the 
air-speed indicator must be multiplied, in order to obtain the correct 
indicated air speed. Ignore compressibility effects. 

b. If AB is north and BC is west, find direction of the axis of the 
airplane on leg AB, 



CHAPTER 4 

EXPERIMENTAL FACILITIES 


The evolution of an airplane, from its preliminary design through 
its assembly, is aided materially by numerous experiments 
to check the theoretical and empirical calculations relating to 
its aerodynamic characteristics. In this chapter, equipment used 
in experimental testing will be discussed, with particular emphasis 
on wind tunnels. 

4-1 Early Testing Techniques* One of the earliest types of 
equipraent used for measuring aerod 5 mamic forces was a whirling 
arm on the end of which the model was mounted (Fig. 4*1). 

Directfon of 
rotation 

Fla. 4'1. Whirling-arm method for determining aerodynamic characteristics. 



This crude device had the disadvantage of making the model 
operate in the wake resulting from its preceding revolution; also 
the model was in a continual state of curved flight. Other early 
equipment included cars that ran on tracks, pendulum arrange- 
ments that were used primarily for testing symmetrical or asym- 
metrical bodies, droptesting equipment in which the model was 
usually restrained by means of a vertical wire, and miscellaneous 
^sterns utilizing the natural velocity of the wind. 

Most of the above systems have proved unsatisfactory for one 
reason or another and have been replaced by the wind tunnel, 
whose principal feature is a tube through which air is drawn, in 
order to produce an artificial relative velocity with respect to a 
stationary body suspended in its stream. Its development has 
been almost entirely empirical, because there is no completely 
rdiable theory to predict characteristics of flow in a tube of 
arbitrary shape even for low speeds. 

76 
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4*2 Classification of Wind Tnnnels. Wind tunnels and their 
components may be classified in the following manner: 


A. Air path 

1. Direction 

а. Horizontal 

б. Vertical 
c. Inclined 

2. Speed 

а. Subsonic 

б. Supersonic 

B. Circuit 

1. Open circuit 

2. Closed circuit 

a. Single return 

b. Double return 

c. Annular return 
(7. Test section 

1. Throat 

a. Open throat 

b. Closed throat 

2. Shape 

a. Circular 

b. Square 


c. Hexagonal 

d. Elliptical 

e. Eectangular 

D. Mow improvement 

1. Bellmouth 

2. Honeycomb 

3. Expansion section 

4. Comer vanes 

5. Prerotation and antiswirl 

vanes 

6. Screens 

E. Model support 

1. Wire 

2. Stmt 

F. Force measurement 

1. Mechanical 

2. Electromechanical 

3. Strain gage 

4. Hydraulic 

5. Pressure 


Each of the above divisions and subdivisions will be discussed 
briefly. 

A, Air Path, Wind tunnels are generally built so that the 
flow through the test section is horizontal, although in some tun- 
nels where space is an important consideration, the vertical 
tunnel may be the only answer. A vertical flow is necessary in 
B, free-spinning tunnel (Fig. 4*2), for which a flying model is built 
with appropriate weight and moment of inertia^ and is allowed to 
^^spin^' freely in the vertical flow of air. Model flight character- 
istics in the spin may then be used to predict characteristics of 
the full-scale airplane. Vertical flow is also necessary in the 
gust tunnel, in which a flying model is catapulted horizontally 
through the test section in order to observe its behavior upon 
encountering a sharp-edged gust (Fig. 4-3). Its characteristics 

^ Flying models, and models whose stmctural elasticity may be important, 
are the only ones requiring scaled weight and moment of inertia; for all other 
tests these characteristics have no particular significance. 
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may then be used to predict the response of a full-scale airplane 
to gusty air. An inclined flow is required for a free-flight tunnel 
(Fig. 44), in which a flying model simulates “gliding^’ in the test 
section, accomplished by maintaining a velocity equal to the 



Fio. 4*2. Twenty-Footrree-SpinningTunnelof the NACA (Langley Field). The 
ginning model is laimohed by the operator on the right. The middle operator 
records the sphming characteristics by means of a motion-picture camera. The 
operator on the left controls the air speed. {NACA phctograph.) 

glide velocity and by tilting the tunnel axis through an an^e 
corresponding to the glide angle. The model is equipped with 
control surfaces electrically operated through fine wires leading 
from the aft section of the fuselage, and the “pilot” is able to 
control its fli^t. 

The vdocity of air through the test section of a wind tuimel may 
be less than the speed of soimd {siibsonie) or greater than the speed 
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Fig. 4*3. NACA Gust Tuimel (Lanfi^ey Field), The model is shot from the 
catapult to pass over the vertioal jet of air and is oaufid^t in a net to the left. A 
camera tidres speed-flash photographs in rapid succession to record its flight. 
{NACA photograph,) 



Fig. 4*4. Free-Fli^t Tunnel of the NACA (Langley Field) showing the model 
controlled by the “pilot” at the lower left and the tunnel operators at the ri^t. 
{NACA photograph.) 
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of sound {supersonic). In the former category, wind tunnels may 
be classed as low-speed if they operate at less than about 400 mph, 
and high-speed if they operate above this speed. The low-speed 
tunnels are used primarily for predicting the aerodynamic char- 
acteristics (performance, stability, and control) of an airplane 
in a range of speeds for which compressibility of the air is not 
appreciable. The high-speed tunnels are used primarily to show 
the effect of compressibility on the characteristics. Power re- 
quired to operate a wind tunnel increases radically with increase 
in speed; e.g., the 83^ by 12-ft Consolidated Vultee tunnel 
gives about 300 mph with 2250 hp, while the 83^ by 12-ft Cornell 
tunnel gives about 700 mph with 14,000 hp. 

Supersonic tunnels are constructed so as to have a constricted 
section upstream of the test section. With increase in speed of 
the tunnel, the speed in the constricted section increases until 
the speed of sound is attained. Further power input can pro- 
duce no speed increase at the constricted section, but a shock 
wave forms downstream. SuflBicient power is applied to make the 
shock wave occur downstream of the test section; then the con- 
stricted region has a Mach number of 1, the test section has a 
Mach number greater than 1, and the velocity downstream of 
the shock wave is subsonic. For a particular ratio of constriction 
area to test-section area, only one Mach nuinber is possible in the 
test section. In Fig. 4-5 a model is shown mounted in a super- 
sonic tunnel. 

B. Circuit Some tunnels are built in the form of a single tube 
with the air drawn into an intake and exhausted downstream at 
the exit, with no provision for guiding the air back into the intake. 
Most tunnels are built so that the air is recirculated through a 
return tube. The former type is referred to as an open-circuit 
tunnely and the latter is referred to as a dosed-circuit tunnel. The 
former takes less room and is cheap to construct, but generally 
has large circuit losses; consequently, it is seldom used for tunnels 
having large power consumption. 

The closed-circuit type of tunnel usually has a single return 
tube but may have the air split in two directions after leaving the 
expansion section, to return to the test section by two separate 
tubes. The former type, called a single^etum tunnel (Fig. 4-6), 
has less chance for diss 3 mmetry of flow in the test section and 
fewer adjusting mechanisms than the latter, which is called a 
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double-return tunnel (Fig. 4-7). It is frequently more expensive 
to build, however. 

Figure 4*8 shows the NACA Variable-Density Tunnel (VDT) 
that has been of considerable value for showing effect of varying 
Reynolds number. It is no longer used for testing purposes. 
It consists of a hermetically sealed tank with circular cross section 
and hemispherical ends to withstand the large changes in pressure 
used to vary the density. The circular test section is suspended 








Fig. 4‘6. NACA 9-iiL Supersonic Tunnel (Lan^^ey Field). The model sho-wn in 
the test section may be tested at Mach numbers from 1.4 to 2.4. Four additionsd 
models are shown at the lower left. (NACA •photograph.) 

in the center of the tank, with the flow in the direction of its 
longest axis. Return of the air from the end of the expansion is 
accomplished annularly around the shell that forms the test 
section and expansion section. This type of tunnel is called an 
annidar-return tunnel. 

The Variable-Density Tunnel is one of several tunnels in which 
the air may be pressurized (positively or negatively) in order to 
simulate a wide range of Reynolds numbers. This procedure 
involves certain complications in the design of the tunnel. In 
order to have a balance system that is contained outside the walls 
of the tunnel but still has structural connection with the model- 
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Fia. 4-a. Cutaway view of a aingle^nm tunnd. {Boeing Airplane Co. Edmund T. Allen Memorial Aeronautical Laboratory.) 







[Chap. 4 



Ro. 4-8. EOeyation of aa anaular-xetum tunnel (Variable-Deoslty Tunnel of the NACA at Langley Held). (.Pran^ TB 416.) 
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supporting mechanism, a chamber must be built that can be 
maintained at the same pressure as that in the test section. Jf 
the pressures are either very high or very low, men may not work 
in the balance chamber; hence, all the balance system must be 
operated by remote control. 

A nonpressurized, closed-circuit tunnel must have some point 
in its circuit vented to the atmosphere. This is usually accom- 
plished at the test section by means of an atmospheric slot down- 



Fig. 4'9. Air exchanger. The cool air enters the louvres at the top of one tower 
and the warm air is exhausted out the other (United Aircraft Corp. 18-ft main wind 
tunn^). 


stream of the model. The test section then operates at atmos- 
pheric pressure, and none of the complications described above 
are present. For high-speed subsonic tunnels, or m tunuels used 
for testing engines, the dissipation of heat through the walls may 
not be sufficient to keep the air relatively cool. Some of the 
heat may be removed by running water through the comer vanes 
(see Sec. D below) or wall surface of the tunnel, but if this is 
insufficient, part of the air must be exhausted for every complete 
circuit aroimd the tunnel. (In engine tests it is mandatory that 
some of the air be exhausted to carry away the burned gases from 
the engine.) An air exchanger is installed in the low-velocity 
region of the tunnel for this purpose (Fig. 4*9). It is usually 
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adjustable so that from 0 to 25 per cent of the air is exchanged 
in each cycle. Its installation requires that the test section 
operate under reduced pressure, and again a sealed chamber must 
be provided to house the balance syTstem. For a subsonic tunnel 
the pressure reduction is not suflScient to prevent men working 
in the balance chamber (usually the pressure conditions corre- 
spond to a maximum of about 15,000 ft altitude), but it requires 



Pig. 4*10. Open-throat tunnel (NACA Full-Scale Tunnel at Langley Field) . 
{NACA photograph,) 


a system of locks to allow men to pass in and out during a test. 
Again the balance system may be operated by remote control, 
however, in which case the locks are not necessary. 

C. Test Section. Most wind tunnels are cbsed-throat, by which 
is meant that the test section is completely enclosed by the 
tunnel walls. In some tunnels, the test section may be open- 
{kroat, which means that there are no walls at the test section. 
Design of the latter type (Fig. 4-10) has inherent characteristics 
that limit the length of test section; also, there is some possibility 
of extraneous vortices and crosscurrents entering the stream from 
the room itself. 

The shape of the test section must be determined primarily by 
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the type of bodies to be tested. In a tunnel that is to be used for 
testing bodies of arbitrary shape, the test section should probably 
be about as wide as it is high, and hence a circular, hexagonal, 
or square test section is desirable. For a wind tunnel in which 
airplane-model tests constitute a major portion of the work, a 



Fig. 4‘11. Bellznouth. and honeycomb installation in an open-cirouit tunnel 
(UWAL 30-in. hexagonal tunnel). 


test section wider than it is high is dictated from the standpoint 
of most effective use of the cross-sectional area for minimum 
interference of the wall on the model; hence an approximately 
elliptical or rectangular section produces the best results. A flat 
floor is particularly desirable because it is handier from the 
standpoint of work on the model and allows incorporation of a 
model-supporting S3^tem that may be rotated on a horizontal 
table (see Sec. E ) . A two-dimmsional tunnel is built with a narrow 
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but high test section, and the short-span airfoil is mounted hor- 
izontally between the walls. 

D. Flow Improvement The flow characteristics of a wind 
tunnel may be improved by any means that succeeds in reducing 



(a) 



4' 12. Prevention of separation in an expanding tube through the use of 
boundary-layer control: (a) no suction, (6) Ttith suction. {Reproduced by permie- 
eion of Enf^neenng Socieiiee Monograph Comm&tee from ^'Applied Hydro- and 
Aeromechanica*' by L. PrandU and 0. O, TietjenSf McChrato-HiU Book Company^ 
Inc,, 1934.) 

the periodic or circulatory pattern inserted by a propeller, con- 
traction, expansion, comer, etc. 

An open-circuit wind tunnel is always built with a large fecZZ- 
mouth to prevent the formation of a vena contracta (region of 
separated flow in which the air is unable to execute the sharp 
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comer at the intake). The bellmouth is frequently followed by 
a honeycornb (Fig. 4-11). Its purpose is to break down large 
vortices into a great number of small ones that dissipate more 
rapidly. The individual sheets of the honeycomb are sometimes 
adjustable to control direction of the flow. Honeycombs are 
seldom used in closed-circuit tunnels, because the contraction 
upstream of the test section is very effective in damping out exces- 
sive turbulence. 

Downstream of the test section an expansion is generally built 
with approximately 7-deg equivalent cone angle^ in order to 


Streamltnes* 




(a) 


Pnj] I 

O'! In 



Fig. 4*13. Preventioa of separation at .the comer of a duct: (a) without vanes — 
separated, (6) with vanes — unseparated. 


prevent separation from the walls. Boundary-layer control, or 
some energy-addition device, may be used to improve tunnel per- 
formance by preventing separation in the expansion tube down- 
stream of the test section (Fig. 4-12). 

A closed-circuit tunnel must have corner vanes to prevent flow 
separation, as shown in Fig. 4T3. The vanes are usually hollow 
streamlined airfoils through which water may be circulated for 
cooling of the air. PrerotaUon vanes are installed before, or 
antiswirl vanes behind, a single-rotating propeller to counteract 
the rotational flow imposed by the propeller (Fig. 4*14). 

Excessive turbulence of the air stream may be reduced by using 
a large contraction ratio and by using a great number of short- 
chord vanes. The vanes break down the size of the individual 
vortices in a manner similar to the honeycomb described earlier. 

1 The length of expansion necessary for a noncircular section may be esti- 
mated by representing its section by an equivalent circle of the same area, then 
computing the length of truncated cone required to give a 7-deg cone angle. 
This procedure is empirical and is not reliable for slender cross sections. 
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Fig. 4*14. Antiswirl vanes installed downstream of a wind-tunnel proipeller 
(United Aircraft Corp. 4- by 6-ft pilot wind tunnel). 


Drag wire I lift wire ♦ Lift wire 



Counter weights 


Feg. 4-15. Typical three-component wire system for supporting a model in a 
wind tunnel. The ans^e of attack of the wing may be changed by raising or lowering 
the downstream lift wires. 
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For a hvyturbiJmce tunnel in which the eddies are to be kept to 
an absolute minimum, single or multiple screens may be installed 
in the low-velocity region upstream of the test section. They 
consume a considerable amount of power. 

E. Model Support, Model support may be accomplished either 
by a wire or a strut system. In the wire system it is advisable to 
have the model inverted in order to reduce the size of necessary 
counterweights and hence keep wire dimensions to a minimum . 



Fig. 4*16. Single strut and fork system for model mounting. The strut is a 
stationary windshield that houses the columns to which the three forks are attached 
(Lockheed Aircraft Corp. wind tunnel). 


The system is critically dependent upon its alignment, and large 
errors in determining drag of a model result if the lift 'wires are 
inclined even sli^tly from the vertical (Kg. 4"15). The major 
disad-vantage of a wire system is the complexity associated with 
the installation and removal of a model, caused by the numerous 
-wires and model fittings. 

The strut system allows rapid installation and removal of a 
modd, because generally only three attachments are used. This 
system may consist of a single strut from which forks project 
(Kg. 4T6) that allow rotation of the modd in two planes, i.e., 
pitching and yawing; or it may conrist of three struts from which 
bayonets project. These struts are attached -to a common table 
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SO arranged that its rotation in the horizontal plane produces yaw, 
and raising and lowering of the rear bayonet produces pitching of 
the model (Kg. 4-17). The advantages of this latter arrangement 
are considerable because of the adaptability of the system to 
models of any span and to bodies of any type, since the individual 
struts may be shifted laterally and up- and downstream on the 
table. 

F. Farce Measurement, In a mechanical system, the force to 



Fiq. 4'17. Three-strut and circular-table system for model mounting. The three 
struts are windshields that line up with the air stream when the model is yawed. 
They house the columns to which the bayonets are attached. (Boeing Airplane 
Co. Edmund T. Alien Memorial Aeronautical Laboratory.) 

be measured is transmitted to a conventional balance in which a 
sliding weight on the beam, or number of fixed pan weights, pro- 
duce the balance (Kgs. 4-18a and 6). With an electromechanical 
arrangement, the balancing of the forces is accomplished electro- 
magnetically (Kg, 4*18c). Equilibrium in either system may be 
established automatically by dect^al devices; i.e., a motor may 
be arranged to drive the moving weight in Fig. 4T8a, or add and 
subtract pan weights in Kg. 4’186, or a photocell circuit may be 
arranged to change the current in Kg. 4-18c. 

Forces may also be measured with mechanical or electrical strain 
In a mechanical strain gage the deflection or ‘'strain^' of a 
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(5) Pan weight 


Beam 



(e) Qectromagnet 

Fig. 4*18. Typical mechanical and electromechanical systems used to indicate 
model forces. 


structural element supporting the model is multiplied by a gear 
train for easy reading on a dial. The electrical strain gage indi- 
cates the deflection by a change in electrical resistance of a fine 


wire pasted to the structural 
element. 

A hydraulic capsule may be 
used to measure force in the 
following manner: The load is 
transmitted to a diaphragm as 
in Kg. 4T9; a constant pres- 
sure source produces a pressure 
in the cell that depends upon 
the size of gap between the 
diaphragm and the outlet. 
Equilibrium is established 
when the internal force arising 
from the pressure in the cell 



at constarit 


pressure 

Fig. 4*19. Hydraulio-cai>sule method used 
to indicate model forces. (Reproduced by 
permisaion, with minor modifications, from. 
"Wind Tunnel Testing,*^ by Alan Pope, 
puUiahed by J ohn WtLey tSb Sons, Inc„ 1947.) 
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balances the load. The cell pressure is indicated on a pressure 
gage and may be calibrated in terms of the load. 

Some of the most elaborate wind tunnels are equipped with 
automatic recorders to register continuous force and moment read- 
ings with a stylus, oscillograph, or card-punching mechani s m. 

Indirect determination of forces is accomplished by measuring 
body static pressures, tunnel-wall static pressures, or wake total 
pressures. Each method requires integration to obtain the force, 
but although an integrating manometer may be used and great 
accuracy is possible, the methods have a very restricted application. 

4-3 Visual Flow Aids. Qualitative indications of the flow 
pattern on a body may be obtained in a number of ways. Usually 
the body must be tested in a two-dimensional tunnel in which the 
height of the test section is much greater than its width and the 
model completely spans the tunnel. For low speeds and slight 
expense, there are a number of methods by which flow may be 
observed that involve the introduction of some foreign material 
into the air stream. Unfortunately, some of the best agents are 
irritating if not toxic. Titanium tetrachloride and fuming stannic 
chloride produce dense white clouds of smoke but are very irritat- 
ing to the nostrils. Furthermore they are likely to be injurious 
to mechanical equipment because of the presence of hydrochloric 
acid. Dry ice gives a weak smoke that may be made denser by 
heating with water; however, condensation is a major problem in 
this method. Sometimes smoke from burning wood, etc., or fumes 
from heated oil or kerosene are used, but these methods require 
special equipment and are generally somewhat dangerous. Talc 
or other fine inert powder agitated with air provides one of the 
cheapest and safest methods for this type of flow visualization. 

The flow may also be shown by painting the surface of the body, 
or the walls of the tunnel next to the body, with a mixture of kero- 
sene and lampblack. The streaks produced by the passing air show 
the pattern. Another frequently used method is to attach tufts 
of thread to the surface of the body by means of cellulose tape so 
as to allow the thread to assume the direction of the local flow. 
Both methods show conditions only within the boundary layer. 

For very high speeds, subsonic and supersonic, one of three 
methods is commonly used: the shadow method, the schlieren or 
striae method, or the interferometer method. Each procedure 
takes advantage of the changes in density that accompany changes 
in static pressure on an airfoil or other airpila r body in a flow field. 
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The shadow method uses a small but intense light source, a lens 
to make the light rays parallel, and a screen or photographic plate 
on which the light rays are caught (Fig. 4-20a). The model is 
situated between the lens and screen. A density gradient on the 
model produces deflection of the light ra3^ but produces no change 
in light intensity on the screen. A change in density gradient 



Fig. 4*20. Simplified diagram of (a) shadow, (6) schlieren, and (c) interferometer 
setups. 

causes the light rays to rather converge or diverge, and hraice 
produces either an increase or a decrease in light intenraty on the 
The method is not very satisfactory unless the flow con- 
tains steep density gradients. These gradients occur, for instance, 
in p«g«TTig through a shock wave, as shown in the shadowgraph 
in Fig. 8‘6. 

The schlieren method is represented diagrammatically in 
Fig. 4*206 by a large light source whose light rays pass throu^ a 
set of lenses, and are finally caught on a screen or photographic 
plate. If a knife-edge is inserted part way into the light beam 
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at the focal point of the second lens, the illumination of the whole 
screen is uniformly reduced. If now a model is inserted between 
the first two lenses, as shown, a density gradient at some point on 
the model may produce, say, a downward deflection of the light 
rays. These rays are intercepted by the knife-edge, and thus the 
light intensity is reduced locally on the screen. Conversely, 
upward deflection produces a local increase in light intensity on 
the screen. Photographs obtained by the schlieren method are 



Pig. 4*21. General view of a schlieren setup for a supersonic tunnel (NACA 1- by 
3-ft supersonic tunnel at Moffett Field). (NACA photograph,) 


characterized by light and dark areas as in Fig. 8-10, but the inter- 
pretation of these areas depends upon the orientation of the knife- 
edge; f.e., it depends upon whether the knife-edge is inserted at 
the left or right, or top or bottom of the light beam. Figure 4-21 
shows a typical schlieren setup for a supersonic tunnel. 

The interferometer method is shown diagrammatically in 
Fig. 4 •20c. Monochromatic light passes in parallel rays by two 
paths through a set of full-silvered and half-silvered mirrors and 
is finally caught on a screen or photographic plate. A model 
inserted in one of the paths may produce a density locally that is 
different from that in the other path. Since speed of light is a 
function of the density of the medium through which it passes. 
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the two paths produce Kght waves that are out of phase. This 
results in characteristic “interference fringes” or lines of high and 
low light intensity on the screen. The difference in density 
between two points in the air stream is proportional to the number 
of fringes between the two corresponding points on the screen. 


t 


PROBLEMS 

4*1. A circular, single-return tunnel is constructed with a 2.46:1 
diameter ratio of contraction. The minimum area is at the test section. 
What error in test-section d 3 mamic pressure results from assuming it is 
equal to the difference in static pressure between the maximum and 
minimum sections? Assume a perfect fluid. 

4*2, A mechanically accurate air-speed indicator C is connected to 
two static-pressure leads, A and 5, in the — 
side of a circular tube, through winch air ij^ 
is passing. Diameter of tube at A is 2 ft. ^ 

Diameter of tube at 5 is 1 ft. Air density ^ 

in the tube p = 0.0018 slug per cu ft. If 
the air-speed indicator reads 150 mph, 
what is the true air speed at B? Assume no losses occur from A to B, 

4*3. A student ran a wind-tunnel test to find the lift coefficient of an 
airfoil. He read the lift balance and computed the lift coefficient as 
Cl = 0.28, but unfortunately, made two errors during the test: 

1 . He thought the* slant-tube manometer by which he measured dynamic 
pressure was inclined at 30 deg, but it had slipped to 25 deg. 

2. He assumed the barometric pressure was standard. It was 30.5 
in. of mercury. 

Find the correct lift coefficient. 

4-4. Comer vanes in a wind tuimel are used to 
deflect the air through 90 deg. Nine vertical 
vanes are used in a tunnel that has a cross section 
10 ft across and 20 ft high (see diagram). If the 
velocity 7 = 100 mph, find the magnitude and 
direction of the aerodynamic load on each vane. 
Assume perfect fluid and standard conditions. 

4-5. An airplane has aspect ratio A = 8 and 
wing area S = 1250 sq ft. It is designed to 
cruise at 10,000 ft at an indicated air speed Vi = 220 mph. A geo- 
metrically similar model is to be tested in a wind tunnel at the same 
Ile 3 molds number as that for the cruising condition of the full-scale 
airplane. Model chord c = 9 in.; test velocity 7 = 250 mph at tem- 
perature i =» 80 F. What should the pressure be in the test section 
(atm) ? (1 atm = 14.7 psi.) 




CHAPTER 6 

AIRFOIL CHARACTERISTICS 

It is fitting that the aerodynamic properties of airfoil sections 
and wings be the subject of rather intensive study in this and sub- 
sequent chapters, for these characteristics are important, not only 
in so far as the wing itself is concerned, but also because they 
determine successful operation of the stabilizer, fin, propeller, etc. 
The force system on an airfoil arises directly from an unbalanced 
static pressure that is distributed normal to the surface and an 
unbalanced shearing stress that is distributed tangential to the 
surface. The pitching moment arises from an unbalanced couple 
produced by these same influences. 

In this chapter only airfoil and wing characteristics are con- 
sidered, but some problems involving complete airplanes will be 
discussed, in which case the airplane lift will generally be assumed 
equal to the wing lift, the airplane drag will be assumed equal to 
the wing drag plus a constant, and the aerodynamic moment will 
be assumed to arise only from the wing lift and moment and from 
the tail lift. 

Force Representation. The complete force system on a 
wing may be represented in magnitude by a resultant force R\ in 
direction by an angle t; and in position by the point at which the 
resultant intersects the chord, called the center of 'pressure (cp), 
measured in fraction of chord from the leading edge (Fig. 5Ta). 

For aerod 3 mamic purposes, the foregoing system is not too 
satisfactory; a second method of representation involves resolution 
of the resultant into two components: the first, called lift L, per- 
pendicular to the remote velocity, and the second, called drag JD, 
parallel to the remote velocity. Both forces are assumed to pass 
through the center of pressure (Fig. 5T6). 

A third method involves transferring the force system to a 
reference point on the chord (say n per cent chord) and accompany- 
ing the transfer by the necessary pitching moment Mn about the 
pomt Tif a positive value of which is defined as a ^^climbing^^ 
moment (Fig. 5-lc). 
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A fourth method is similar to the third but has the two force 
vectors perpendicular and parallel to the chord instead of to the 
remote-velocity vector. They are called the normal force N and 
chordwise force C, respectively (Kg. 5Td). Use of this method is 
restricted almost completely to structural analyses. 

The four systems are shown in Fig. 5-1 for positive forces and 
moments. They are eguivalerd, and one system may always be 
derived from another. The resultant is reduced to components 




Fig. 5*1. Various equivalent methods for representing the force system on an 
airfoiL 

because for steady level flight, the lift directly balances the weight, 
and the drag balances the thrust. The force system is transferred 
to a fixed reference point, in the third and fourth methods, because 
the cp is a variable quantity. Frequently used references are the 
25 per cent chord and the airplane center of gravity (eg); since 
the eg occurs close to the wing chord on most aircraft, it is fre- 
quently defined as the point on the chord through which the 
weight acts. 

Pressure drag or form drag and viscous drag or skin friction 
together constitute profile drag of a wing or parasite drag of an 
airplane. The difference between parasite drag and profile drag 
is called residual drag. Induced drag is present even for a perfect 
fluid in which there is no profile or parasite drag, and it arises from 
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the rearward inclination of the resultant vector on a lift-producing 
body. lift, induced drag, and pitching moments are predictable 
by perfect-flxiid theory provided there is no separation of flow from 
the body surface. Profile and parasite drag, which are a direct 
result of fluid viscosity and compressibility, are not predictable 
from this theory and must be derived from semiempirical relations. 

The equations for lift and drag shown in Chap. 2 are repeated 
here: 

(6-1) 


( 6 * 2 ) 


6*2 Lift. Any arbitrary body set unsymmetrically with respect 
to the remote velocity may be expected to produce some amount 
of lift. An airfoil is specifically designed to produce a large amount 
of lift but at the same time give only a small drag. It accomplishes 
its purpose by deflecting a large quantity of air with a minimum 
retardation of velocity. 

Another effective method for producing a large amount of lift 
is to rotate a cylinder at constant rpm in a stream of air; however, 
because the drag produced by such a system is prohibitive for 
aircraft use, it is only of academic interest. This same Magnus 
effect accoxmts for the flight curvature produced by cut of a tennis 
ball, slice or hook of a golf * ball, and curve or drop of a baseball, 
and it serves as an introduction to the concept of circulatory flow, 
A fluid element in a perfect fluid that, by some means, is rotated 
about a fixed center, has a centrifugal force that is exactly balanced 
by a static-pressure force. Consider a fluid element having unit 
depth (into the paper) and dimensions dr and ds in the plane of 
rotation (Kg. 5-2). The centrifugal force is 

dFc ^ (j) dr ds)^ (6-3) 

where r is radius from the center of rotation to particle, ft 
Vt is tangential velocity, fps 


L = CLS(y2Pt^) 
- ClS 
^ClSq 

D = Cj>s(y2pt^) 


391 


= Cj>Sq 
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and the pressure force is 

dFp ^ dp ds (6*4) 

where dp is the radial pressure differential across the element in 
pounds per square foot. Equating Eqs. (5*3) and (5*4) gives 


dp _ />tf 
dr r 

The Bernoulli equation may be differentiated: 

dp = —pVt dvt 

Substituting Eq. (5*6) in Eq. (5*5) yields 

dvt ^ 

Vt r 

Thus 



(5*6) 

(5-6) 

(5-7) 

(5-8) 


where X is a constant. The tangerUial velocity is seen to vary 
inversely with the radiits. It will be recalled that the discussion 
refers to a perfect fluid, which, of course, is 
inviscid. In a real flxiid the tangential velocity 
at the center must be zero rather than infinite 
in order to preclude the possibility of having 
infinite shearing stresses. The influence of vis- 
cosity in modifying Eq. (5*8) decreases with 
radial distance however, and for most practical 
problems in aerod 3 mamics this equation may 
be used directly. 

The circulatory flow may be investigated 
further by introducing the concept of the 
circulation F. If an arbitrary closed path is 

considered in any flow field, such that it forms 

a single loop, the circulation is defined as the flow.” 

integral of the product of the tangential velocity 

component and the differential path length. The integral is taken 

around the closed path or line and is properly called a livs integral, 

indicated by the symbol ^ ; hence 

fvtds (6*9) 

where F is circulation, sq ft per sec 

Vt is tangential velocity component, fps 
ds is elemental path length, ft 


p^dp 



ment in drculatorv 
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The line integral may be unfamiliar to the student, but it should 
be recalled that an integral sign is a symbol that means “sum,'’ 
even though the elements of the sum are infimtesimals. Just as 
the equation 



means “add up all the elements that measure y hj dx between 
X — a and x = b” so the above line integral means “add up all 
the elements that measure Vt by ds on the closed path/' Keferring 



Fig. 5*3. Alternate patus in ciroulatory flow. 

now to the specific problem, the circulation about a circular path 
having radius r and constant tangential velocity Vt is 

r = ^ Vt ds 

da (5*10) 

= Vt (2irr) 

By comparison with Eq. (5-8), the circulation is seen to be constant 
for any circular path about the fixed center. This result may be 
extended. In Fig. 5-3, consider the path ABCDEFA, where BCD 
is the arc of a circle having half the radius of the circle AEF, while 
AB and ED are radial. Since the arc length BCD is half AGE 
but has double its tangential velocity, the circulation along the 
path ABCDEFA must be equal to tl^t around AOEFA. From 
this it is intuitively concluded that the circulation is the same for 
all paths that include the fixed center 0 (such as WXYZ, for 
instance). Also the circulation about any path that does not 
include the fixed center is zero (such as AGEDCBA, for instance). 
It is important to realize the significance of these results because 
the concept of circulatory flow allows solution of the ideal flow 
around a rotating cylinder, airfoil, etc., and provides a fibm foimda- 
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tion for an appreciation of some of the phenomena to be described 
in the remaining chapters. 

A fortunate characteristic of the circulatory flow is that it may 
be combined with other types of flow, and the velocity at a point 
can then be obtained by simple vector addition of the contributing 
velocity components. This is the so- 
called principle of superposition. It will 
be illustrated now by an infinite cylinder 
that rotates in a moving perfect fluid. 

The influence of the cylinder on the 
streamlines is obtained by composition 
of the rectilinear and idrcukdory flow. 

The former flow is shown in Fig. 6“4 as 
a series of streamlines that have their 
direction imchanged by passage over the 
cylinder, while the latter is shown as a 
series of streamlines for which the circu- 
lation is constant; hence the velocity 
varies inversely as the radius.^ 

The surface value of the rectilinear 
velocity has been given in Art. 2-7 and 
is repeated here: 

V = 2vq sin 6 (5 'll) 

The surface value of the circulatory flow 
is given by Eq. (5-10), with r = JB. 

p Fiq. 5’4. Flow patterns on 

— (5’12) infinite circular cylinder: 

2tR (a) rectUinear, (&) droulap* 

. . , . , ^ , tory» (c) combined lecti- 

The total surface velocity is obtained linear and drculatoiy. 

by vector addition of the velocities from 

Eqs. (5'11) and (5-12) ; however, since they are in the same direc- 
tion (tangent to the surface), the addition inay be accomplished 
algebraically; thus 

ve V + Vt 

= 2vomLe + ~ (5-13) 

^ A natural question arises here because it seems inconsistent to speak of a 
rotating cylinder being able to cause the perfect fluid to rotate. The present 
discussion is concerned only with the state of affairs after the fluid has been 
rotated by some means. After it has been started, it will rotate indefinitely. 
In a real fluid, the circulation is maintained by friction between the fluid and 
cylinder. 




(b) 



(c) 
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For the chosen directions of flow shown in Fig. 6-4, the velocity- 
on the upper surface is increased, while the lower surface velocity 
is decreased; fin*thennore, the front stagnation point moves rear- 
ward on the lower surface, and the rear stagnation point moves 



12 3 

Tangential velocfty _ 
Remote velocity 


Fia. 5*6. Aerodynamic characteristics of a rotating cylinder. (Replotted hy per- 
mission from ^^EUmentary Mechanics of Fluids” "by H. Rouse, published hy John 
WHey db Sons, Inc., 1947.) 

forward. By combining the Bernoulli equation and Eq. (5-13), 
the lift per unit span on the infinite cylinder is given by 

^ = pcoT (5-14) 

Equation (5*14) is called the Kvtta-Joukowski lift equation. For 
the cylinder considered it may also be written 

^ = pVo(2?ri?t;,) 

and may be expressed in terms of the lift coejfficient, using Eq. 

(5-1), 

C'£ = 2ir-‘ 

Vo 

This theoretical value of the lift coefficient is much larger than is 
realized experimentally (Fig. 6-5), primarily because of the major 
importance of viscosity, which is responsible for the large wake 
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shown in Fig. 5*6. Experimental data for a rotating sphere are 
presented in Fig. 5*7 for comparison with the cylindw data. 
Attention is now directed to the flow of a perfect fluid on an 



Fig. 5*6. Flow pattern on a rotating oylinder in a real fluid. Peripheral velocity 
is double the remote velocity. {Reproduced by permission of Engineering Societies 
Monograph Committee from Applied Hydro^ and Aeromechanics” by Zr. PrandU 
and O. G. Tietjens, Mdf^ravj^Hill Booh Company^ Inc,, 1934.) 



1 2 
Tangential velocity _ 
flemottt velocity ^ Vo 


Fig. 5*7. Aerodynamic characteristios of a rotating sphere. {Replotted by per- 
mission from ” Elementary Mechanics of Fluids” by H. Bouse, puUished by John 
WHey <fc Sons, Inc,, 1947.) 

airfoil of infinite aspect ratio. The principle of superposition is 
again applied, as shown in Fig. 5*8. The circulatory flow does 
not follow concentric circles because of the shape of the airfoil; 
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however, at a sufficiently great distance from the airfoil, the flow 
does approach a circular path, and Eq. (6*14) may again be used. 
(Recall that the circulation about a path with i n fi ni te radius is 
identical to that around the airfoil itself.) The shape of the 
circulatory flow pattern in the immediate vicinity of the airfoil 
may be established by distributing along the mean line a series of 



(a) 




Fig. S*8. Flow patten on an infinite airfoil: (a) rectilinear, (6) circulatory, 
(<) combined rectilinear and circulatory. (From TR 116.) 

vortices similar to the single vortex used to represent the cylinder. 
By a more elegant procedure, the cylinder of Fig. 6*4 may be 
“transformed” into the airfoil of Fig. 6*8 by means of transforma- 
tion equations that allow solution of the complete flow pattern. 
This process of cmformal transformation is beyond the scope of 
this text, but it is interesting to observe that the apparently com- 
plicated flow about an airfoil lends itself to mathematical solution. 
The solution obtained in this manner is, of course, more repre- 
sentative of the flow in an actual fluid than is the solution obtained 
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for the cylinder, because of the characteristically smaller wake. 
The circulation on the airfoil must be just stiflSlcient to move the 
rear stagnation point in Fig. 5-8a to the trailing edge, as in Fig. 6-8a 
This limitation is necessary in order to exclude the possibility of 
an infinite velocity aroimd the sharp trailing edge. 

Equation (6T4) may be combined with Eq. (5-1) to obtain a 
relation between lift coefficient and circulation that will have 
considerable value in later analyses. 

L = fXyvV = C 

Cl - f ' , (6-16) 

Recall that Eq. (5*16) applies only to a wing having infinite aspect 
ratio. 

The lifting force on either the cylinder or airfoil must arise 
entirely from a pressure differential between the lower and upper 
surface.^ For low angles of attack, of the airfoil, the pressure 
differential arises from an upper-surface pressure that is more 
negative than the lower. For high angles of attack, it arises from 
a large negative pressure on the upper surface and positive pressure 
on the lower surface. The Bernoulli equation requires a high 
velocity for large negative pressures and low velocity for positive 
pressures, so that the amount of circulation required to produce 
the required lift varies with angle of attack. The fundamental 
difference between the cylinder and airfoil is then seen to be in 
the manner by which a velocity (or pressure) difference is obtained 
on the two surfaces: the cylinder must be rotated to shift the front 
and rear stagnation points below the horizontal diametral planes, 
whereas the airfoil, which has its rear stagnation point fixed at 
the trailing edge, needs only an increment in angle of attack to 
shift the front stagnation point rearward along the lower surface. 
Both systems produce a velocity on the lower surface that is less 
than it would be without circulation and a velocity on the upper 
surface that is greater than it would be without circulation; hence, 
each surface of both systems contributes to the total lift. 

From theoretical considerations, the lift derived from an airfoil 
at constant velocity is linearly dependent upon the angle of attack. 
From test data on airfoils, a linear variation in Cl with a is usually 

^ The discussion is limited to a perfect fluid. 
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shown for a considerable range of angles (Fig. 6-9a). Ultimately, 
however, the airfoil reaches such an attitude that separation occurs 
somewhere on the upper surface (Fig. 6*10). The resulting devia- 
tion from linearity increases with increase in angle of attack until 
the TYifl.inrm7Tn Cl value is obtained. Beyond the maximum 

value, Cl decreases, sometimes gradually, sometimes abruptly. 
The phenomenon is called sioUiTigj and the angle corresponding 
to is called the stall angle, the hurhle angle, or the angle for 
maximum lift Since separation usually starts well below the 



(a) 



Fia. 5*9. Aerodynazmo oharacteristios of an NACA 4418 airfoil of aspect ratio 
6 at Reynolds number of 8,180,000. (From TR 669.) 


angle corresponding to the first two names are technically 

misnomers, but stalling has become associated with through 
long use. 

The angle corresponding to Cl = 0 is called the angle of zero lift, 
aiQ. It is always zero for a flat plate or symmetrical airfoil section 
and becomes more negative with increasing camber. 

For most airfoils the lift curve may be represented by the linear 
equation 

Cl = a(a — oll^ (5-16) 

where o is lift-curve slope, per deg 
a is an^e of attack, deg 
is angle of zero lift (usually negative), deg 
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(« 

Fiq. 5*10. Flow pattern on an airfoil in a real fluid: (a) low anfi^e of attaob— 
unatailed, (b) high angle of attaok^^-s^Ued. (Reproduced by permission from **The 
Physics of Solids and Fluids” by P* P. Evxddt Th* P6schL^ OTuf L. Pran^ Blackie 
dt Sons, IdmiUed, 1936.) 
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An equation similar to Eq. (5-16) may be written for radian 
measure: 

Cx, — m(ot — axo) (5'17) 

where m is lift-curve slope, per radian 
a is angle of attack, radians 
axg is an^e of zero lift, radians 

The above equations are obviously not applicable in the stall 
re^on where the curve is no longer linear. The slope, a or m, 
depends primarily upon aspect ratio and Mach number. The 
angle of zero lift, ai^ depends upon airfoil section and Mach 

number, while Cl depends upon all the variables listed in 

Art. 2-11 except la. 

For an airplane in steady (unaccelerated) level flight, the lift 
must equal the weight; hence 


(5-18) 


(5-19) 

The stalling speed is the absolute lower limit for which level flight 
may be maintained; hence the advisability of securing a large 

value of Cl is apparent. The ratio W/S is frequently referred 

to as the mng loading and it ranges in value from about 6 to 
12 psf for light planes to a maximum of about 50 to 100 psf for 
heavily loaded cargo planes or bombers. 


V*a 


= 19 . 78 ^ 
esponds to 
r, = 19 . 78 ^ 


W 

IClSo- 

The stalling speed V, corresponds to Cl ; thus 


W 


.8a 


Example. A flying wing has the following specifications: Z» 
7, = 76 mph at 10,000 ft. Find C r., , . 

SohMon. From Eq. (6'19), 




39117 
“ <S7;,r 
39H. 

(391)a5) 

(75)s(0.738) 

1.41 


16 psf, 
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6-3 Drag. Below the stall, for conventional airfoils, the drag 
curve (Cd vs. a) has an approximately parabolic shape (Fig. 5-9a), 
but near the stall its shape depends on the severity of the stall. 
The drag coefl&cient is comparatively small (the minimum Cj> is 
usually about one two-hundredth of the maximum Cz.), and to 
allow easier reading, it is plotted to a larger scale than is Cl- 
Also, Cl and Cl are not usually drawn to scale on a vector diagram 
such as Fig. 5T. It is important to realize that the comparative 
relationship is obscured by these procedures. 

In a wind-tunnel test, data are usually recorded for constant 
values of a, since it specifies model attitude; for this reason, experi- 
mental curves are often plotted vs. a. However, when a*ppl3dng 
the information to aerodynamic probl6ns, particularly those con- 
cerned with performance, the lift coefficient is a much more impor- 
tant variable, for it is an immediate indication of airplane speed. 
The graph of Cl vs. Cl is called a polar curve (Fig. 5-96), because 
a vector from the origin to any point on the curve represents 
magnitude and direction of the resultant coefficient, provided the 
coordinates are plotted to the same scale. The drag coefficient 
is ordinarily plotted to a larger scale than Cl, so again the relative 
importance of the two coefficients is obscured. 

A parabolic shape of Cl vs. a requires a parabolic shape of 
Cl vs. Cl, because of the linearity of the lift curve. The equation 
for the parabola is put in the form 

Cj> = A + BCi (6-20) 

where A is a constant that depends mostly upon the airfoil section 
and its Reynolds number and Mach number, and B is a constant 
that depends mostly upon the wing aspect ratio. The mathe- 
matical representation of the polar curve by such an equation does 
not have great significance when applied to a wing by itself but is 
of particular importance in the complete airplane, because it 
allows considerable simplification of the computation of airplane 
performance. . 

Curves of Cl and Cl vs. cc for an NACA 23015 airfoil are 
included in Fig. I, Appendix B. 

6*4 Lift/Drag Ratio. A commonly used term is obtained by 
dividing lift by drag, or lift coefficient by drag coefficient. The 
resulting ratio is called the L/D ratio, and it is usually plotted vs. a 
as in Fig. 5-9a. 
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For a power-off glide in still air (flying wing), the lift must equal 
the wfflght (assuming cos 6 = 1.0) ; then from Fig. 6’11 the glide 
angle 6 may be found. 


6 = cotan~‘ = tan“i (5’21) 

The minimum glide angle is seen to correspond to the maximum 
L/D, written (L/D)^, which is found from the peak of the curve 
in Kg. 6*9a, or at the point of tangency of a line from the origin 



'Fia, 5*11. Geometric oharaoteristios of a wing in a glide. 

to the curve in Fig, 5-96. The same reasoning applies to a com- 
plete airplane, of course, except that the L/D curve and polar for 
the complete airplane must be used. 

In stiU air, maximum ground distance is obtained at a speed 
corresponding to (L/D)mBx; however, in a head wind the airplane 
must fly at slightly greater speed, and in a tail wind it must fly at 
a slightly lesser speed, than that corresponding to (L/jD)xnax. For 
these latter conditions, the ground distance is dependent not only 
on the glide angle with respect to the air (tan“^ D/L)^ but . also on 
the iime the airplane is in the air; thus a head wind necessitates 
flying faster in order to reduce the time during which the wind has 
an opportunity to blow the airplane back toward the starting 
point. Conversely, a tail wind necessitates flying slower in 
order to be assisted by the wind in increasing the groimd distance 
(see Prob. 6-5). 

5*5 Pitching Moment* In . :order to discuss the pitching 
moments on an airfoil, it is impbrtant first to appreciate the fact 
that the lift of an airfoil arises principally from the static pressure 
which is distributed along its upper and lower surfaces. (The 
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influence of skin friction may be ignored.) This static pressure 
arises from three separate influences: 

1. That due to angle of attack 

2. That due to camber 

3. That due to thickness 

For the first influence, consider a flat plate at a low positive angle 
of attack in a perfect fluid. The requirement that the flow in the 
vicinity of the trailing edge be parallel to the plate trailing edge 
is fundamental in specifying the required amount of circulation. 
This has already been discussed in relation to Fig. 5*8. The front 
stagnation point is downstream from the leading edge on the 
lower surface, and the pressures are distributed so that the lift 
alwasrs acts at exactly the 26 per cent chord (see Fig. 16'19). For 
the second influence, consider a cambered flat plate oA zero lift. In 
order for the cambered plate to have a total lifting force that is 
zero, the plate angle of attack must be native. This implies 
that the leading-edge region must have a negative lift and tke 
trailing-edge region must have a poative lift, figure 15‘20a 
shows this effect for a plate having a sharp break at the 70 per cent 
chord. The pressure distribution would be somewhat similar for 
a continuously curved plate except that there would be no infinite 
upper-surface negative pressures. The important point is that an 
aerodynamic momeni is introduced by the down lift and up lift 
at the leading edge and trailii^ edge, respectively. It is important 
to realize that the moment produced about the leading e<^e, say, is 
exactly the same as the mom^t produced about any other point 
on the chord line or in space. This in turn means ffiai the moment 
coeffidmt due to camber is independent of position on the chord. The 
third influence may be dispensed with, because the pressure dis- 
tribution due to thickness alone produces identical changes in 
pressure on the top and bottom surface and hence adds nothing 
to either the lift due to an^e of attack or the moment due to 
camber. 

The three influences are additive. Since the lift coefficient due 
to (1) acts at the 25 per cent chord, the moment coeffident about 
the 25 per cent chord due to (1) is zero (it is not zero for any other 
point on the chord). Since the moment coefficient due to (2) is 
the same for any point on the chord, it may be chosen to act at 
the 25 per cent chord. There is no moment or lift associated 
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with (3); thus it may be discarded from present considerations. 
The important conclusion is that the moment coefficient about 
the 25 per cent chord is constant for all lift coefficients, and its 
magnitude depends only upon the shape of the mean line. 

The discussion has been concerned with a perfect fluid, but even 
in a real fluid, these same principles hold with surprising accuracy. 
In a real fluid the lift due to an^e of attack does not act at exactly 
the 25 per cent chord, but its point of action is rarely less than 
the 23 per cent chord and rarely greater than the 28 per cent chord. 



L 


(fr) 


Fig. 5*12. Equivalent methods for representing force syBtem on an airfoil, 
exclusive of the drag: (a) lift at the center of pressure op, (&) lift at an arbitrary 
point n accompanied by a moment about point n. 



This reference point is called the aerodynamic center (ac), and the 
corresponding moment coefficient is called the moment co^uAent 
about ffie aerodynamic center, (7m„> From the preceding state- 
ments, both the ac and Cn„ ^ characteristics of a particular 
airfoil section (see Figs. 9T4 and 9T5, and Table III, Appendix A). 

It is frequently convenient .to represent the force 83rstem on an 
mrfoil by a single force acting at the center of pressure, as in 
Fig. 6To. Since the present discussions are concerned with 
moments, the drag may be ignored, and the cosine of the an^e of 
attack may be assumed equal to 1 (Fig. 5T2a). An expression 
may be obtained for the moment about any point n in terms of 
the lift and center of pressure (Fig. 6T26) : 

Mn — L(n — cp)c (5*22) 

where Af, is pitching moment at point n, lb-in. 

L is lift, lb 

cp is center of pressure, fraction of chord 
n is arbitrary point, fraction of chord 
c is chord, in. 
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Both sides of Eq. (5*22) may be divided by qSc in order to pro- 
duce a nondimensional moment coefficient: 


- =Mji 
**“ qSc 

= ^(n-cp) 

= CL(n — cp) 


Equation (5*24) may be rearranged 


(5.23) 


(5-24) 



(5-25) 


In Eq. (5'26) n is perfectly arbitrary, but if it is chosen as the 
aerodynamic center, then Cm„ = Cm^, and 


cp 



(5-26) 


However, since ac and are constants, the center of pressure is 
seen to be a hyperbolic fimction of the lift coefficient. This is 



Fio. 5*13. Approximate oenter-of-pressure variation with lift coefficient for an 
NACA 4418 airfoil section. {Baaed on data from TR 669.) 


verified by the experimental data shown in Kg. 5*13. In this 
figure, evidently the distance from the leading edge to the hori- 
zontal asymptote is the ac, while the distance from the horizontal 
asymptote to any point on the curve is —C ^^ /Ct.. Equation (5*26) 
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may be linearized by choosmg l/Cz as a variable instead of Ci; 
hence 

cp = ac - 

The data of Fig. 5-13 have been plotted in Fig. 5-14. Here the 
intercept is ac, and the slope is — in accordance with Eq. (5*27) . 

These two curves show that for Cx, = 0, cp = + <» , which means 
that the center of pressure moves off the airfoil to infini ty down- 



Fig. 5*14. Approziinate center^of-pressure variation TPith liftHsoefficient recip- 
rocal for an NACA 4418 airfoil section. {Based on data from TR 669.) 

stream as Cl approaches 0. This peculiar condition is a conse- 
quence of trying to represent a couple by a single force. 

A relationship may now be established for the moment coeJK- 
cient Cm„ about any arbitrary point n'and the moment coeflScient 
about the aerodynamic center From Eqs. (6*26) and (6-26), 

at a particular Cl 

CP ™ ^ 

Cl Cl 

C'>»« + (» - (6*28) 

Kgure 5-16 shows the data of Fig. 5*13 plotted for n — 0.27. 
According to Eq. (5*28), the ilitercept is and the slope is 
» — ac = 0.03. Since n = 0.27, then ac * 0.24. 

Figures 5*13, 5*14, and 5*15 show three methods for presenting 
the same aerod 3 mamic data. The latto: method is by far the most 
useful, because it will be shown later that the slope of this curve 
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is the criterion for stability, whether the curve corresponds to a 
flying wing or complete airplane. 

These discussions may be clarified by examples. 


Uft coefficient Cj^ 



Fig. 5’ 15. Approziinate variatioxi of mom^t coefficient ■with, lift coefficient 
for an NACA 4418 airfoil sectioxi. {Bcaed on data from TR 669.) 


Example 1. For a symmetrical wing, the aerodynamic center is 0.23. 
What is ,0 at Cl = 1.0? 

SolvMon, Since must be zero, the pitching moment coeflBicient 
at the 30 per cent chord is obtained by substitution in Eq. (5-28). 

+(n- &o)Cl 
^«o.*o = 0+ (0.30 - 0.23)1.0 
= 0.07 

This mathematical solution should be compared with its graphical sig- 
nificance as in Fig. 5-15. 

Example 2. Find the moment about the 30 per cent chord of an 
airfoil when Cl - 0,5, if for Cl = 0.5, Cm^ = —0.20. Dynamic 
pressure g = 100 psf ; span 5 = 10 ft; and chord c = 2 ft. 

Solution, An equation similar to Eq. (5-28) may be developed m 
terms of any two arbitrary positions, m and n, instead of in terms of 
nandac. 

C^^ = C^+(fn^n)CL 
Let w = 0.30 and n = 0. 

Cm,^-^C^+m0-0)CL 
= -0.20 + (0.30) (0.5) 

= -0.05 

The moment may be obtained from Eq. (5-23). 

-(0.05)(100)(20)(2) 

—200 lb-in. 

The moment is seen to be a diving moment. 
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Example 3. The following data are computed from wind-tunnel 
tests on an airfoil: 

When Cl = 0, jg =» —0.126 

WTien Cl - 0.6, Cm^^^ == —0.15 

Find ac and 

Solviion. Substitution of the first relation in Eq. (5*28) jdelds 


* -0.126 

Equation (5*28) may be rearranged to solve for ac: 


ac = ?i + ’ 


Cl 


Substituting the second relation given in the problem, along with the 
Cm^j in this equation gives 


ac = 0.20 
ac = 0.24 


(-0.126) - (-0.15) 

0.6 


Notice that if the first relation in the stated problem had been substituted 
in the equation for ac, it would have been indeterminate, for when 
Cl « 0, Cm for any point is equal to hence 


- Cn. 


Cl 


0 

0 


The ac of most airfoils is at approximately the 25 per cent chord 
and is changed only slightly by changes in the variables listed in 
Art. 2*11. The Cm^c becomes more negative with increasing 
camber, but is unaffected by all other variables except Mach 
number. 

Wind-tunnel test data are frequently presented with the moment 
coeflScient about the 25 per cent point, plotted vs. Cl 

because the center of gravity of a complete airplane is usually 
fairly close to the wing ac. 

6*6 Airfoil Balance and Stability. In order for a wing to main- 
tain steady flight by itself with no tail, it must be balanced and 
stable; Le,, all aerodynamic and gravitational forces and moments 
must total zero, and the wing must return to equilibrium if dis- 
turbed by some influence, such as a gust. 

A cambered wing can be balanced in flight only if the center of 
gravity is behind the ac a distance^ C^JCl^ as in Fig. 5*16a. 

^ The distance is dimensionless, like ac and cp. 
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However, a slight increase in angle of attack leaves the and 
weight coefficient^ C w unchanged but increases C l, thereby causing 
a further increase in a; hence, the wing is unstable. 

A’ cambered wing that is inverted can be balanced only if the 
eg is ahead of the ac a distance CmJGh as in Fig. 5-16&. An 
increase in angle of attack in this case produces a restoring moment ; 
hence the wing is stable. 

A symmetrical wing can be balanced only if the eg is coincident 



Fig. 6*16. Dimensionless force representation on a conventional airfoil: (o) 
upright^balanced and unstable, (6) inverted-balanced and stable. 



Reflexed airfoil 

Fig. 5*17. Cambered and reflezed airfoiL 


with the ac, because = 0. This condition is neutrally stable; 
i.e., there is no imbalanced moment produced by an increase in a. 
to cause further increase or reduction in a. 

A cambered airfoil may be made stable by reflexing the trailing 
edge, as in Fig. 5T7. Mying wings must be stable without the 
use of a tail; hence, they are generally constructed with a reflexed 
airfoil section. 

The above airfoil characteristics may be shown by means of a 
curve of vs. Cl- If the eg of a cambered airfoil is placed 
forward of the ac, it will be stable but unbalanced. If the eg of 

^ The wei^t coeflBeient Cw — 'W I <lE is not standardized nomenclature but 
is useful here to make the diagram completely nondimensional. 
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an inverted-camber or reflexed wing is placed behind the ac, it 
will be both unstable and unbalanced, as shown in Fig. 6-18. On 
this graph a curve is labeled balanced if it is 'possible to balance 
at some positive Cl, even though for all other Cl no balance is 
possible without deflection of a control surface. 

The stable and unstable characteristics of airfoils may be verified 



Fig. 5* is. niustration of four possible conditions of balance and stability for a 
cambered and reflexed (or inverted) airfoiL 

approximately^ by ballasting a cambered card with paper clips, 
then inverting it, then reflexing it. The position of the paper clips 
in a chordwise direction determines the lift coefficient at which 
the card will fly, and therefore also determines the glide angle. 

PROBLEMS 

6-1, Prove the Kutta-Joukowski lift equation [Eq. (5-14)]. 

6*2. The landing speed of an airplane is 9 mph greater than its stalling 
speed. Landing Cl = L24; stalling Cl = 1.5. Find the stalling speed. 

6*3. An airplane has the following characteristics: maximum lift 
coefficient Cx^ = 1.4; angle of zero lift, ai^ — —2.0 deg; lift curve 
slope a = 0.075 per deg; stalling speed, 7, — 60 mph at 3000 ft. At 
what velocity will it fly at sea level, if the angle of attack, a, — 1.0 deg? 

6*4. A wing having an NACA 23015 airfoil (see Fig. I, Appendix B) 
is ^ded from a tower into a 30-mph horiaontal head wind, landing 500 ft 
from the base. Total time of flight is 20 sec. Aspect ratio A 6; 

1 A card is not well streamlined, particularly when inverted, and it is the 
leading-edge stall that makes the card very stable in this attitude; nevertheless, 
the principles are illustrated. 
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chord c = 3.5 ft; weight W « 500 lb. Assuming the cosine of the ^de 
angle is 1.0, find the angle of attack of the wing and the height of the 
tower. 

5*5. A wing is glided from a height h into a horizontal head wind of 
magnitude V w mph. K the wing loading is Iv, psf, find an equation for 
horizontal distance d (ft) that the wing travels before striking the groimd. 
Put equation in following form: 

d = - fih,V,r,c,CL)] 


where distances are in feet and velocity is in mph. Assume the cosine 
of the ^de angle is 1.0. 

6-6. Find the maximum possible ground distance, with and without 
horizontal head wind, that a wing may glide from a height of 100 ft. 
NACA 23015 airfoil; Z« =* 8 psf, 7 ir =* 40 mph, A = 6, cr = 0.7. Also 
find true air speed with and without wind. Assume the cosine of the 
^de angle is 1.0. 

5- 7. A wing having an NACA 23015 airfoil section is ^ded from a 
30-ft tower into a 30-mph head wind. The wing lands 1000 ft from the 
base of the tower in 40 sec. A = 6, <S = 50 sq ft, TT = 300 lb. Find 
the inclination of the wind from the horizontal. Is the wind directed 
up or down? Assume cosine of ^de an^e and w|nd an^e = 1.0. 

5*8. When the velocity is 200 mph at sea level, the wing lift on an 
airplane is 3000 lb, and the center of pressure is 2.4 ft aft of the wing 
leading edge. If the span 6 = 36 ft and the chord c — , 6 ft, find the 
pitching moment coefficient about the leading edge, Cm^, 

6- 9. From wind-tunnel tests on an airfoil, the following data were 
taken: 

When Cl = 0.2, ^ = —0.040 

When Cl = 0.6, -0.036 


Find ac and and find the cp when Cl = 0.5. 

6*10. From wind-tunnel tests on an airfoil, the following data were 
obtained: 7 = 100 mph; Z == 45 C; p = 28 in. of mercury; lift = 10 lb; 
drag = 0.6 lb; moment about a point 3 in. upstream of the leading edge 
= —42^5 lb-in. If the wing span is 30 in. and the wing. chord is 5 in.. 


find C'l, Cl, and Reynolds number. 

6-11. A wing having Z* = 6 psf is free 
to rotate about a point one-tenth chord 
ahead of the leading edge (point X in 
the diagram). Velocity 7 = 60 mph; 
ac =* 0.24; eg is at the 40 per cent chord. 
When Cl = 0.5, (7«y = —0.25. Find 
the lift coefficient at which the wing 
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balances in the air stream and the center of pressure corresponding. 
Assume standard conditions. 

5*12. An airplane weighing 9000 lb is in a power-off vertical dive 
accelerating at a rate of % g. The distance from wing ac to tail cp is 
3.0c; total airplane Cd 0.025; wing Cm^ — —0.03. If eg is coincident 
with ac, and Ci> passes through ac, what is the wing lift Qb)? 

6*13. An airplane is in a power-off glide such that the slope of the ^de 
path is 1:20; wing ac « 0.26. When wing Cl = 0.3, Cm^ ^ == —0.006. 
Drag of complete plane is assumed to act at cp of wing. Center of 



gravity of complete airplane acts below the chord line as shown. Assume 
cosine of small angles is 1.0. Assume tail lift Lt acts perpendicular to 7. 
Find L, if TT « 10,000 lb. 

6-14. A wing is tested in a wind tunnel, and the following data are 
obtained: ac * 0.25; « —1.24 deg; a = 0.07 per deg; =» —0.01. 

The model wing area is 5 sq ft, but the aspect ratio is unknown. An 
airplane is built using the above wing but with a scale ten times that of 
the model. The complete plane weighs 8000 lb. Front spar is at 
0.2c, and rear spar is at 0.7c. The wing weight outboard of the wing- 



to-wing fuselage juncture is 400 lb and acts at 0.4c. The wing is rec- 
tangular in plan form and has a constant ci across the span as shown. 
Find shear in pounds (parallel and normal to chord) existing at the wing- 
to-fuselage juncture on the front and rear spars of the wing for an airplane 
flying level at 200 mph at sea level (wing L/D * 15). Assume the 
shear parallel to the chord is divided evenly between the two spars. 
Assume cosine of small an^es = 1,0. How would the solution be 
modified if the airplane had been in a 5-deg climb? 
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5-16. A wing is supported in a wind tunnel by a pin joint at its leading 
edge, and by a frictionless spring and rod arrangement at 0.8c, in such a 



way that the spring may take compression or tension, as shown. 

dChlda ^ 4.8 per radian; dC^^ldCi, = 0.03; ^ 5 »= 20 

psf; c 1 ft; 6 = 10 ft; = —5.0 deg; spring constant * 500 lb per 
in. deflection. With wind off, the wing angle of attack, « = —1.0 deg. 
Wing weight may be neglected. 
a. Find a. Is the spring in tension or compression? 

5. Find a with the spring and rod disconnected. 



CHAPTER 6 

ASPECT RATIO AND PLAN-FORM INFLUENCES 


The geometric shape of a wing, as seen in plan view, is specified 
mainly by 'the aspect ratio, taper ratio, and sweepback. The 
influence of these variables on lift and drag wiU be the subject 
of this chapter. 

The flow over a wing may be discussed from several points of 
view. The fact that a wing is able to produce a lift implies by 
Newton's second law of motion that acceleration of the air stream 
must occur in the opposite direction. Using this principle, the 
rnomeTitum theory of lift allows certain general statements to be 
made regarding the flow pattern near the wing. Use of the 
theory is restricted in the same sense that the momentum principle 
is restricted when used to compute the thrust of a propeller; f.e., 
the over-ail influence of the unit on the air stream may be antici- 
pated, but such factors as pressure distribution on the wing or 
propeller blades, flow pattern in the immediate vicinity of the 
unit, and rotational components of the air stream must be estab- 
lished by other means. The circvlaticm theory is the tool by 
which these effects are predicted. 

Some of the most complicated theoretical analyses in the field 
of aerodynamics are concerned with the accurate representation 
of the flow over an arbitrary wing at an arbitrary Reynolds 
number and Mach number. In this text only the simplest 
approach to these problems will be presented, and only low-speed 
subsonic flow will be considered. The momentum theory will 
be used to develop certain basic relations; then the circulation 
theory wiU be used to support and amplify the conclusions drawn 
from the former discussions. 

6*1 The Momentum Theory, Consider a wing at positive 
angle of attack, so that it has a positive lift coefficient. A perfect 
fluid is assumed; hence the profile drag is zero. The resultant 
force on the wing arises from deflection of the air in a direction 
opposite to the resultant. This deflection occurs asymptotically 
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above and below the wing, but may be represented by a amsUmt 
deflection throughout a tube of air having a diameter equal to 
the span of the wing (Fig. 6*1). If the lift is assumed essentially 



Fig. 6*1. Representative tube of air assumed to be deflected through an angle of 
downwash c for a wing of finite aspect ratio. 

equal to the resultant, Newton's second law of motion gives^ 

L = (mass per second) (change in velocity) 


= (pav)(vt) 

(6-1) 

€ 

Q. 

ti 

(6-2) 


where a is cross-sectional area of tube, sq ft 

€ is down-'Wash angle at a distance downstream from wing, 
radians 

b is wing span, ft 

Now let a slightly different condition be considered: the same 



platBs 

Fig. 6*2. Airfoil contained between infinite end plates. 

wing is placed between two plat^, as in Kg. 6-2, so that it touches 
them and allows no leakage of air at its tips between lower and 
upper surfaces. The plates are assumed to . extend to infinity in 

^ Remember that 2 dn (s/2) » sin s ^ < in radians, if c is a small anc^e. 
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all- directions in the vertical plane. In order to obtain positive 
lift on the airfoil, the air must again be deflected through an 
angle, but the problem here is to determine the magnitude of 
this angle. If a perfect fluid is again assumed, the laminations 
of air e:d;ending to infini ty above and below the airfoil must all 

ILrR 



Fig. 6*3. Airfoil force representations: (a) infinite aspect ratio, (6) finite aspect 
ratio, (e) representative fiow for finite aspect ratio. 


be deflected through the angle c. According to Eq. (6 1), how- 
ever^ since the area a becomes infinite and the lift on the wing is 
neither zero nor infinite, the dowiv-wash angle e must approach zero. 

Now let a new condition be considered: the original wing is 
assumed to be extended so as to have an infinite span but the 
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same chord as before. For this case, the three-dimenaonal flow 
at the tips influences only a very small proportion of the wing. 
The flow over the major portion must be similar to that depicted 
in Fig. 6-2, because the air is affected infinitdy far above and 
below the wing. The average down-wash angle must again 
approach zero. 

The results of the foregoing illustrations lead to an important 
conclusion: for finite aspect ratio, the average down-wash angle 
has definite, measurable magnitude, but for infinite aspect ratio 
(finite chord but infinite span), the average down-wash angle goes 
to zero. Furthermore, an airfoil contained between vertical 
planes simulates infinite-aspect-ratio characteristics. 

The momentum theory is used to investigate flow conditions in 
the immediate vicinity of a wing. Admittedly the flow is merely 
representative of the true conditions on the wing, but several impor- 
tant facts nevertheless may be obtained. Consider an airfoil 
of infinite aspect ratio at angle of attack oo, as in Fig. 6‘3a. From 
the foregoing discussion, the lift is equal to the resultant force 
on the wing and is, of course, perpendicular to the remote 
velocity. If, instead, the airfoil has a finite aspect ratio, the 
resultant force is inclined rearward throu^ an angle e/2, because 
its direction is specified by the change in velocity Ac. Now if 
the curved flow pattern that starts with »i and ends with c* (Fig. 
6*35) is replaced by the local linear flow that starts with c( and 
ends with Cg, as in Fig. 6'3c, this latter condition can be analyzed 
similarly to the infinite-aspect-ratio condition of Rg. 6*3a, except 
that the whole diagram is rotated throu^ an angle e/2. In 
other words, in order to produce a resultant R' in Fig. 6-3c that 
has the same scalar magnitude as the lift Lo in Fig. 6*3a, the an^e 
of attack must be larger by 6/2. This angle is of considerable 
importance and is called the indvced angle qf attack oti. 

«* = ! (6-3) 

a = Oo a* (6’4) 

where a is angle of attack for finite aspect ratio, radians 
Ob is an^e of attack for infinite aspect ratio, radians 
at is induced ang^e of attack, radians 
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The lift on a wing is given by Eqs. (5T) and (6*2) as 

L = (6-6) 

= ( 6 - 6 ) 


Combining these two equations with Eq. (6-3), and noting that 
A = gives 



(6-7) 


where A is aspect ratio. Since « in Eq. (6’6) is in radians, at in 
Eq. (6-7) must also be in radians. The corresponding equation 
in d^rees is 

0 ** 18 . 24 ^ ( 6 - 8 ) 

Wind-tunnel tests on a wing of finite aspect ratio may be used 
to compute infinite-aspect-ratio characteristics by plotting Cl 
vs. a and obtaining the required data simply by subtracting at 
at every Cl- For instance, if the tests were run with aspect 
ratio of 6, Eqs. (6-4) and (6‘8) give 


«# = 08 - 18 . 24 ^ 

where subscripts 0 and 6 refer to aspect ratio infinity and 6, 
respectively. Correspondingly, curves for other aspect ratios 
may be obtained by adding the proper Oi onto the curve for 
infinite aspect ratio again; e.g., the curve for aspect ratio 9 may 
be obtained from 

o,» 00 + 18.24^ 

Instead of computing the curve for infinite aspect ratio in order 
to get from aspect ratio 6 to 9, a direct procedure may be used; 
thus 


oo = — 0<j 

oo = oe — Oi, 


(6-9) 

(6-10) 
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If Cl is the same in the two equations, then og is the same; hence 


a# = ag — 

= «,- 18.24C'i(^-K) 


An experimental curve for A. = 6 is shown in Kg. 6-4<r, and 
curves for AL = 9 and A = eo have been superimposed, using the 



Fig. 6*4. Airfoil characteristios showing effect of aspect ratio 
iUncorrected data for an NACA 4412 airfoU from TR 669.) 


above rdations. In general, for any combination of aspect 
ratios, 

a, = a, - 18.24Ci (6-11) 

The corresponding equation for slope of the lift curve may be 
obtained by differentiating Eq. (6-11) with respect to Cl. 


^ ^ - 18.24 

dCh dCi 

djf. 

“ 1 - 18.24a J(l/A„) - (1/A*)] 


( 6 - 12 ) 


where a* and o, are slopes of the lift curve dCLida, per d^ree, 
for aspect ratios As and Ay, respectively. 
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The rearward inclination, of the resultant vector in Fig. 6"3c 
produces a component parallel to the remote velocity called the 
induced drag Dt. 

Di = Lai (6-13) 

or 

Cn, = CLCCi (6-14) 

where «« is in radians. Substituting «< from Eq. (6-7) in Eq. 
(6*14) yields 

Cr.-g (6-15) 

By reasoning similar to that used for the angle of attack relation- 
ship in Eq. (6*4), 

Cd = Cj>, + Cd, (6*16) 

where Cd is total wing drag coefficient, dimensionless 

Cdq is drag coefficient for infinite aspect ratio, called profile 
drag coefficient, dimensionless 
Cx)^ is induced drag coefficient, dimensionless 
Again, an equation allowing computation of the drag coefficient 
for any aspect ratio from that for another aspect ratio may be 
obtained in a manner similar to Eq. (6*11). 



Example. Find the angle of attack and drag coefficient of an NACA 
23015 airfoil of aspect ratio 12, at Cl = 0.5. 

Solution. From Fig. I, Appendix B, « 5.45 deg, and Cd^ = 0.0225 
at Cl — 0.5. From Eq. (6*11), 

- 5.45 - (18.24) (0.5) (M - H 2 ) 

= 4.70 deg 

From Eq. (6-17), 

= 0.0226 - M - H 2 ) 

0.0159 
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In Fig. 6-45, polar curves are shown for aspect ratios of 6, 9, 
and infinity, like those of Fig. 6-ia. In this graph it is apparent 
that the infinite-aspect-ratio characteristics are the best attainable 
for a particular airfoil section, because under these conditions the 
least possible drag coeflBLcient occurs at a given lift coefficient. 
Usually in commercial airplanes, the final aspect ratio chosen is 
the result of a compromise between structural and aeTod 3 mamic 
considerations, so that wing aspect ratios of less than 6 or more 
than 15 are seldom used. The factor that determines the aspect 
ratio for a particular airplane is the duty for which the airplane is 
designed. For instance, racing planes and pursuit ships usually 
are designed with low-aspect-ratio wings, because induced drag 
is unimportant at high speed (low lift coefficient) ; gliders and 
cargo ships are usually designed with high-aspect-ratio wings, 
because induced drag is important at low speed (high lift 
coefficient). 

6-2 Plan-form Effects. The equations derived in the preceding 
article could also have been developed from the circulation theory. 
As a matter of fact, some of the results of the circulation theory 
were necessary to make the momentum theory vadid. In par- 
ticular, the choice of a circular tube of air having dianxeter equal 
to the wing span was not arbitrary but was dictated by the 
circulation theory. The momentum theory is useM because it 
can be used to develop the fundamental equations relating the 
characteristics of wings with different aspect ratios. It has 
little use beyond this stage, however, and the shape af the stream- 
lines near the wing must be obtained from other considerations. 
Before introducing the circulation theory, certain physical char- 
acteristics of the flow may be discussed. 

A wing at positive lift coefficient must have a pressure differ- 
ential from lower to upper surface, as shown in Tig. 6*5a.^ At 
the tips of the wing, the air tends to flow laterally from the 
lower to upper surface in an attempt to alleviate the differential; 
thus, a transverse flow exists that is superimposed on the two- 
dimensional flow. For a rectangular wing, the transverse flow 
is most predominant at the tips and then decreases inboard, until 
at the wing center line it is nullified by an equal and opposite 

1 The lower-surface average pressure need not be positive; ii; imist only be 
less native than the upper surface. The positive pressure is shown only to 
prevent ambiguity. 



132 


PRINCIPLES OF AERODYNAMICS 


[Chap. 6 


flow generated by the opposite wing tip. Figure 6-56 shows the 
direction of flow on the upper and lower surfaces of a wing result- 
ing from a combination of the longitudinal and transverse velocity 
components. The wing is shown as viewed from the top, with 
solid lines denoting flow on the upper surface, and dotted lines 
denoting flow on the lower surface. The air immediately behind 
the wing has a swirling motion, most predominant at the tips but 
with smaller swirls or vortices inboard resulting from the shearing 
imposed by the transverse components above and below the 



Fig. 6 5. Three-dimensional flow over a rectangular wing at positive lift 
coefficient: (a) average upper and lower surface pressures, (&) upper and lower 
surface velocity directions, (c) upstream view showing vortex distribution near 
wing trailing edge, (d) average downward inclination e of flow passing over airfoil. 

wing. Thus, the air immediately behind the wing has trailing 
vortices, as shown in an upstream view in Fig. 6-5c. The effect 
of these vortices is to give an average downward inclination to the 
air leavii^ the wing, as in Fig. 6'5d. The average angle through 
which the velocity vector is rotated is the same angle « discu ss ed 
in the previous article. 

On most practical wings, the angle of down-wadi is not constant 
across the span. It depends upon the plan form of the wing 
conddered; a rectangular wing would be expected to have a 
much higher concentration of vortex action at the wing tip, 
where the chord is large, than a tapered wing, whose tip chord is 
relatively smal l. From theoretical considerations it may be 
shown that the only kind of wing that produces a constant angle 
of down-wash across the span is one having an elliptical plan 
form. These concepts will be clarified in the next articles. 
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6*3 The Circulation Theory. From the statements of Art. 5-2 
it was apparent that the velocity component arising from the cir- 
culatory flow about a cylinder, say, could be added vectorally 
to the rectilinear component in order to establish the resultant 
velocity at any point in the flow field. This principle of super- 
position allows investigation of the purely circulatory flow about 
any vortex filament^ without regard for the rectilinear flow; then 
a composition of the two flows produces the required solution. 
As an introduction to this concept, first picture a taut piano wire 
in still air, on which are mounted several small spools. If one 
of the spools is somehow rotated at constant rpm, it would be 


p 



Fig. 6'6. Nomenclature diagram for circulatory flow about a vortex filament. 


expected to cause a rotation of the complete mass of air surroxmd- 
ing the spool (viscous effects are ignored except in so far as they 
are required to initiate the motion). Now if another spool is 
rotated at the same rpm as the first one, it too will produce a 
rotation of the complete mass of air surrounding it; furthermore, 
the velocity components arising from each spool are additive. 
The procedure may be extended to any number of spools. These 
conclusions are admittedly intuitive, but they provide a back- 
ground for understanding the behavior of air surroimding a 
vortex filament. Consider such a fiiament of length AB (Fig. 
6'6) having circulation F and elemental length dl. Actually the 
filament AB cannot exist as an independent unit, but must be 
part of a filament having constant circulation F that either forms 
a closed path or is continuous to infinity in both directions; 
however, in many aerodynamic problems it is convenient to 

1 A vortex filament is the core of the circulatory flow, assumed to have an 
infinitesunal diameter. 
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condder a filanifflit to be composed of a number of sections, and 
it is on this basis that the finite length AB is analyzed. 

The element dl produces a tangential velocity dw (into the 
paper) at an arbitrary point P, expressed by 


dw — — 5 sin fl dZ 
Airr 


(6-18) 


Equation (6-18) is called the Biot-Samrt law, and it is very impor- 
tant for predicting the fiow over a wing, wind-tunnel wall inter- 
ference, groimd effect, etc. The total tangential velocity at P 
arising from all the elements between A and B is 

Equation (6-19) may be integrated if r and dL are expressed in 
terms of B and dB^ respectively: 

r r^Anedd 

Je. h 

By integration, 

p 

w = (cos 6a — cos 9b) 


( 6 - 20 ) 

(6-21) 


where h is perpendicular distance from AB to P 
0A is angle between PA and AB 
9b is angle between PB and BC 

Evidently, if the filament is infinitely long in both directions, 
6a = 0, and 9b — 180 deg; then 


w 


r 

2irh 


( 6 - 22 ) 


Also, if the filament starts at Q and extends to infinity in only 
one direction. 


w 


r 

irh 


(6-23) 


The above principles were used by Prandtl (TR 116) to repre- 
sent the flow on a wing of finite aspect ratio. Consider a hypo- 
thetical wing having amstant lift per foot of span. The flow about 
such a wing may be represented by a bound vortex contained 
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between the wing tips and two jree or trailing vortices shed from 
the wing tips (Fig. 6-7). The resulting system is aptly called 
a horseshoe vortex. The velocity at any point in space is obtained 
from the vector sum of the components arising from each of the 
three sections of the filament, in accordance with Eq. (6*21). 

A wing having constant lift per foot of span is not a physical 
reality* On any wing, the lift per foot of span must gradually 


Trailing vortoc. 



Fig. 6*7* A horseshoe vortex. 


decrease to zero at the wing tip. Thus the simple horseshoe 
vortex does not always lead to practical results. It serves two 
important purposes, however. First, there are some problems in 
which it is sufficiently accurate to represent a wing by a simple 
horseshoe vortex as in Fig. 6*8. (The vortex span is usually 
assumed about eight-tenths of the geometric span.) For instance, 
in computing the effect of presence of the ground on a wing, the 
wing is represented by a simple horseshoe vortex, while the 



ground is represented by an image horseshoe vortex, having 
circulation in a sense which is opposite that of the wing (Fig. 
6*9). The influence of the image vortex on the flow field around 
the wing may then be computed using Eq. (6*21). It is apparent 
that the image trailing vortices produce an ujHwash over the 
wing, which effectively increases the wing aspect ratio, while the 
image bound vortex produces a flow curvature and velocity 
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reduction. Notice that the image vortices, in combination with 
the wing vortices, satisfy the condition that there must be no 
flow through the ground. Second, the simple horseshoe vortex 
provides a foundation for further discussion, because the lift 


Wing 


i Ground 


(a) 


Wing 

^ horseshoe vortex 


“T 

h 

■+ 


0 


Ground line 


G 


Image 

horseshoe vortex 

m 


0 


Fig. 6 9. Representation of an actual wing near the ground by a wing horseshoe 
vortex and image horseshoe vortex. 
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Actual lift 
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Fig. 6*10. Representation of the actual lift distribution on a wing by a number 
of strips having constant circulation, showing the corresponding system of horseshoe 
vortices. 


distribution on a wing may be represented by a number of span- 
wise strips of constant lift per unit span, each having its corre- 
sponding horseshoe vortex (Fig. 6'10). As the number of strips 
is increased, the actual lift distribution is represented more and 
more closely, and the number of horseshoe vortex systems 
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increases. In the limit the system becomes a sheet of trailing 
vortices. The influence of each bound and trailing vortex in the 
system contributes to the resultant velocity vector at any point 
in space, in accordance with Eq. (6*21) . For instance, in Fig. 



Sum of velocities 
arising from bound 
and trailing 
vortices 





•'Lifting line 




Downward velocity 
arising from 
trailing vortices 



Sum of velocities 
arising from bound 
and trailing 
vortices 

( 6 ) 


Fig. 6*11. Vertical component of velocity introduced up'-.and downstream of a 
winj^at the mid-span; showing: (a) that due to the bound vortex and, (b). that 
due to the trailing vordces plus the bound vortex. 


6T1 the velocity components introduced up- and downstream 
of a wing by the bound and trailing vortices are shown for a 
vertical plane midway between the trailing vortices. The bound 
vortex is seen to contribute an up-wash upstream and a down- 
wash downstream of the wmg, while the trailing vortices together 
contribute a down-wash of increasing magnitude with increasing 
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distance downstream. From Eqs. (6-22) and (6 23) the down- 
wash at the wing due to the trailing vortices is seen to be half that 
at infinity downstream; hence upon addition of the rectilinear 
velocity component, the angular deflection of the air at the wing 
is half that at infinity downstream. This was also shown for the 
average down-wash by the momentum theory; i.e., a* = e/2. 

It is apparent that any type of lift distribution may be accurately 
represented by judicious choice of a sufficient number of horse- 
shoe vortices. The spanwise variation in down-wash is dependent 
upon the t3q)e of lift distribution being represented. An elliptical 
wing gives an elliptical lift per unit span aijd produces a constant 
spanwise down-wash distribution. A rectangular wing gives its 
greatest down-wash at the wing tips. A highly tapered wing 
gives its greatest down-wash at the wing root. 

In these discussions the horseshoe vortices may be assumed 
to have their boxmd vortices coincide with the center of pressure. 
This ^ves a so-called lifting line. A more accurate procedure is 
to have the horseshoe vortices distributed in a chordwise direc- 
tion; however, this multiplies the analytical difficulties. 

The circulation theory is a very powerful tool for studying 
aerodynamic phenomena. It will be referred to frequently in 
later sections of the text. 

6*4 Section Characteristics. The total lift, drag, and moment 
coefficients on a wing depend upon the effective angle of attack 
of each section of the wing. In order to differentiate between 
coefficients that refer to a section of a wing and those that refer 
to the complete wing, lower-case symbols are used; i.e., 

Cl is section lift coefficient, dimensionless. 

Cd is section drag coefficient, dimensionless. 

Cn is section moment coefficient, dimensionless. 

Section characteristics are usually obtained by testing a short- 
span airfoil of constant chord between vertical walls in a wind 
tunnel in order to simulate two-dimensional flow. The results 
correspond very closely to infinite-aspect-ratio characteristics 
computed from finite-aspect-ratio tests on elliptical wings. 

Section characteristics may also be anticipated from tests on 
rectangular wings by a combination of theoretical and empirical 
correction factors. The equations for induced effects must be 
modified to account for a variable spanwise section lift coefficient, 
and the profile drag must be corrected for end effect and for 
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variable spanwise angle of attack. The computed characteristics 
agree fairly well with those obtained in two-dimensional tests. 
Table III, Appendix A, shows section characteristics of several 
airfoils derived from three-dimensional wind-tunnel tests. 

6'6 Spanwise Lift Distribution. The method by which span- 
wise lift distribution is represented by an infinite mnnber of horse- 
shoe vortices has particular importance in defining the lift dis- 
tribution corresponding to a particular wing plan form. The 
trailing-vortex distribution, down-wash distribution, lift-coefficient 



Fig. 6*12. Spanwise variation of section lift coefficient for several wing plan forms 
having aspect ratio A ^ 6 and total lift coefficient Cl = 1.0. {Based an data from 
TR 672.) 

distribution, and lift distribution across the span are mutually 
dependent. A concentration of trailing vortices near the wing 
tips, for instance, produces also a concentration of down-wash 
near the tips, which in turn gives a relatively low section lift 
coefficient at the tips. The span loading then depends upon the 
relative size of the chord at the tips. A rectangular wing has 
just such a concentration of trailing vortices near the wing tips, 
and the resulting reduction in lift coefficient is clearly shown in 
Kg. 6*12. Since the chord of a rectangular wing is constant 
across the span, the lift distribution has a rimilar appearance 
(Kg. 6*13). An elliptical wing has the trailing vortices dis- 
tributed in a manner that gives a constant down-wash and hence 
a constant lift-coefficient distribution across the span. Since the 
chord is elliptically distributed, the lift distribution is also elliptical. 
A highly tapered wing has the trailing vortices distributed more 
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inboard than they are with an elKptical wing, and for the diamond- 
shaped wing shown in Fig. 6*12, the lift coefficient rises sharply 
near the wing tips. This wing has a wing chord that decreases 
linearly with distance from the wing center line, and the lift 
distribution reduces in the maimer shown in Fig. 6*13. A wing 



Fio. 6*13. Spanwise variation of lift loading for several wing plan forms having 
aspect ratio A ^ Q and total lift coefficient Cl ^ 1*0. 



Fractional semispan distance, 

Fig. 6*14. Comparison of theoretical and experimental section-lift-ooefficient 
variation across the span of a rectangular wing having aspect ratio of 6. {From 
TN 606.) 


with taper ratio of about X = 0.5 has a lift distribution somewhat 
similar to that of an elliptical wing. All the curves shown on 
these two figures were obtained from theoretical considerations, 
assuming wii^ of constant airfoil section with no washout. 
Experimental data verify the general trends of all these curves, 
althouj^ the rectangular wing has a peculiar rise in lift coefficient 
at the wing tip (Kg. 6* 14), apparently caused by the tip vortices 
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rolling up into one single strong vortex whose center is inboard of 
the wing tip. 

The spanwise distribution of down-wash is not of great impor- 
tance in itself (except as it affects the flow over the tail of the 
airplane), but it defines the distribution of effective' angle of attack 
and hence of lift-coefficient distribution across the span. The 
lift-coefficient distribution is very important, for it specifies how 
the wing will stalL A rectangular wing has its highest lift coeffi- 

RECTANGULAR WING X»1.0 A^72 



Fig. 6*15. Stalling characteristics of a rectangular wing of aspect ratio A = 7.2. 
Single crosshatch lines indicate disturbed region. Double crosshatoh lines 
indicate stalled region. {From RAM 1796. Reproduced with •pormiaewn of the 
Controller of His Britannic Majesty’s Stationery Office.) 

cient at the wing root and therefore stalls here first.^ An elliptical 
wing has a constant lift coefficient across the span and thus stalls 
evenly across the span. A highly tapered wing has its first stall 
at the wing tip. A wing with sweepback acts similarly to a wing 
with more taper. A swept-forward wing acts like a wing with less 
taper.® These statements are verified by the experimental results 
shown in Figs. 6-15 to 6-18. 

^ In these discussions it is assumed that there is no washout, that a constant 
airfoil section is used, and that Reynolds-number effects are negligible. 

^ These discussions take no account of spanwise flow within the boundary 
layer, which sometimes has a tremendous influence on stalling characteristics. 
For large angles of sweepback, the boundary-layer flow aggravates the tip- 
stalling tendencies. For large angles of sweepforward, the boundary-layer 
flow promotes root stalling. 
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The tendency of a wing to stall first at the tips is very unde- 
sirable because it promotes lateral instability (see Art. 15*4). 
One obvious method of preventing tip stall is to avoid highly 
tapered plan forms; however, for structural reasons, this plan 
form is the most desirable in cantilevered construction. If the 
tip section of a wing is constructed so as to have a reduced angle 
of attack, by gradually twisting the wing in a spanwise direction, 

TAPERED WING X*055 A-7.2 


Uft curves Row diagrams lift curves Flow diagrams 



I I 


Fig. 6*18. Stalling characteristics of a swep.t-forward wing of aspect ratio 
A = 7.2 and taper ratio X = 0.25. Single crOsshatch lines indicate disturbed 
region. Double crosshatch lines indicate stalled region. {From R&M 1796. 
Reproduced with permiseion of the ControUer of Hie Britannic Mafeety'e Stationery 
Office.) 

the wing may be made to stall gradually from root to tip. This 
washout is one of the most effective methods for preventing tip 
stall. Another method is to change the airfoil section at the tip 
to one that is more cambered and hence has a larger (see 
Art. 9-5). Such a wing may or may not have aerodynamic 
washout. A final method is to install slots (see Art. 10-2) in the 
outboard wing panel, thereby giving the tip area a greater stall 
angle t.hRTi the root area. These methods frequently lead to an 
appreciable drag increase and hence must not be used to excess. 

6*6 Modifications to Induced-drag and Angle-of-attack For- 
mulas. The equations for and Cn^ developed in Art. 6-1 are 
strictly applicable only to a wing having an elliptical plan form. 
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For other plan fomos the equations should theoretically be 
modified, because of the spanwise variation in section lift coefiGi- 



0.4 0.6 0.8 1.0 

Tip Chord . 
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Fig. 6' 19. Mathematioally determined correction factors for induced angde of 
attack and induced drag coefficient. {Baaed on ctdoulaHtma by H. Glauert, RAM 
1226.) 

cient. The following equations, suggested by Glauert,^ use the 
lifting-line theory mentioned in Art. 6*3: 

«* = ^(l + r) (6-24) 

Cd, = ^ (1 + «) (6*26) 

where is in radians. The factors r and 8 are plotted in Fig. 6'19. 

Equations (6*24) and (6-25) have a tendency to give corrections 
that are too large. First, the lifting-line theory is admittedly an 
approximation for a lifting surface and is particularly inexact 
for small aspect ratios. Second, the vortices near the tip of some 

^ G 11 A.XTBBT, H., '*The Elements of Aerofoil and Airscrew Theory,” Cam- 
bridge, London, 1947. 
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wings combine together to fonn a single large vortex that tends 
to produce an up-wash over the extreme outboard portion of 
the wing. Third, fluid viscosity distorts the anticipated vortex 
flow. Many attempts have been made to correlate theoretical 



Angle of dttack.de. deg 


Angle of attack, deg 


Fig. 6*20. Compaxison of lift curves at low aspect ratio. {From TR 431.) 


and experimental results. The present status of the investi- 
gations is not such that any particular method has received 
universal acceptance. In this text, Eqs. (6-24) and (6*25) will be 
used with r and 5 = 0 for aspect ratios greater than 6, For aspect 
ratios less than 6, an empirical equation suggested by K. D. Wood^ 
will be used for slope of the lift curve 

or (6‘26) 

.. 0.1096 (j^) 

The latter specification produces a slight lack of correlation with 
Eq. (6-12) at ^ = 6, but this is not serious, because all conven- 
tional wings have aspect ratios greater than 6, while stabilizers 
and usually have aspect ratios less than 6. 

1 Wood, K. D., “Technical Aerod 3 riiajmcs,” McGraw-Hill, New York, 1947. 
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The effect of aspect ratio on must generally be obtained 
by experiment. The tendency is toward a decrease in with 
decreasing aspect ratio, presumably caused by the increased 
curvature of the flow field associated with reduction in aspect 
ratio; 'i.c., the airfoil has an effective camber that is less than the 
geometric camber because the down-wash produces a flow pattern 
that is curved in the same direction as the mean line of the airfoil. 
For extremely low aspect ratios, the boundary layer is considerably 
affected by the strong tip vortices, and separation is delayed to a 
very high angle of attack (see Fig. 6-20); thus the maximum lift 
coefficient iincreases with decrease in aspect ratio. 

6*7 Airplane Efficiency Factor. The induced drag of a wing 
arises only when the wing has a positive or negative lifting force. 
The total wing drag is composed of induced drag and profile drag. 
In coefficient form, 

Cd - Cdo + Cp, (6-27) 

where Cd is wing drag coefficient, dimensionless 
Cdq is profile drag coefficient, dimensionless 
is induced drag coefficient, dimensionless 
The total drag of an airplane is composed of wing drag and residual 
drag. In coefficient form,^ 

Cd = Cdq + (6*28) 

where Cd is airplane drag coefficient, dimensionless 
Cd^ is residual drag coefficient, dimensionless 
The sum of the profile drag and residual drag is called parasite 
drag. Again in coefficient form, 

Cd^ = Cdq + (6*29) 

and 

CjD = Cdj, + CDt (6*30) 

where is parasite drag coefficient. 

The induced drag coefficient may always be computed by Eq. 
(6*15), using the wing lift coefficient and aspect ratio. The 
residual drag coefficient is then seen to include any induced 
effects on the fuselage, tail, etc. This is merely a matter of 
definition and is done for the sake Of simplicity. 

The induced drag coefficient is proportional to the square of 
the lift coefficient, and for most wings and airplanes it is primarily 
responsible for the parabolic shape of the drag curve. The profile 

1 The ffynibol Cd is used for both the wing and airplane drag co^Gicient. 
The equation always zxudces its meaning apparent. 
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drag coeflScient and residual drag coeflScient usually have a some- 
what parabolic shape and for mathematical manipulation may be 
represented by exactly parabolic curves. 

Conventionally, Cd and Cdq or are plotted vs. C| in a form 
s imil a r to Fig. 6-21, and the experimental curves are then repre- 
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Fig. 6*21. Bepresentation of an airplane polar curve by a parabolic equation. 
The deviation is greatly exaggerated for clarity. 

sented by straight lines. In order to provide good representa- 
tion, the straight lines may be constructed to coincide with the 
experimental data at Ci = 0.3 and Cl = 0.8. The equation for 
profile drag coeflScient^ is then 

(6 31) 

where Clq is “equivalent” profile drag coefficient corresponding 
to intercept of curve 

dCDn 

is slope of the Cd^ vs. Cl curve (the subscript e is 
deleted since this slope is seldom used in any other 
sense) 

^ There seems to be no commonly accepted symbol corresponding to Cd^ or 
€d„ . These symbols are used h^ to avoid ambiguity* 
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Correspondingly, 

(^d\ 

From Eqs. (6*30) and (6‘32), 

1 \ 


Equation (6*33) is one form of the parabolic equation for the polar 
curve of an airplane. 

A comparison factor frequently used in performance compu- 
tation is called the airplane efficiency factor,^ defined by the 
foUovdng equation: 


dCD^/dd 
~ dCo/dCi 


(6-34) 


or by differentiating Eq. (6*30) and substituting in Eq. (6*34)) 
an alternate form is obtained: 


dCpJdCi 

dJCo/dCl 


(6*35) 


The factor e is thus seen to show the relative importance of the 
parasite drag characteristics in determining the slope of the polar 
curve. Values of e generally range from about 0.8 to 1.0. 

The parabolic form of the drag equation may now be written 
in terms of the airplane efficiency factor. Writing Eq. (6*34) in 
another form yields 


* ~ 1 + TAi^DjdJd) 
and, by substitution in Eq. (6*33), 

Equation (6-37) is the conventional parabolic equation for the 
polar curve of an airplane. This equation will ]^ve particular 

^ Also called the span efficiency factor and the Oswald efficiency factory after 
its oii^nator. 
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importance in performance calculations. In many cases, it is 
suffidently accurate to replace by because the latter 

drag coefficient usually occurs at a very low lift coefficient. 


Example. An airplane with aspect ratio A •=>8 has e => 0.90 and 
“ ®"®200. lind L/D when Ci = 0.60, and find dCo„/cUJl. 
Solutim. From Eq. (6-37), 


Cp 


00200 + (0-6)* 

0.0200+ (g)(o.90) 

0.0200 + 0.0156 
0.0359 


From Eq. (6-36), 


L 0.60 

D “ 0.0359 

k 

dC. 

= 1 A A 


tA \e V 


(— 
(x)(8) \0.90 


= 0.0044 


Frequently it is convenient to consider a wing efficiency factor 
which is defined in exactly the same manner as that for the 
airplane, except that Cd^ is always replaced by Cd^; e.g,, 


Ci> = Ci>«.+ 


Cl 

irAe^f 




Cl 


1 

“ 1 + TA(dCp^dCl) 


(6*38) 

(6-39) 


PROBLEMS 

‘ 6*1. For an elliptical wing, * 2.5 deg, 6 = 100 ft, 7 = 130 mph. 
Find lift L at sea level. 

6*2. Plot Ci vs. afor *= 6, 10, and <» for an NACA 23015 rectangular 
airfoil, using Fig. I, Appendix B, and check the slopes by Eq. (6*12). 

6*3. Plot Cd vs. a and the polar for A » 6, 10, and go for an NAGA 
23015 rectangular airfoil, using Fig. I, Appendix B, and record (L/D)».x, 
and Cl for (L/D)m« for each aspect ratio. 
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6*4. A biplane has span 6jj = 42 ft; gap (r = 6 ft, and chord cb - I ft. 
Find the span of a monoplane having the same weight, induced drag, and 

velocity, but with chord cm ” ^ ft. Eepeat 
with Cif =» 8 ft, and comment on the signifi- 
cance of the two answers. Assume the mass 
defected is based on the areas shown. 

6*6. A wing having an NACA 23016 air- 
foil section is sailed down a 2.0-deg hill, up 
which a 10-mph wind is blowing. A pitot 
tube on the wing indicates ^ = 9 psf. Weight W = 400 lb; span 6 = 33 
ft; chord c = 3 ft. The wing is riveted, so that the drag coefficient is 
higher than would be expected with a smooth wing. Find the incre- 
ment in Cd due to the rivets. 

6*6. A wing is represented by a horseshoe vortex having vortex span 
bv « 0.86. It is fiying at a height h above the ground, as shown. Ilnd 
the ratio of effective aspect ratio Ajg to geometric aspect ratio A as a 



function of the ratio of span 6 to height h, Ab/A. = fiS/h)'. Also find 
Ab/A for b/h = 3.0. Use the following information: 

1. The actual ci distribution over span 6 is represented by a constant 
Cl over span 6„; hence L = phvTv =« ClSHpi^. 

2. The image trailing vortices that represent the ground both produce 
an up-wash over the wing vortex system. The up-wash at a point 
y arising from one image vortex is a component of the tangential 
velocity t»<, and is thus a function of y. The influence of the bound 
vortex may be ignored. 

3. The product of the average up-wash w and the vortex span 6„ is 
equal to the integral of the product of the up-wash at a point y 
and the differential span dy. The expression for average up-wash 
can be used to find the effective aspect ratio. 



6*7* A wing, tail, and tail boom are in a steady ^de at 100 mph at 
sea level, with the boom parallel to the flight path as shown. Wing 
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characteristics: NACA 23015 airfoil, A *= 6, jS « 50 sq ft. Incidence 

= 7 deg with respect to the boom. Tail characteristics: inverted 
NACA 23015 airfoil, A * 6, S = 10 sq ft. Stabilizer angle = 2 deg, 
measured with respect to the boom. Assuming boom drag = 0 lb, cosine 
of small angles =■ 1.0, and assuming that the tail acts in a circular tube 
of downswept air from the wing (« = 2a{), find the sinlring speed or 
vertical rate of descent, v, (fpm). 

6*8. A pursuit plane weighing 5000 lb is in a terminal-velocity vertical 
dive at 3000 ft with propellers fully feathered. The wing has an NACA 
23015 section; A = 8, jS = 250 sq ft, = —0.008. The ac and eg 
are coincident. The distance from eg to tail cp is 20 ft. Cd^ = 0.0195. 
Find the following, ignoring effects of compressibility and assuming zero 
elevator deflection: 

a. Wing Cl 

5. Tail load required for equilibrium (lb) 

c. Terminal velocity Vt (mph) 

d. Tail lift coefficient Cl^, if tail area is 50 sq ft 

e. Tail angle of attack (deg), if the tail has an inverted NACA 23015 
section with A » 5. (A positive tail an^e of attack is defined in the 
same direction as a positive wing angle of attack, regardless of airfoil 
section.) 

6*9. An airplane weighing 3500 lb has an NACA 23015 airfoil of aspect 
ratio A = 8. Stalling speed at sea level, F. = 60 mph; = 0.0130 
(independent of Cl), Cruising speed Fc = 140 mph at 5000 ft altitude. 
A new wing having the same airfoil section but 10 per cent greater wing 
area is installed on the airplane. What must the aspect ratio be to give 
the same cruising speed and total drag as the original configuration, but 
at 10,000 ft instead of 5000 ft? What is the new sea-level stalling speed 
(mph)? 

6*10. Airfoil data: A = 6, = 5.5 per radian, dCDjdC\ « 0.0060. 

When a * 10 deg. Cl «= 0.7, and Cl * 0.0650. 

o. A flying wing cruises at Cl *= 0.7. W = 400 lb; A » 12; same 
airfoil section. Find «, D, L/D, 

5. A flying wing cruises at « ~ 10 d^. TF *= 400 lb; A » 12; same 
airfoil section. Find Cl, D, L/D. 

6*11. A 30,000-lb cargo airplane has its fuselage reference axis (FRA) 
horizontal, as shown, at a design cruising speed of 150 mph at 7000 ft. 
Find incidence angle itp and stabilizer 
an^e referred to the fuselage refer- 
ence axis, to balance the airplane at 
this speed. Assume the tail is in the 
effective circular tube of downswept 
air from the wing (« «= 2ai). Ignore 
the moments arising from the thrust 
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and drag. Wing area S * 1000 sq ft; tail area St- =* 200 sq ft; wing 
aspect ratio A = 8; tail aspect ratio At = 2.5; slope of lift curve for 
wing (infinite aspect ratio), mo = 5.5 per radian. Distance from eg to 
tail cp is 3.0c. The eg is at 0.35c, and the wing ac * 0.23. The wing 
and tail have symmetrical airfoil sections. 

6-12. An airplane weighs 70,000 lb and has a wing loading = 50 psf. 
The wing is rectangular, with aspect ratio A = 10, and has an NACA 
23015 airfoil section. The residual drag coefficient Cd^ = 0.0120, and 
is independent of Cx,- 

a. Plot Ci>p vs. Cl from Cl ^ 0 to Cl ^ 1.0 (see Prob. 6-3). 

h. Determine Cd^ and e by matching the mathematical and experi- 
mental data at Cl = 0.3 and Cl = 0.8. 

6-13. The drag coefficient of a complete airplane is Cl » 0.0450 when 
Cl — 0.8. For the wing, c* = 0.83; 6 = 80 ft; A =10. Find Cd^ for 
the complete airplane at Cl « 0.5, if dCL^/dCl = —0.0022. 

6-14. For a wing at Cl * 0.7: Cd^ = 0.01; aio = 8.0 deg; = 
—0,01. Knowing that dCL^/dCl = 0.005, ai^ = —0.5, and that 

d cp/d ^ = 0.04, find Cd^q at Cl = 0.3, ao at Cl = 0.8, C«o at Cl = 
0.3, « at Cl * 0.8 for A = 10, and for A = 10. 



CHAPTER 7 
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The resultant aerod 3 niamic force on an airplane is composed of 
the individual forces on all its components. The force system is 
sufl5ciently complicated when each component is considered inde- 
pendently, but the mutual interference that arises between com- 
ponents makes accurate force predictions impossible without large 
reliance on experimental evidence. Nevertheless, an understand- 
ing of the principles that govern fluid behavior is necessary for 
intelligent interpretation of experimental results. Of particular 
interest is the role played by the thin but ever-present boimdary 
layer, which is the consequence of fluid viscosity. Changes in the 
character of this layer with Reynolds number produce changes in 
body force coefficients that are referred to as Reynolds-nurnber 
effects or scale effects. 

7*1 The Boundary Layer, The boimdary layer has been men- 
tioned previously as a region of retarded flow immediately adjacent 
to the surface of a body subjected to relative fluid motion. The 
shearing stress to on the body surface is related to the physical 
characteristics of the boundary layer through the velocity gradient 
at the body surface. 

'•--(I). 

where r is shearing stress, psf 

M is coeflacient of viscosity, lb-sec per sq ft 
du/dy is velocity gradient, per sec 
Subscript 0 refers to the body, surface; hence, in general, the 
thinner the boundary layer (with constant /x), the larger is the 
shearing stress or skin friction. 

The boundary layer has additional importance because it pro- 
duces a deviation of the streamlines from that predicted by perfect- 
fluid theory. This gives rise to a pressure field surrounding the 
body that is also different from that anticipated from perfect-fluid 
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theory. One of the interesting characteristics of a boundary layer 
(or any other kind of parallel flow) is that it transmits static pres- 
sures undiminished; hence the modified pressure field is conveyed 
to the body itself. This unbalances the body pressure distribution 
and causes a form drag, which is comparatively small if the flow 
is unseparated, but may be very large if the flow is separated. 
The modified pressure field also causes a reduction in the lift that 
is predicted by the circulation theory, which is comparatively 



Fig. 7*1. Dimensionless laminar and turbulent boundary-layer profiles. 

small for unseparated flow but may be very large if the flow is 
separated. These and other effects will be studied in the follow- 
ing articles. 

Because of the asymptotic nature of a boundary-layer velocity 
profile, a definition of its thickness must necessarily be arbitrary. 
One common definition of the thickness d is the distance from the 
surface for which the velocity u within the boundary layer is 
99 per cent of the velocity JJ outside the boundary layer (Fig. 7-1). 
In the following discussions, all equations involving boimdary- 
layer thickness will be based on this definition. 

7-2 Laminar Boundary Layer. Flow on a smooth flat plate 
set parallel to the remote velocity provides an example of boundary- 
layer phenomena in their simplest environment; i.c., linear flow 
(ign(king deviation caused by boundary-layer growth), smooth 
body surface, zero static-pressure gradient, and no initial stream 
turbulence. The flow within the boundary layer inamediately 
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downstream from the leading edge contains only molecular velocity 
fluctuations and is referred to as laminar flow: correspondingly, 
the boimdary layer is called a laminar boundary layer. Growth 
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Fig. 7*2. Example of dimensioiiLess thickness and shearing stress on a smooth 
fiat plate in the absence of pressure gradient or external turbulent: (a) boundary- 
layer thickness growth, (h) shearing-stress distribution. 


of this boundary layer may be shown to take place according to 
the following equation: 

< 7 - 2 ) 

where dz is kuninar-boundary-layer thickness, ft 
jii is coefficient of viscosity, lb-sec per sq ft 
X is distance from plate leading edge, ft 
p is mass density, slug per cu ft 

U is velocity outside the boundary layer, here equal to the 
remote velocity v, fps 
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Equation (7*2) shows that the boundary-layer thickness increases 
parabolically with distance from the leading edge, as shown in 
Fig. 7*2a, and decreases with increasing velocity. 

A fortunate property of the laminary velocity profile is that it 
has the same ‘‘shape” (as shown in Fig. 7-1) for all points on the 
plate even though its thickness varies; hence, since the boundary 
layer is thin near the leading edge, {du/dy)o is large. From 
Eq. (7-1) the shearing stress r© must, therefore, also be large; the 
actual variation may be obtained from the following equation: 

to£ - 0.332 (7-3) 


where tql is plate shearing stress in pounds per square foot. A 
typical variation in shearing stress with distance along the plate 
is shown in Fig. 7*26. 

Since a major part of the air deceleration takes place near the 
leading edge of the plate, as shown by the shearing-stress curve, 
the dra^ coefficient might be expected to decrease with increasing 
Ile3molds number; ^.e., if a particular plate has its length doubled, 
thereby doubling the Beynolds number and the area, the drag 
does not double, because less shear occurs on the added section; 
hence by Eq. (5-2), Cd decreases. This supposition is borne out 
by the following equation, which may be derived from Eq. (7-3) 
by integration: 




2.656 


(7-4) 


where Cdx is laminar drag coefficient, dimensionless 

Ri is Reynolds number based on the length I of the plate, 
dimensionless 

Equation (7-4) is plotted as the lower curve in Fig. 7-3. 

7*3 Turbulent Boundary Layer. If the plate is sufficiently 
long, transttion occurs, and a turbideni boundary layer ensues. For 
mathematical definition of the characteristics of the turbulent 
layer, however, it is convenient to consider transition occurring at 
the plate leading edge. The discusbions then lead to very special- 
ized results. The more general problem is discussed in Art. 7-4. 
Within the turbulent boimdary layer, the air particles oscillate 
longitudinally and transversely, but in such a manner that the 
time average of the velocity is essentially constant at any given 
point past which the fiuid is flowing. This may be compared 
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with the molecular fluctuations in a laminar profile that produce 
no appreciable, change in the velocity with time, the difference 
being only a matter of the “scale of operation.” The laminar 
shearing stress arises from molecular transfer of momentum from 
the low-speed region adjacent to the plate to the outer edge of the 
boundary layer, and vice versa, as was shown in Art. 1*4. The 
same process is present in a turbulent boundary layer, except that 
the mass of the agent involved is much larger; i.e., particles of air 
moving with relatively low velocity at the plate surface migrate to 
the outer extremities of the boundary layer, and vice versa. This 
interchange of particles introduces an additional shearing stress 
that is superimposed upon the expected viscous shearing stress. 
In the region immediately adjacent to the plate, and well within 
the turbulent boundary layer, the transverse fluctuations are very 
small because of the proximity of the plate. Indeed, in this region 
the particle fluctuations are assumed to be zero, and the flow is 
truly laminar in nature. This leads to the existence of a so-called 
laminar sublayer within the turbulent boundary layer, shown as 
5, in Fig. 7*1. 

The sheaiing-stress equation for a turbulent boundary layer is 
the same as that for laminar flow [t = ii{du/dy)\ only in the 
laminar sublayer. For the remainder of the boundary layer, the 
stress is larger for a particular dujdy because of the additional 
stress imposed by the particle fluctuations. The shearing equation 
for turbulent flow is frequently written 



where « is a variable, usually many times larger than /i, called the 
exchange coefficient. From the preceding statements, as y decreases 
to the value e approaches jlc. The greater shearing stress that 
is characteristic of a turbxdent boundary layer is clearly demon- 
strated by the greater value of idu/dy)o within its laminar sublayer 
as compared with that of the laminar boundary layer. 

For a plate on which only turbulent flow is presumed to exist, 
the variation in boundary-layer thickness is given empirically by 

(7-6) 

Equation (7-6) shows that the turbulent boundary layer grows 
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more rapdily than does the laminar. The corresponding shearing- 
stress equation is 

TO, = 0.0296 (7-7) 

This relation shows that the shearing stress decreases less drasti- 
cally with distance from the leading edge than for l amin ar flow. 

By the above remarks, Cd for a turbulent boundary layer should 
decrease with increasing Reynolds number, but not so rapidly as 



IFKi. 7*3. Drag coefficient variation with Resmolds number on a smooth flat 
plate in the absence, of pressure gradient and external turbulence. {From TR 586.) 


for laminar flow. The equation for turbulent drag coefficient 
corresponding to Eq. (77) is 


0.148 


(7-8) 


All the equations for laminar flow are based upon theoretical 
considerations. The equations for turbulent flow are based upon 
experiment, and therefore are not unique. The NACA has 
adopted the following equation in preference to the simpler expres- 
sion in Eq. (7-8), because it gives closer agreement with experi- 
mental data at high Reynolds numbers: 


0.910 

aogio/2o*-“ 

Equation (7-9) is plotted in Rg. 7-3 as the upper line. 

7*4 Transition. It was explained in Art. 7-3 that laminar flow 
must ultimately convert to turbulent flow at a point called the 
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transition. This transition actually probably fluctuates over a 
considerable length of plate, and the laminar and turbulent 
velocity profiles in the near vicinity are probably adulterated some- 
what in the transition process; nevertheless, for mathematical 
convenience, transition is assumed to occur instantaneously, with 
a “pure^^ laminar profile preceding and a “pure” turbulent profile 
following. This assumption leads to certain ph 3 rsical inconsist- 
encies that may not be discussed here because of the complexity 
of the problem. Assuming transition to occur at a point on the 
plate, the turbulent boundary layer may be shown to increase 
suddenly^ as in Fig. 7*2a, while the shearing stress increases 
suddenly as in Fig. 7*26» 

Under ideal experimental conditions, in which the turbulence 
content of the stream is itself very low, the transition occurs when 
the Eeynolds number, based on the distance x from the plate 
leading edge reaches 530,000, or 


Bs = 


pUx 


^ = 630,000 
ft 


Hence, for example, for a plate Reynolds number of 1,060,000, 
based on the plate length, transition occurs at the mid-chord. For 
a plate like that depicted in Fig. 7*2, the drf^ coefficient must be 
weighted according to the length of plate subjected to each type 
of flow. According to Prandtl and Giebers, the following equation 
gives the variation in c<i with Reynolds number for a plate above 
Bi = 530,000: 


0.148 3400 

" (i2,)H Bi 


(7-10) 


Equation (7*10) is shown as the middle curve in Rg. 7*3. 

In recapitulation: a smooth flat plate in the absence of pressure 
gradient and external stream turbulence has a dr^ coefficioit 
indicated by Eq. (7*4) at low Reynolds number, until the critical 
Re 3 molds nximber of 530,000 is reached. With Re 3 molds number 
increasing beyond the critical, the plate has a transition point that 
moves forward, causing increased drt^ coefficient according to 
Eq. (7*10). Ultimately, at high Reynolds number, it becomes 

i Remember that the bousdaiy-Ia3'er tbicknesB definition is arbitraiy. It 
could posably decrease uting some other definition. 
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asymptotic to Eq. (7-9), which is representative of the fully 
turbulent condition. 

7»6 Separation* Flow on a thick body differs from that on a 
flat plate, principally because the thickness of the body causes 
velocities that are different from the remote velocity, and this, in 
turn, causes negative and positive pressure gradients on the 
forward and rearward sections of the body, respectively. TJn- 
fortimately, characteristics of a boundary layer are changed not 


i.0t 


Laminar flow 


Turbulent flow 



"0 10 
Dimensionless velocity, vl/U 

(a) 



/ Increasing 
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Fig. 7*4. Effect of static-pressure gradient on boundary-layer profile: (a) lami- 
nar, (b) turbulent. The curves in Fig, 7*46 labeled A and B are not vwified by 
experimental data. They have been estimated to simplify explanations. {Modi- 
fied curves hosed on data in TR 497 and WR Zr-382.) 


only by the changes in local velocity (changes in local Reynolds 
number) but also by the pressure gradient. The change in profile 
shape with change in pressure gradient is shown nondimensionally 
in Figs. 7-4a and h for laminar and turbulent conditions, respec- 
tively. A large or continual adverse pressure gradient causes a 
reduction in velocity throughout the boundary layer but gives the 
greatest percentage reduction next to the surface, where the velocity 
is the lowest. Under extreme circumstances {du/dy)o may 
become zero (curves A) or even negative (curves jB). The former 
condition mathematically defines separation, and the latter 
indicates flow reversal. 

7*6 S^e Effect on a Sphere. A good example of transition 
and separation phenomena is the flow over a sphere. At very 
low Reynolds numbers, there is no separation; the drag is almost 
entirely skin friction, and the drag coefficient follows Stokes' law 
for completely laminar flow (Fig. 7-6) : 
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Cj> = 


R 


(7-11) 


where Cd is based on cross-sectional area of sphere, dimensionless 
R is based on diameter, dim ensionless 




(e) Turbulent separation 



Reynolds number, 


Fig. 7*5. Variatioii in flow pattern and drag coefficient with Reynolds number 
on a sphere. (Drag-co^dent variation with Reynolds number replotted by permiesion 
of Engineering Societiee Monograph Committee from Applied Hydro^ and Aero~ 
mechanice” by L. PrandU and O. G. Tietjene, McGraw-Hill Book Company, Inc., 1934.) 

Whea B is about 1.0 (point a), lamina.r separation begins near 
the rear stagnation point. With increasing Beynolds number, the 
separation point moves forward on the rear surface of the sph^, 
imtil at about R = 2000 (point b) it reaches the diametral plane. 
It remains in this general vicinity until transition occurs in the 
separated wake at about B ^ 300,000 (point c). The trantition 
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point moves toward the diametral plane and reaches it at about 
B = 400,000 (point d). With further increase in Reynolds 
number, the transition point remains relatively stationary. (The 
transition point is not likely to move forward of the most negative 
pressure point on the sphere, because it would then be in a region 
of assisting pressure gradient, which tends to maintain laminar 
flow. Transition can be forced to occur forward of the most 
negative pressure point by roughening the sphere surface.) 



Fig. 7*6. Diagrammatio representation of boundary-layer growth on a sphere 
for B > 550,000. (The boundary layer thickness is exaggerated for clarity.) 

At point a the flow is siinilar to that predicted by perfect-fluid 
theory, except for that within the boundary layer, and the drag 
is entirely due to ddn friction. At point h the laminar separation 
causes a large wake, which gives a very large pressure drag and a 
consequent large deviation from the Stokes curve. At point c a 
transition forms in the separated wake of the sphere and rapidly 
moves to the diametral plane; however, the resulting turbulent 
boundary layer has a characteristically greater velocity near the 
surface of the sphere, which allows the air to resist the adverse 
pressure gradient more successfully. Separation (now turbulent) 
is delayed until the air stream is well back on the downstream side 
of the sphere. At point d this separation is established at its 
rearmost position and remains relatively stationary for a con- 
siderable range of Reynolds numbers. The boundary-layer 
changes that take place prior to turbulent separation are shown 
diagrammatically in Fig. 7-6, and a corresponding typical turbulent 
separation is shown in Fig. 7-7. The Reynolds number for which 
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Cd suddenly decreases is called the critical Reynolds number j 
arbitrarily defined as the R for which Cjd = 0.3. 

The laminar boimdary layer is inherently unstable as it ap- 
proaches the critical Reynolds number, and it apparently converts 
to a turbulent boundary layer in sympathetic response to certain 
external disturbing frequencies and amplitudes imposed by noise, 
stream turbulence, or surface roughness. For instance, a sphere 




Fig. 7*7. Typical turbulent separation on a curved surface. {Beproduced by 
pennisston of Engineering Sodetiea Monograph Committee from "Applied Hydros and 
Aeromechanice" by L. PrandU and 0. O, Tietjene, McQraw-HiU Book Company, 
Inc,, 1934.) 


towed through the stagnant atmosphere indicates the standard 
reference critical Reynolds number of 385,000, but a sphere tested 
in the usually turbulent stream of a wind tunnel always indicates 
less than this value. Indeed, the ratio. of these two Reynolds 
numbers is called the turbulence factor (TF), and it is commonly 
used as an indication of the degree of stream turbulence in a wind 
tunnel. 


TF * 


385.000 

tunnel critical R 


(M2) 


This same turbulence factor is used to define an ^'effective” 
Reynolds number for comparison of airfoil or airplane char- 
acteristics obtained from wind tunnels. 


R, = (B,){TF) 

where Rt is test Reynolds number, dimensionless 
TF is turbulence factor, dimensionless 
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The data presented by NACA in its various reports are nearly 
always plotted as a function of effective Reynolds number rather 
than test Reynolds number. 

Addition of a conical afterbody to a sphere reduces the adverse 
pressure gradient and allows the flow to continue to the trailing 
edge without separating. The drag coefficient is considerably 
reduced, the amount depending upon the fineness raiio, or ratio 
of length to maTiTniim diameter. For a particular cross-sectional 
area, a fineness ratio of 2 or 3 gives the minimum drag. Of course, 

for the ultimate in streamlin- 
ing, the forebody and afterbody 
are formed by one continuous 
convex surface. 

7*7 Scale E^ect on a Cylin- 
der. The separation and 
transition phenomena on a cir- 
cular cylinder are somewhat 
similar to those for a sphere, as 
may be seen in Fig. 7*8. In 
the region from R « 100 to 
R » 100,000 the separated 
flow in the wake may not be 
characterized by a random vor- 
t^ pattern but may assume a 
periodic nature as in Fig. 7*96. 
The individual vortices rotate 
in opposite directions from the two sides of the cylinder and give a 
staggered arrangement Jbhat extends for a considerable distance 
downstream before decomposing, von RAnxAn was able to give a 
mathematical expression for the spacing of the vortices; hence the 
pattern is commonly called the Kdrmdn vortex trail. He was 
further able to predict the drag coefficient of such a cylinder with 
surprising accuracy. The periodic shedding of vortices imphes a 
periodic transverse force on the cylinder, which may cause it to 
vibrate, unless restrained. The “singmg” of electric transmission 
lines and oscillation of tall smokestacks in natural winds is directly 
attributable to this phenomenon. The disastrous collapse of the 
Tacoma Narrows suspension bridge was also caused, in part, by a 
rimilar phenomenon. 



Fig. 7*8. Variation in drag coefficient 
with Reynolds number on an infinite cyl- 
inder. {Replotted by permieeian of Engine 
eering Societies Monograph Committee from 
“Applied Hydro- and Aeromechanics^' by 
L. PrandU and 0. 0. Tietjens, McGraio- 
Hill Book Company^ Inc,, 1934.) 
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7*8 Scale Effect on a Normal Flat Plate. Except for extremely 
low Reynolds numbers, the flow on a flat plate perpendicular to 



( 6 ) 


Fig. 7*9. Flow patterns behind an infinite cylinder showing two possible wake 
configurations; (a) Reynolds number =» 1.6, and (6) Reynolds nximber = 260. 
{Reproduced Jyy permission of Engineering Societies Monograph Committee from 
''Applied Hydro-- and Aeromechanics” by L- PrandU and O. (?- TietjenSj McGraw-Hill 
Book Company, Inc., 1934.) 

the stream is always separated at the plate edges. This produces 
a wake of fairly constant size, which in turn gives a fairly constant 
drag coefficient, having a value based on the plate area of about 
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Cd ** 1.28. The same K&rmlm vortex formation within the wake 
is apparent in Pig. 7-10. 

7-9 Scale Effect on an Airfoil. The effect of Reynolds number 
on the aerodsmamic characteristics of an adrfoil is more complicated 
than any yet discussed, because of the variation of airfoil char- 
acteristics with an^e of attack. The two force components, lift 
and drag, may best be discussed separately. (There is no appre- 
dable scale effect on pitching moment.) Reference will be made 



Fia. 7*10. Flow pattern behind a norm^ flat plate. Eeynolds number » 250. 
(Reproduced hy permission of Engineering Societies Monograph Committee from 
^^Apjdied Hydro- and Aerometdvanicsf' byL. PrandU and O. G. Tietjens, McGravs-HiU 
Book Company^ Inc., 1934.) 


only to section characteristics, to exclude the effects of aspect 
ratio and plan-form shape. 

Lift For low angles of attack, Ci may usually be assumed 
independent of Reynolds number, but considerable variation takes 
place in the value of ci^. The reason is that at low Eeynolds 
number (point a, Fig. 7-11), laminar separation takes place at a 
comparatively low angle of attack, but with increasing Eeynolds 
number (point 6), transition moves forward on the upper surface 
and produces a turbulent boundary layer that is able to withstand 
the adverse pressure gradient and hence to delay separation. 
Ultimately, when the transition point is well forward on the upper 
surface (point c), further increase in Reynolds number causes no 
appreciable change in because turbulent flow is well estab- 
lished over most of the airfoil. Of course, the particular variation 
^ W ^ primarily dependent upon the airfoil section, because the 
surface contour defines the velocity and pressure distributions. 
Curves of scale effect for several airfoils are shown in Fig. 7*12. 
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Fig. 7*11. Effect of Keynolds number on the lift curve of an NACA 23012 
airfoil. {Uncorrected data from TR 586.) 



Fig. 7*12. Scsde effect on section maximum lift coefficient for several representa- 
tive NACA sections. {XJncorrected data from TR 686 aaad WR L-660.) 


Drag. The effect of Reynolds number on is usually indicated 
by showing its influence on the trend is approximately 

the same for other low lift coefficients (Kg. 7*13a). The curve of 
^ superimposed on a similar one for a flat plate, as in 

Kg. 7*136. This allows comparison of an airfoil having zero 
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camber and thickness (flat plate) with airfoils having various 
amounts of camber and thickness. 

At low Reynolds number (point a, Kg. 7-13&), an airfoil generally 
has laminar separation occurring upstream from the trailing edge, 
and the large wake produces a relatively large form drag, which in 
turn gives a large drag coefficient. As the Reynolds number is' 
increased (point 6), transition appears on the airfoil downstream 
of the In.mi'na.r separation point, and the wake width decreases in a 
manner similar to that shown for the sphere (Art. 7*6). At higher 
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Fig. 7* 13. Effect of Reynolds number on the drag curve of an NACA 23012 
airfoil. {Uncorrected data from TR 586.) 


Re 3 molds numbers (point c), transition has moved forward and 
passed the expected laminar separation point, and the afterbody 
turbulent flow is now able to resist the adverse pressure gradient 
without separating. The magnitude of the drag coeflBlcient from 
point c on is therefore determined primarily by skin friction.^ 

In Fig. 7T4, the flow pattern is shown for two low Reynolds 
numbers, to illustrate laminar separation and the influence of 
transition in restoring the flow to the airfoil surface. Both condi- 
tions correspond to a low angle of attack. 

The particular variation of with B is dependent upon 
airfoil section, as shown in Fig. 7T5. 

^Some British tests on conventional airfoils, reported m R M 1838, 
indicate that form drag varies linearly with per cent airfoil thickness at high 
Reynolds numbers, and that it constitutes (very approximately) the same per 
cent of total drag as its per cent thickness; i.e., an airfoil 10 per cent thick may 
be expected to have about 10 per cent form drag and about 90 per cent glfin 
frictkm. 
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7*10 Scale Effect on Low-drag Airfoils* For a conventional 
airfoil of average thickness, laminar flow is almost impossible to 
maintain over a major portion of the upper surface. At low 
Reynolds numbers, there is a tendency toward Iftminar separation, 



(&) 

Fig. 7*14. Effect of Reynolds number on the flow pattern of an NACA 0012 
airfoil at a low angle of attack: (a) low Reynolds number, showing laminar separa- 
tion, (h) higher Reynolds number, showing laminar separation followed by reattach- 
ment oi flow caused by transition. {NACA photographs,) 

while at high Reynolds numbers, transition to turbulent flow 
occurs. Both cause drag increments over that expected from 
unseparated laminar flow. The chordwise location of the transi- 
tion point is a function of Reynolds number and pressure gradient; 
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hence it varies considerably between airfoils. Conventional four- 
and five-digit airfoils have a -miniimim pressure on the upper 
surface that is close to the leading edge, and the adverse pressure 
gradient from this point to the trailing edge makes l am i nar fiow 
almost impossible to maintain at high Reynolds numbers. An 
airfoil so constructed that an assisting gradient exists over the 
forward part of its surface delays transition and allows a con- 



Reynolds number, 


Fio. 7*15. Scale effect on minimum drag coefficient for several representative 
NACA sections. {Uncorreded data from TR 686 and WR If-660.) 

siderable reduction in drag coeflBicient, because of the lower shear- 
ing stresses characteristic of the laminar boundary layer. Figure 
7*15 compares the drag coeflBicient of a typical low-drag airfoil 
section with some common four- and five-digit sections. 

Low-drag airfoils are characterized by a relatively sharp leading 
edge and by a maximum thickness that is well aft, to produce the 
desired pressure distribution, and the drag curve has a char- 
actertistic bucket or region of reduced Cd (Fig. 7*16). 

The low-drag airfoil depends for its success upon maintaining 
laminar flow over a good portion of the airfoil but is so designed 
that the peak negative pressure does not occur beyond the point 
where transition takes place; otherwise the adverse pressure 
gradient on the downstream side of the peak pressure point is more 
likely to produce turbulent separation. Use of a low-drag section 
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on a wing of practical construction depends for its success on a 
smooth, inflexible surface and nonturbulent initial stream. Con- 
ventional factory methods are generally unsatisfactory for their 
construction, and they do not exhibit their desirable qualities in a 
propeller slip stream or in the relatively disturbed flow at the wing 
tips. For this reason, they seem to have some possibilities for 
success on jet-propelled airplanes having a ‘‘skin^* of large moment 



Section lift coefficient 


Fig. 7*16. Aerodynamic characteristics of an NACA 63i -012 airfoil at a Reynolds 
number of 6,000,000. (From WR L-d60.) 

of inertia. Figure 7-16 verifies that the desirable low-drag char- 
acteristics are completely lost if the airfoil surface is rough. 
Similar results would be exhibited with large external stream 
turbulence. Roughness may be due to factory methods, but even 
with a satisfactory finish it can be introduced artificially by oil, 
dust, splattered flies, etc.' 


PROBLEMS 

7-1. From Eq. (7*3) prove Eq. (7*4). 

7-2. Using Eq. (7*2), find a general equation for laminar-boundary- 
layer thiclsness Sl (in.) at the transition point on a smooth flat plate, in 
the absence of pressure gradient, as a function only of remote velocity- 
in miles per hour. Assume standard conditions and no stream turbulence 
(hence the critical Reynolds number is 630,000). 


172 


PRINCIPLES OF AERODYNAMICS 


[Chap. 7 


7-3- Compute the drag coeflScient of a circular flat plate having diam- 
eter d when at zero angle of attack at a Eejmolds number (based on the 
diameter) Rd = 500,000. Assume there is no pressure gradient and no 
stream turbulence. Hint: Choose an element of plate parallel to the 
remote velocity, and apply Eq. (7*4). The resulting equation may be 
integrated either graphically or by using the binomial theorem. Comment 
on the fact that the computed drag coefflcient does not correspond to 
any of the theoretical lines on Fig. 7*3. 

7*4* Discuss the effect on the stalling of a tapered wing of the varia- 
tion in section maximum lift coefl5cient ci^ with Reynolds number; i.c., 
does this variation tend to nullify, or aggravate, the tip-stalling char- 
acteristics? 



CHAPTER 8 

COMPRESSIBILITY PHENOMENA 


The growing importance of high-speed flight has required 
intensive mathematical and exi)erimental investigation of the 
properties of compressible fluids. Expeiimental work has been 
hampered considerably by the excessive power required to create 
artificially a high-speed jet of air in which to conduct model tests; 
consequently, most data have been obtained from relatively small 
scale models, from which only trends of aerodynamic properties 
may be established. Many novel and ingenious procedures have 
been used to obviate the necessity of using a supersonic wind 
tunnel, but with aU present techniques either the model used is 
very small or the necessary equipment is usually complicated and 
expensive to operate. 

For purposes of segregating the problems of high-speed flight, 
three main regimes are defined for describing the velocity at a 
point in a fluid. The subsonic region corresponds to a velocity 
less than the speed of sound; sonic corresponds to the speed of 
sound, and supersonic means greater than the speed of sound; 
hence, in terms of the Mach number. 

Subsonic : M < 1 
Sonic: M = 1 
Supersonic: M > 1 

When describing the field of flow over an airfoil or any other 
body, part of the flow may be subsonic, part sonic, and part 
supersonic. In order to describe the type of flow, subsonic is 
taken here to indicate that the velocity is everywhere less than the 
speed of soimd, and supersonic means that the flow is everywhere 
greater than the speed of soimd.^ The intermediate r^on is 
called transonic; here either the remote velocity is subsonic and a 

^ Actually an impossibility because of the existence of a boundary layer 
even in supersonic flow; however, the definition refers tp. conditions outedde 
the boundary layer and wake. 
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local velocity on the body is supersonic, or the remote velocity is 
supersonic and some local velocity is subsonic; hence 


Subsonic: 


(ill < 1 
[Ml < 1 


Transonic: 


Supersonic: 


M > 1 
Ml < 1 
or 

\M < 1 
Ml > 1 
M > 1 
Ml > 1 


for some point on body 


for some point on body 


where M is remote Mach number, and Ml is local Mach number.^ 

For subsonic flow, some semiempirical equations have been 
developed that allow fairly accurate prediction of high-speed 
aerodynamic characteristics from low-speed data. In the super- 
sonic region, the characteristics can again be predicted with fairly 
good accuracy. The transonic region, because of the mixed nature 
of its flow, does not lend itself to simple mathematical treatment; 
experiment is the most satisfactory method by which it may be 
investigated at present. 

A complete understanding of compressible phenomena requires 
appreciation not only of the classical hydrodynamic theories but 
those of thermodynamics as well. In this elementary text only 
the most general problems will be stated, along with some of the 
more important mathematical and experimental conclusions. 
Unless otherwise noted, all viscous effects will be ignored. 

8-1 Continuity and Bernoulli Equations. In the previous 
statement of the continuity equation and in the development of the 
Bernoulli equation (Arts. 2*2 and 2-3), the density p was assumed to 
be independent of static-pressure changes arising from changes in 
velocity in a stream tube. This simplification does not involve 
serious error, provided the velocity is everywhere small compared 
with the speed of sound, but when the velocity in the stream tube 
is allowed to approach the speed of sound, the effect of changes 
in density must be taken into account. 

The continuity equation for compressible fluids, from Eq. (2-1), 
is 

pAv^K (8-1) 


^ The upper boundary of the transonic region is sometimes defined to cor- 
respond to a remote Mach number of 1. See Ait. 8*7. 
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where J? is a constant. The Bernoulli equation for compressible 
fluids is developed from its differential form [Eq. (2-3)]: 

^ — t; (8-2) 

Within the stream tube, changes in density are assumed to occur 
adiabatically, because the changes occiu* too rapidly for any 
appreciable heat to flow; thus, from Eq. (1-17), 



where Ci is a constant. Equation (8*2) may be integrated, after 
substituting p from Eq. (8*4) : 




7 P , P* 


Ct 


(8-5) 

(8-6) 


where C2 is a constant. Equation (8-6) is the more general form 
of the Bernoulli equation. Although the equation was developed 
from Eqs. (8*2) and (8-3), each of which assumes no dissipative 
forces are present, it could have been -developed from much more 
general considerations which would show that this particular form 
of the Bernoulli equation applies to any flow of a coinpre^ible fluid 
in which there is no heat flow throu^ the stream-tube boundaries; 
z.€., it applies to any adiabatic flow whether isentropic or not. 

8*2 Implications of the Contmuit7 and BemoulH Equations. 
The continuity and Bernoulli equations may be expanded and 
combined to diow some of the important properties of compresn 
sible flow. First, consider a venturi tube. The variation in 
velocity v with area A may be obtained in the following manner: 
The derivative of the logarithm of Eq. (8*1) yields 


^ ^ ^ ^ 0 (8-7) 

A V p 

which, of course, is merely another way of statii^ the continuity 
equation. Prom Eqs. (1-^) and (1*23) 

dp 

dV~ V 


(8-8) 
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However, 


T’ = 
dp 


P9 


9^9 


Equations (8*8) and (8‘9) may be combined to give 

dp = a* dp 

From the differential fonn of the Bernoulli equation [Eq. 


p = — 


dp 
V dv 


Equation (8*10) is substituted in Eq. (8-11): 


p = - 


a? dp 
V dv 


Equation (8*12) is substituted in Eq. (8-7) : 

0 


dA , dv 
A V 


V dv 


Finally, Eq. (8-13) is reairanged as follows: 

^ M 1 

V A — 1 


(8-9) 

(8-10) 

( 8 * 2 )] 

( 8 - 11 ) 

(8-12) 

(8-13) 

(8-14) 


where M is the Mach number corresponding to area A and velocity 
V. Equation (8-14) shows a great deal about the properties of a 
stream tube in compressible flow. For instance, when M = 0, 


therefore, 


^ ^ 

V A 

Av — B, constant 


Hence, as the Mach number approaches zero, the fluid properties 
approach more and more closely those of an incompressible fluid, 
for which an increase in stream-tube area requires a corresponding 
decrease in velocity. More important, however, it shows that when 
0 < Jfef < 1, an increase in area requires less decrease in velocity, 
until when Af > 1, an increase in area requires an increase in 
velocity. These peculiar conditions are brought about by the 
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reduction of density, which at subsonic speed occurs less rapidly 
than the area increases, and at supersonic speed occurs morerapidly 
than the area increases. 

A pressure equation corresponding to Eq. (8-14) may be 
obtained by writing, from Eq. (8-2), 


^ ^ 

V ““ 


and from Eqs. (1-22) and (1-23), 


(8-16) 




yp 

d? 


(8-16) 


Substituting Eq. (8-16) in Eq. (8-15) and the result in Eq. (8-14) 
gives 


dp __ 

p ^ A 1 — ilf* 


(8-17) 


The important aspect of Eq. {8-17) is that it shows, for a fixed 
Mach number, that an increase in area (positive dA) requires a 
pressure rise (positive dp) for M < 1 and a pressure drop (native 
dp) for JIf > 1. 

8*3 Con^ressible Flow in a Laval Nozzle. The physical sig- 
nificance of these relationships may be clarified diagrammatically 
as in Fig. 8T, where a portion of a Laval nozzle in the form of a 
symmetrical venturi tube is shown, with three reference stations: 
two stations are located up- and downstream where the areas are 
the same, and the third corresponds to the axis of symmetry where 
the area is a minimum. If the flow through the tube is completely 
subsonic (Fig. S'la), the reduction in area in the throat of the tube 
requires an increase in velocity and reduction in pressure; then the 
increase in area in the downstream section requires a decrease in 
velocity and increase in pressure. Scalar conditions in the tube 
are perfectly symmetrical up- and downstream from the throat. 
Now let the initial velocity be increased; the velocity in the 
throat Vt and the final velocity must also increase. Ulthnately, 
with sufficient increase in Vi, Vt reaches the local speed of soimd, or 
reaches Af = 1. No further increase in Mach number upstream of 
the constricted section and at the constricted section iisdf is possible^ 
but according to Eq. (8*14), the velocity may become supersonic 
downstream of the throat. When this condition prevails, the flow 
becomes uns 3 nnmetrical (Fig. 8*16), and the large downstream 
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kinetic energy must somehow revert to potential energy in the 
form of static pressure. The reduction in velocity occurs abruptly 
through a normal ohodk •wave, on the upstream dde of which the 




Fig. 8*1. Comparison of flow through a LaTal nozzle for: (a) subsonic, and 
(h) supersonic conditions. 


velocity is supersonic and the static pressure is very low. On the 
downstream side the velocity is about the same as the ini tift.1 
velocity, while the static pressure is less than its initial value. 
Supersonic speed may be attained, then, by mechanically reducing 
the static pressure in the downstream station by means of a suction 
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pump of some sort.^ Increasing the amount of suction merely 
causes the shock wave to move downstream. It is of considerable 
interest that a unique value of the Mach number corresponds to each 
station upstream of the shock; this value is determined only by the 
geometry of the tube. Furthermore, an upstream constriction in 
which the velocity is sonic is necessary for the production of super- 
sonic flow. This is the reason why supersonic tunnels are built 
with the test section downstream from a constriction, and this fact 
also explains why most supersonic tunnels have only one possible 
test-section Mach number, unless the walls are flexible so as to 
change the ratio of areas between the constriction and the test 
section. 

8*4 Subsonic Airfoil Flow — Two-dimensional. The changes 
in density accompanying changes in static pressures on an airfoil 
reflect back to produce a pressure distribution that is different 
from that predicted for an incompressible fluid by perfect-fluid 
theory. The development of equations to show modifications 
to the incompressible pressure distribution is, in general, a rather 
elaborate procedure. Only the results will be shown here. 

For an incompressible fluid, the pressure at the stagnation point 
is greater than the remote static pressure by the amount of the 
d 3 mamic pressure q (see Art. 2-5) ; hence 

= ^ = 1 (8-18) 

« 

where Cp^ is pressure coefficient at stagnation point, dimensionless 
Apg is change in static pressure at stagnation point, from 
remote value, psf 
q is remote dynamic pressure, psf 
For a compressible fluid, the pressure at the stagnation point is 
augmented according to the following equation,* which inci- 
dentally is derived directly from the Bernoulli equation: 

= l + + + (8-19) 

^ It should be noted that the ratio of inlet to outlet pressure in the tube is 
the determinant of flow conditions within the tube. A hi^^ positive pressure 
at the intake and atmo^heric pressure at the exhaust would work just as welL 

* This g«.Tnfl equation may be used to correct a pitot-tube reading in a coxn- 
presfflble fluid: q^mot “ 
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In the above convergent series, no appreciable error is involved if 
only the first two terms are retained; hence 



(8-20) 


where M is the remote Mach number. 

For the remaining pressure on the airfoil, two commonly 
accepted equations are used. Neither applies accurately where 



0 0.1 0.2 0.3 0.4 03 0.6 0.7 03 0.9 1.0 

Fraction of chord 


Fio. 8'2. Ck>mparisoii of experimental and computed pressure coefficient on an 
NACA 4412 airfoil at oc » —0.26 deg. {Expenrnental data from TR 664.) 


the local velocity on the airfoil is considerably different from the 
remote velocity; hence they do not apply at the stagnation point 
or on the upper and lower surfaces of an airfoil at high angle of 
attack. The Prandtl-Glauert equation has had wide use, but the 
K&nn&n-Tsien equation gives slightly closer correlation with 
experimental data. The Prandtl-Glauert equation is 



and the K&rm&n-Tsien equation is 



(8-22) 







Fig. 8*3. Orientation of surface element ds used in establishing E<l, (8*24). 


shown in Rg. 8*3. The lift on the element may be obtained by 
first finding the differential normal force. 

dN = — 6(p — po) ds eoa 9 
From the geometry of the wing 

dx = ds cos 9 

and, ne^ecting the small chordvrise force component, 

dL = dN cos a . (8-23) 

Thus the total lift may be obtained by integrating over the upper 
and lower surfaces: 

1/ = -6 cos a ( (p - Po)p ^ - Jo (P - Po)t ^ 

where subscripts U and L designate upper and lower surfaces, 
respectively. The lift coefficient may be obtained by dividing 
through both sides by qjbc: 

n 

Cl = cos a I {Opjj d 



(8-24) 
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On a plot of pressure coefficient vs. fraction of chord, such as 
Kg. 8*2, the lift coefficient from Eq. (8‘24) may be obtained as the 
product of cos a and the area contained between the upper-surface 
and lower-surface curves, with due regard for signs. For example, 
just by eye the lift coefficient at JIf = 0.141 on Fig. 8-2 may be 
estimated as about Ci = 0.4. 

Since the lift coefficient depends upon the pressure coefficients, 
which in turn depend upon the Mach number, the equations used 
to predict the variation in Cp with M may be applied directly for 
a similar prediction of Cj. For instance, by use of Eq. (8:21), 


Cl 


% 


(8*26) 


where the subscript has the same meaning as before. Figure 8*4 
shows experimental data compared with the lift coefficient 
computed by Eq. (8*25). 

The slope of the lift curve is, of course, determined according to 
an equation similar to that used for the lift coefficient: 


a 


Qq 

Vl - ikP 


(8*26) 


The influence of increasing Mach number may be given a 
geometric interpretation that has particular value in estimating the 
drag coefficient and pitching moment coefficient, as will be shown 
in the next sections. The thickness, and the camber and angle of 
attack measured from zero liftf are all assumed to be increased by 
l/Vl - M*; thus 


J ^0 

VI - M* 

(8-27) 

t - ^ 

Vl-M* 

(8-28) 

11 

< 

1 

(8*29) 


where t is thickness, fraction of chord 

£ is camber, referred to zero-lift chord, fraction of chord 
a' is angle of attack measured from zero lift, deg 
The subscript 0 refers to the incompresrible conditions (M — 0). 
Neither thickness nor camber affect the lift of the wing, but an 
increase in an^e of attack produces a corresponding increase in 
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lift coefficient and lift-curve slope. This has already been shown 
in Eqs. (8-25) and (8-26). 

Drag Coefficient, The geometric approach allows solution of the 
drag coefficient for a high subsonic Mach number, using incom- 


0.6 r 



coefficients with Mach number for an NACA 4412 airfoil at a = —0.25 deg. 
{Experimental data from force teste in TR 646.) 

pressible data. The method involves choosing ca for an airfoil 
whose li ft coeffic ient, thickness, and camber have all been increased 
by 1 /Vl — MK This requires low-speed data that show not only 
the conventional variations of c* and ca vs. a but also the effect 
of thickness and camber. The method for determining ca is thus 
seen to be partly empirical; even so, the correlation between 
experiment and theory is fairly good, as shown in Rg. 8-4. 
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Pitching Moment Coefficient, Pitching moment coeflEicients are 
conventionally plotted to correspond with either the 25 per cent 
chord or the aerodynamic center; consequently, the variation of 
c« with Cl is usually negligible. Since may be shown theoret- 
ically to be linearly dependent upon amount of camber and 
independent of thicbiess, then by Eq. (8*28) 


— 


Vl - 


(8*30) 


The curves presented in Fig. 8*4 show good correlation between 
experiment and theory.^ 

In aU these subsonic discussions, the effects of viscosity, as 
represented by the Reynolds number, have been ignored. This 
is fortunately permissible, provided that all discussions are limited 
to relatively large Reynolds numbers where the aerodynamic 
characteristics do not vary appreciably with Reynolds number 
alone. 

8*S Supersonic Airfoil Flow---Two--dimensional. In order to 
discuss supersonic flow, a different approach may be used, in that 
a single particle is assumed to move through a stationary fluid; the 
resulting pressure waves may then be studied. 

Consider a particle moving to the left at subsonic speed in a 
stationary fluid. In the time interval t, it moves from a to e 
(Fig. 8-6a). During the same time interval, the pressure wave 
that started at a reaches ABCD. The circles of decreasing radius 
represent the positions of pressure waves at time t that originated 
at 6, c, and d: for instance, the radius of the circle whose center is 
at c is one-half of the largest circle, because ec is one-half of ea. 
The interesting fact about this motion is that the particle itself 
always remains within the confines of aU previously produced 
waves; furthermore, each wave must remain within the confines of 
all waves previously produced. A point x, far ahead of the moving 
particle, then experiences a gradually increasing intensity of dis- 
turbance as the particle approaches, and a gradually decreasing 
intensity after it passes. This condition is somewhat analogous 
to the familiar Doppler effect produced by the horn of an approach- 

^ The conelation shown in the three curves in Fig. 8*4 may be slightly mis- 
leading because of the method of plotting; i,e., mathematical and e:q>erimental 
data have been matched at if « 0.4. This was done because of unknown 
Reynolds-number effects at low Mach number. 
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ing automobile: the pitch and intenisty increase gradually, reach a 
maximum, then decrease as the automobile passes. 

Now let the particle move at supersonic speed, and again 
consider the wave front produced by the particle traveling left 
through point a (Fig. 8-56). By the time it has reached point e, 
the wave front, which does not travel so fast, has enlarged only to 
ABCD. Again the wave pro- 
duced by the particle in passing 
through point c, halfway be- 
tween a and e, grows to half the 
size of the wave, ABGD. 

Here, evidently, conditions 
are radically diflEerent from the 
subsonic case. The particle is 
never within the boundaries of 
any previous wave, nor is any 
wave completely enclosed by 
a preceding one. Further- 
more, the tangent to all waves 
produces a conical envelope 
whose apex is coincident with 
the particle. The envelope 
forms a Mach wave^ and the 
Mach angle n is seen to be re- 
lated to the particle velocity 
and Mach number; 

• -1 ® 
jLt = sm ^ - 

V 

~ ^ M Fig. 8*6. Pressure waves produced t 

seconds after a particle passes left throufi^ 
where a is speed of sound, fps point a: (a) subsonic, (6) supersonic. 

pis partide vdocity, fps 

A point X ahead of the moving partide experiences nothing until 
the Mach wave is encountered; then the sudden disturbance 
decreases gradually. If, instead of a single partide, an infinite 
number of particles forming an infinite filament into the paper is 
conddered, the same statements may be made r^arding the 
formation of Mach waves. Here, however, the flow would be 
two-dimendonal. 

In 8‘56 a moving partide in a stationary fluid was con- 
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sidered. By a change in reference axes, the fluid may be con- 
sidered to pass by the particle at supersonic speed, producing a 
standing wave. Since the wave front in Fig. 8 ’56 had a sonic 
normal velocity, the component of the remote supersonic velocity 
that is normal to the standing wave must also be sonic. 

The point source of disturbance just described always produces a 
weak type of wave that has been defined as a Mach wave. If the 

disturbance consists of a solid 
waU which produces a change in 
the direction of flow as in Fig. 
8-6, a Mach wave results only 
if jS is infinitesimal. For finite 
positive jS, an oblique shock wave 
is produced (Fig. 8-6o). The 
velocity vector vi, rotates 
through the angle P and reduces 
to Va abruptly upon passing 
through the shock, while the 
static pressure increases. For 
finite negative P, an expansion 
wave is produced (Fig. 8-66). 
Here the velocity vector Va 
again rotates through the angle 
P but increases to while the 
static pressure decreases. The 
two t3rpes of waves are similar in that the final velocity vector 
is supersonic and parallel to the wall, but the oblique shock 
wave is generally very thin, and the changes in velocity and 
static pressure occur abruptly upon passing through it. On the other 
hand, the expansion wave is generally not thin, and the changes in 
velocity and static pressure occur gradually through a characteristic 
fanlike region. (This latter phenomenon is frequently called a 
Prandtlr-Meyer expansion.) For a particular supersonic remote 
velocity, there is a maximum positive P for which the shock wave 
will occur as described above (e.g., at M = 3.0 jS^ax = 34 deg). 
For any larger P, the shock wave moves forward at point B, giving 
a detached shock wave. Again, for a particular supersonic remote 
velocity, there is a maximum negative P for which an expansion 
wave will occur as described above. For any larger j8, the flow 
will separate at the point B. 




Fig. 8*6. Supersonic flow patterns 
showing: (a) convergent flow with shock 
wave, and (6) divergent flow with expan- 
idon wave. 
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The photograph sho^m in Fig. 8‘7 illustrates some of these 
principles. The shock wave at the leading edge, the expansion 
wave at the first break in the body surface, the expansion wave 
at the trailing edge, and the separated wake are all clearly defined. 

Lift Coefficient. Let a thin fiat plate be inclined at an an^e a 
to the air stream, as in Fig. 8'8a. The streamlines deflect in 



PiQ. 8*7. Supersonic flow over a bullet at Mach number « 1.56. The shook 
wave originatmg at the leading edge, the expansion wave at the first break in the 
bullet contour, the expansion wave at the trailing edge, and the boundary layer and 
wake are all clearly shown. (Shadowgraph taken by Dr. A. C. Charters at the 
Aberdeen Proving Chround. Reproduced by permission.) 


passing through the expansion and shock wave and follow the 
shape of the plate to the trailing edge, where they again pass 
through a shock and expanaon wave. The pressure decrement 
and increment on the upper and lower surfaces are equal, as in 
Fig. 8-86. Integration of the pressure forces in the vertical direc- 
tion allows computation of the lift coefBcient. The final result 
(due to Ackeret), assuming a is a small angle, is 


4a 

” VAP- 1 


(8*32) 
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where a is the angle of attack in radians defined by a chord joining 
the leading and trailing edges of the plate. 

For thin, slightly cambered airfoils, the lift coefficient may be 
estimated by a more elaborate procedure, ‘ but Eq. (8-32) gives 
an approximate result even for these airfoils, provided that they 
have sharp leading edges and that no separation occurs. 



Coefficient. On the 
same plate in Kg. 8*8, D/L is 
evidently approximately equal 
to the an^e of attack in 
radians; hence 

(8-33) 


Cd = 


VM^ ~ 1 



Fio. 8*8. Supersonic flow characteristics 
a flat plate: (a) streamline pattern, 
(6) pressure distribution. 


It is interesting to notice 
that the relation ca == C:ot used 
to establidi Eq. (8*33) is re- 
quired because the pressures 
act perpendicular to the plate 
surface. The same require- 
ment is true for a flat plate in 
subsonic flow also, but in this 
case the infinite velocity around 
the infinitely thin leading edge 
gives a negative drag force 
tiiat precisely counteracts the drag due to the normal force. 

The effects of viscosity on Cd must be accounted for by separate 
calculations but may be estimated, in the absence of test data, to 
be the same as for unseparated subsonic flow at the same Reynolds 
number. The drag computed using Eq. (8-33) is generally called 
vxm drag, to differentiate it from the skin friction and form drag 
due to viscosity. 

For airfoils havii^ finite thickness Eq. (8-33) must be modified. 
Two of the simplest examples are the circular-arc (lenticular) and 
double-wedge (diamond) airfoils. For the circular-arc airfoil the 
drag coefficient given by Eq. (8’33) must be increased by 


Acd 


16 tV 
- 1 \c 


(8-34) 


> See TN 1143 and TN 1179. 
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and for the double-wedge airfoil it must be increased by 

. (zi (8-35) 

These results are again due to Ackeret. It is important to notice 
that the drag due to airfoil thickness is proportional to the square 
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Fig. 8*9. Supersonic aerod^Tiamic characteristics of a 5 per cent thick double- 
wedge airfoiL {From TN 1179.) 

of the thickness ratio. This is a characteristic of all supersonic 
airfoils and is the reason that thin airfoil sections are so much more 
important for supersonic than for subsonic airplanes. 

Pitching Momeid CoeffcisTd. According to Ackeret, the carter 
of pressure of a thin uncambered supersonic airfoil remains fi^d at 
the 60 per cent chord regardless of airfoil section, hence oc = 0.50 
and 

= 0 (8-36) 

In Kg. 8-9 the characteristics of a 5 per cent thick double-wedge 
airfoil are shown as a function of Mach number and of an^ 
attack. The curves were obtained from a more exact method than 
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that suggested by Ackeret, and the drag curves include an estimate 
of the effects of viscosity. 

8*6 Transonic Aiifoil Row— Two-dimensional. The tran- 
sonic regime divides the sub- and supersonic regimes of flow. It 
begii]^ when some point on the airfoil surface attains sonic speed, 
and ends when the complete flow pattern is supersonic. The 
pressure coefficient corresponding to sonic speed on the airfoil is 



Fig. 8*10. Schlieren photograph of flow past a 12-per-cent-thick circular-arc 
airfoil at if 0.902 and a = 0. {Reproduced by permiesicn from Shock-wave 
OeciUotians in Wind TutmeUt by S, W, Liepmann and S, Aehkenas, JA8, May, 
1947.) 

called the critical 'pressure coeffiderd. The lowest remote Mach 
number for which sonic speed can be attained locally on the airfoil 
is called the critical Mach number. 

While the critical Mach number is defined by the attainment of 
sonic speed somewhere on the airfoil, this may not actually cor- 
respond to any ^‘critical” condition on the airfoil, except that it 
represents a limit below which no shock waves can occur. Local 
speeds greater than that of sound may, and frequently do, exist 
for a considerable distance along the surface of an airfoil; usually, 
however, the same difficulty is encountered as for the venturi tul^ 
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described in Art. 8*3. The after region of an airfoil^ by its geom- 
etry, requires an expansion of stream tubes, which may produce 
supersonic velocities, dependent on the magnitude of the remote 
Mach number. The conversion of this very high speed air to the 
low speed necessary at the trailing edge produces a shock wave 
similar to that in the venturi tube. Unfortunately, the sudden 
rise in pressure frequently causes separation of the flow, and the 
two effects together lead to a general decay of the aerodynamic 
characteristics of the airfoil, as shown at about Jlf = 0.7 in Fig. 8-4. 
No reliable theory has been advanced to predict the exact variation 
in airfoil characteristics caused by this compressibility burble; 
consequently, experimental evidence must be analyzed very care- 
fully in order to extract the principal variables involved.^ 

It has been found that the shock-wave formation at low 
Reynolds numbers, in which the flow is completely laminar, is 
considerably different from that at high Reynolds numbers, for 
which the flow is at least partly turbulent. The mutual inter- 
action between shock waves, expansion waves, and the boundary 
layer is understood only in a qualitative way at present. Figure 
8T0 shows a close-up of the shock-wave and boundary-layer forma- 
tion on a circular-arc airfoil at high Mach number, and Fig. 8*11 
shows a series of schlieren photographs of the flow pattern on an 
NACA 23015 airfoil at several Mach numbers. 

The onset of compressibility burble is clearly shown in the above 
photographs, and is shown graphically in Fig. 8-12, where pressure 
coeflScient is plotted for the NACA 4412 airfoil of Fig. 8-4. The 
sudden increase in pressure coefficient (positively) on the upper 
surface at about the 65 per cent chord is indicative of a relatively 
strong shock wave. The maximum negative pressure coefficient 
was considerably higher than the critical value, indicating a rela- 
tively high supersonic speed, and this speed persisted for a con- 
siderable portion of the airfoil upper surface. 

The interpretation of the photographs and pressure distribution 
may be aided by reference to Fig. 8*13, where diagrams depict the 
flow over an aWoil for several Mach numbers. At ilf = 0.7, a 
smaH region of supersonic flow has formed on the airfoil upper 
surface. The rise in pressure upon passing through the shock 
wave is insufficient to cause flow separation; hence no appreciable 
changes in aerodynamic characteristics would be anticipated. At 

^A good discussion is contained in TM 1113L 
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Jf =*0.400 



M = 0.600 



M « 0.700 

Fig. 8*11. Schlieren photographs of flow over an NACA 23015 airfoil at various 
Mach numbos. a “ 3 deg. {NACA photographs,) 
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M « 0.760 




M = 0.821 

Fig. 8*11. Schlieren photographs of flow over an NACA 23015 airfoil at various 
Maoh numbers, oc 3 de£. \NACA photographs^ 
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M = 0.9, the supersonic region is more extensive on the upper 
surface, and a small region appears on the lower surface. The 
upper-surface region not only is more extensive than at Jlf = 0.7; 




Fig. 8-12. Comparison of pressure coeflScient at high and low Mach number on 
an NACA 4412 airfoil at a = —0.25 deg. {From TR 646.) 

it represents a higher supersonic velocity and thus a larger pressure 
rise through the shock wave, sufficient in this case to precipitate 
separation of the flow, with consequent increase in drag and 
reduction in lift. The diagrams for M = 0.96 and M == 1.05 are 
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somewhat similar, except that the latter shows a weak bow wave 
ahead of the leading edge, followed by a subsonic r^on, which in 
turn is followed by a supersonic region up to the shock wave. 
At JIf = 1.3 the bow wave approaches more closely to the leading 
edge, and the subsonic r^on sh rinks . The position of the bow 
wave with respect to the leading edge and the extent of the sub- 



Fig. 8*13. Diagrammatic representation of transonic flow configurations ffa* 
several Mach numbers. (From NACA — Vnittersity Ctmferenee on Aerodynamico. 
A compUaUon of papers presented, June 21 to 23, 1948.) 


sonic region depend upon the nose shape. For a sharp-edged nose, 
the bow wave may become attached to the leading edge, and the 
subsonic region may shrink to zero. The Mach number at which 
attachment occurs depends upon the wedge angle of the nose. 

8*7 Three-dimensional Flow. The problems of three-dimen- 
sional flow are considerably more complex than those of two- 
dimensional flow, and solutions have been obtained for only a few 
special cases. In this article the results of some of these solutions 
will be presented. Before discussing three-dimensional flow prob- 
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lems it will be convenient to introduce a change in definitions of 
the transonic and supersonic fiow regimes. The convention that 
the division between the transonic and supersonic regimes is defined 
by the attainment of a remote value of the Mach number equal 
to unity wiU be used here. 

Subsonic Flow, In two dimensions the Prandtl-Glauert rule was 
used to predict high-speed airfoil-section characteristics from low- 
speed test data (Art. 8-4). Similarly, in three dimensions, equa- 
tions will be shown for predicting high-speed wing characteristics 
from low-speed test data. The following discussions relate strictly 
to a thin wing at low angle of attack that has an elliptical plan 
form without sweepback. 

At constant geometric angle of attack, the lift coeflicient increases 
with increasing Mach number according to the following relation: 

where Clj^ is lift coeflBicient at Mach number Af, dimensionless 
Cl is lift coeflicient at zero Mach number, dimensionless 
A is aspect ratio, dimensionless 
M is Mach number, dimensionless 
mo is slope of lift curve for infinite aspect ratio at Af = 0, 
per radian 

CJorrespondingly the slope of the lift curve increases according to 


ajf = a / mo + rA \ ^ ^ ^ 

\mo + itAVi - M^J ^ ^ 

where au is slope of lift curve at Mach number Af, per deg 
a is slope of lift curve at zero Mach number, per deg 
These equations were suggested by B. Gothert^ for high aspect 
ratios (say, A > 6). For low aspect ratios the following equation, 
suggested by H. Multhopp, gives better correlation with available 
experimental results; 



^ TM 1105 . 
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Two important characteristics of these three equations should be 
observed. First, if the aspect ratio is infinite, these equations 
reduce to- Eqs. (8*25) and (8*26). Second, if the aspect ratio is 
zero, there is no effect of compressibility; f.e., the slope of the lift 
curve, for instance, does not change appreciably with increase in 
Mach number if the aspect ratio is very low. 

The effect of increasing Mach number on profile drag coeflS- 
cient Cz>o is obtained in exactly the same manner as in the two- 
dimensional case (Art. 8*4). The equation for induced drag 
coefficient is the same as for the incompressible case studied in 
Chap. 6. 

^ 

The effect of increasing Mach number on pitching moment 
coefficient is obtained in exactly the same manner as the two- 
dimensional case (Art. 8*4). 

Transonic Flow. The equations given in the preceding section 
for predicting compressibffity effects in three-dimensional flow 
take no account of the fact that the aerodynamic properties of a 
wing decay considerably at a Mach number that is usually slightly 
higher than Mcr- It is important that the critical Mach number 
be as large as possible. In two dimensions the only variable that 
may be changed in order to increase M^r is the airfoil section. 
Since Mcr is determined entirely by the magnitude of the maximmn 
local velocity on the wing surface as compared with the remote 
velocity, it is apparent that the airfoil section should have a shape 
such that this ratio is as small as possible at the de^gn lift coeffi- 
cient of the wing. In three dimensions, aspect ratio and sweep- 
back provide additional variables. (Effects of taper and washout 
are not considered here.) 

In Pig. 8*14, changing aspect ratio is shown to be relatively 
ineffective unless the aspect ratio is less than about three or four. 
In order to appreciate the influence of sweepback, conader first a 
wing at positive angle of attack in an air stream. If the wing is 
moved parallel to its span then, except for end effects and for 
boundary-layer effects, which may be ignored temporarily, no 
change in the aerodynamic properties of the wing are to be expected. 
Notice, however, that the relative velocity is rotated frcm the 
direction it had when the wing w^as stationary. 
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The above reasoning may be extended to a wing with sweepback. 
Again the boundary layer and the flow at the tips and root are 
ignored. If the relative velocity is z?, only the component v cos A 
perpendicular to the wing axis determines the aerodynamic char- 
acteristics of the wing. This implies that the critical Mach number 
of a ^ving with sweepback is increased over one without sweepback 
according to 

cos A 

w'here is critical Mach number of wing with swreepback A 

M\ is critical Mach number of the same wing without 
sweepback 

Equation (8-41) gives a simple relation between the critical Mach 

numbers for a swept and un- 
swept wing. It is not too valu- 
able, however, because first, the 
airfoil section is generally speci- 
fied in a plane parallel to the 
remote-velocity vector rather 
than normal to the span; second, 
the flow over the root and tip 
section may not be analyzed by 
the reasoning leading to Eq. 
(8-41); third, the lift coefficient 
is by no means constant from 
root to tip; and fourth, there is 
usually a strong secondary flow 
from root to tip of the wing 
within the boimdary layer. The net result of these effects is that 
the critical Mach number of the wing as a whole is determined by 
the attainment of sonic speed at some point whose spanwrise and 
chordwnse position depends upon the particular wing plan form 
and airfoil section considered. Sweepback is beneficial for in- 
creasing the critical Mach number, but Eq. (8-41) is entirely too 
optimistic for predicting the effect in three^ffimensional flow. 

Su'per&mic Flow, In this section the supersonic characteristics 
of smne specific wing shapes will be discussed. These shapes have 
been investigated because the mathematical equations describing 
their geometry are very jsimple. Other more complicated shapes 



Aspect ratio, A 


Fig. 8-14. Variation of critical Mach 
number with aspect ratio for ellipsoids 
of various thickness ratio. {From 
TN 1792.) 
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have also been investigated but are not treated here because only 
the results can be shown, and the results shown here are sufficient 
to illustrate some of the more elementary principles involved. 

Skin friction and form drag due to -VTScosity are ignored in the 
following discusaons to simplify the presentation. Estimation of 
these viscous effects may be carried out as in the two-dimensional 
case; i.e., the drag coefficient for uitseparated subsonic flow at the 
same Reynolds number may be used in the absence of test data. 

Conader an mfinitely thin flat-plate wii^ with constant chord 



0 ' \ 



m 

Fig. 8*15. Geometry of Mach cones at the tips of a rectangular wing: (a) 

Mach number and high aspect ratio, (&) lower Mach number and lower aspect ratio. 

and infinite span in a supersonic stream of air at low angle of attack. 
This is merely another way of considering two-dimensional flow, 
hence Eqs. (8-32), (8-33), and (8-36) apply for defining the lift, 
drag, and pitching moment coefficients, respectively. 

For the same wing with finite aspect ratio, a Mach cone is formed 
at the leading edge of each wing tip, as shown in Fig. 8-15a. The 
regions A, A\ and B act as three separate lifting surfaces. The 
region B has section characteristics again defined by Eqs. (8-32), 
(8-33), and (8-36). The regions A and A' within the Mach cones 
have pressures that vary from a value along the line OP (or O'P') 
that is equal to the pressure in the area J5, to zero along the line OQ 
(or O'QO- The exact variation of the pressure in these regions is 
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not important in this discussion,^ but the over-all lift, drag, and 
pitching moment equations have particular interest. They are 
^ven as follows: 


Cl 


Cl 




4a 

2a 

(8-42) 

ViP-1 

(M* - 1)4 

4a* 

2a* 

(8-43) 

VM^-1 

(M* - 1)4 

a 


(8-44) 

3(M* - 1)4 



where a is angle of attack in radians. 

The drag coefiScient given by Eq. (8*43) is obtained from Cd = 
Cloc for the same reason as in two-dimensional flow. [See discus- 
sion following Eq. (8-33).] 

The influence of aspect ratio is contained in the second term of 
Eqs. (8-42) and (8-43). The drag coefficient may be expressed in 
terms of the lift coefficient by eliminating a between these two 
equations. 


Cl 


CIVAP-1 
4[1 - 1/(24 - i)] 


(8'46) 


Fmr a particular Mach number and aspect ratio the drag co^dent 
is seen to be parabolically related to the Eft coefficient as in sub- 
sonic flow, but here the influence of aspect ratio does not appear 
in the simple form that it did for subsonic flow. For this reason 
induced drag in supersonic flow loses its significance as a separate 
fflitity. If the wing tips are cut off along OP and O'P' so that none 
of the wing is contained within the Mach cone, and hence there are 
no induced effects, the wing acts as in two-dimensional flow and 
Eqs. (8-32), (8-33), and (8*36) apply. 

The aerodynamic properties of a three-dimensionsJ wing due to 
angle of attack have been presented. Further discussions wiE be 
cmacenied with a wing at zero an^e of attack. 

If a rectangukr wing having finite thickness and infinite aspect 
ratio is considered, the drag coefficient at zero angle of attack for, 
say, a cireular-arc airfoil section is given by Eq. (8-34). Surpris- 
ii^y enough, this same equation appEes even for ^te aspect 

1 For a complete discussion see TM 897 and R&M 2001, or Sibert, H. W., 
“Hig)i-speed Aerodynamics,” Prentice-Hall, New York, 19^ 



Abt. 8‘7] 


COMPRESSIBILITY PHENOMENA 


201 


f 

E 

e 

& 


s 

o 


ratios provided that the points P and P' in Fig. 8* 15a Ee between 
Q and Q'. If P and P' Ee outside Off, as in Elg. 8-lo6, then the 
drag coefficient is less than that given by Eq. (8-34). This is 
shown graphically in Kg. 8T6. 

One of the most important was^s in which the drag coefficient 
of a wing in supersonic flow may be reduced is to employ sweep- 
back. In order to simplify presentation and yet ret£un as many 
important variables as possible, consider a wing with a circular-arc 
airfoil section at zero angle of 
attack having sweepback A. 

The Mach cone arising from the 
center-line leading edge may be 
forward or aft of the wing lead- 
ing e(^e (Kg. 8T7) . The Mach 
cone arising from a wing-tip 
leading edge may or may not 
enclose part of the opposite 
wing tip. The three variables 
that determine the relation be- 
tween the Mach cones and the 
geometry of the wing are the 
sweepback angle A, the aspect 
ratio A, and the Mach number 
M. The equations relating the 
drag coefficient to these three 
variables are very compEcated, 
but the results are shown para- 
metrically in Kg. 8-17. In 
order to appreciate immediately the rignificance of these curves, 
consider a wing that has a 45 deg sweepback angle and a 
10 per cent thick drcular-arc airfoil se ction. f%ure 8-17 then 
reduces to a plot of Cd vb. VM* — 1 for various values of A. 
Now if the Mac h angle is also 45 de g, then f rom Eq. (8-31), 
M = v^, or VAP — 1 = 1- For y/M* — 1 < 1, then, the 
Mach wave arising from the center- line lead ing edge is forward of 
the wing leading edge, while for -s/ Jf * — 1 > 1, the Mach wave 
is aft of the wing leading edge. The curves show that for all 
a^ct ratios the highest drag coefficient is attained when the Mach 
wave is coincident with the wing leading edge. 
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Mach number, U 
Fig. 8' 16. Generalized curves for de- 
termining variations of wave drag coeffi- 
cient with Mach number for rectangular 
wing. Circular-arc airfoil at zero lift. 
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An example of the use of Fig. 8*17 is given in Fig. 8*18, where 
curves of drag coefficient vs. Mach number for several angles of 
sv^eepback are shown. It can be seen that sweepback is beneficial 
only if the sweepback angle A is somewhat greater than the comple- 
ment of the Mach angle m- (For the data contained in these two 
figures, the airfoil section in the direction of the remote velocity 
was held constant for all A.) 



Fig. 8*17, Generalised curves for determining variation of wave drag coefficient 
with Mach number for uirtapered swept-back wing. Circular-arc airfoil at zero 

lift. A sweepback angle, /t = sin”^ ^ = oot“^ VAf* — 1 = Mach angle. (From 
TN 1449.) 

8*8 Practical Aspects of High-speed Flight. The critical Mach 
number of an airfoil to be used for high subsonic speeds must be 
known, in order to anticipate the decay of its aerodynamic prop- 
erties. Unfortunately, two of the geometric properties of an 
airfoil that are desirable from a low-speed standpoint, namely, 
moderate thickness and camber, are undesirable at. high speed 
because they decrease the critical Mach number of the section. 
Fortunatdy, the thickness distribution that is desirable for low- 
drag airfoils is also desirable for high-speed airfoils, because of the 
low peak pressure for a particular lift coefficient (see again Fig. 
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3*6). The wing that gives the highest critical Mach number 
should therefore be thin, have camber and thickness distributed^ 
to produce a flat pressure curve, and have considerable sweepback. 
This, of course, assumes no auxiliary means are used to prevent 
compressibility burble, and also assumes that high speed is one of 
the primary considerations on the airplane. 

The wing is not alone in its compressibility phenomena. The 
same kind of flow distortions occur on any body at some subsonic 
speed. The fuselage should generally he long and slender, in 
order to give a high critical Mach number; otherwise the pains 
taken to produce a satisfactory 
wing are at least partly nulli- 
fied. Any major protuberance 
or irregularity on the fuselage 
or wing surface is likely to 
cause burbling, and hence must 
be carefully designed or re- 
moved. The practical aspect of 
designing an airplane to operate 
at very high speed becomes very 
acute, primarily because the 
aerodynamic requirement of 
extreme slenderness and wing 
sweepback reduces the rigidity of the airplane and makes struc- 
tural design increasingly diflScult. 

In Fig. 8-19, polar curves are shown for a typical high-speed, 
single-engined airplane for several Mach numb^. The drastic 
change in characteristics at high Mach number is clearly shown. 
For a particular airplane in level flight at a given altitude, the 
Cl and Mach number are automatically specified by the velocity. 
The lowest dotted curve is for an airplane havmg wing loading 
Z«, = 40 psf and gross weight W = 9000 lb at sea level. The 
middle dotted curve is for 25,000 ft, and the upper one is for 
50,000 ft. All three curves at high lift coefficient become coin- 
cident with the curve for M = 0.298. These curves wiU be used 
in Chap.l4, where performance of a high-speed airplane with 
turbo-jet is discussed. 

In subsequent chapters all effects of Reynolds number and 
Mach number on aerodynamic coefficient will be ignored unless 

^ These influences are treated in more detail in Art. 9*13. 



Fia. 8*18. Effect of Mach number on 
wave drag coefficient for imtapered 
sw^tback wing. Ten per oent thick 
circular^arc airfoil at zero lift. A » 5.0. 
{From Fig. 8*17.) 


204 


PRINCIPLES OF AEEODYNAMICS 


[Chap. 8 


otherwise specified. This leads to tremendous simplification of 
the problems discussed, and of course in some cases is entirely 



Fig. 8*19. Aerodynamio characteristics of a t 3 l>ical hi^-speed, single-engined 
airplane. {Modified from data contained in WR il-90.) 

unjustified. It is important to be constantly aware of these 
approximations in the following chapters. 

PROBLEMS 

8-1. A pitot tube is installed in a high-spe^ (subsonic) wind tunnel, 
and has its two leads connected to a vertical U-tube mercury manometer. 
Test-section temperature f = 50 F; pressure p = 14.9 psi. Outside con- 
ditions are standard. What height h of mercury (ft) corresponds to a 
test-section velocity of 525 mph? 

8-2. Estimate the lift coefficient at a * —0.25 for an NACA 4412 
airfoil at Af = 0.141 and M » 0.717, using Fig. 8*12, and verify the 
answers on Fig. 8*4. Notice that the curves shown on Fig. 8*4 are results 
of force measurements; hence the correlation will not be precise. 
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8*3. Estimate the moment coeicient about tke 2o per cent chord 
at a = -0.25 for an XACA 4412 airfoil at ]/ = 0.141 and ilf » 0.711, 
using Fig. 8*12, and verify tie answers on Fig. 8*4. Hkt; Go tbugh 
an analysis simik to that used to obtain A new set of curves 
must be plotted for graphical integration, whose coordinates are dictated 
by the form of the integral obtained. 

8*4. Plot curves of ci, Ci, and jj vs. M number from I * 0 to 
M B 8 for the symmetrical diamond-shaped airfoil shown in Fig. 8*0 at 
aa4deg. Make the Mowing assumptions: 

1. At M = 0, ici/ia = 0.087 per deg; Ci = 0.0350. 

2. The transonic region is from I «0.7toJf = 1.3. 

3. AtM <0.7 the data shown in Fig. 0*12 may be used for estima% 
the effect of thickness on Cd. 

4. At M > 1.3, the data from Fig. 8*0 may be used. 

5. Reynolds number effects may be ignored at al M numbers. 

8*5. Show analytically that each of tee dotted lines on Fig. 8*10 CQ^ 

respds to a constant value of Wi. 



CHAPTER 9 

THE OPTIMUM AIRFOIL 

The choice of airfoil section depends upon the type of airplane 
for which it is to be used. Structural and aerodynamic considera- 
tions are often of equal weight. In this chapter some important 
aerodynamic characteristics of airfoils will be discussed, with a 
view to deciding their relative importance on the airplane. 

Experimental data obtained from the various government, 
commercial, and collegiate laboratories show some lack of cor- 
relation, dependent upon the amount of inherent tunnel stream 
turbulence, and waviness or roughness of the model surface, and 
also dependent upon whether the section data were reduced from 
three-dimensional or two-dimensional tests and whether force or 
pressure tests were used. This does not destroy the value of the 
experiments but does restrict accurate comparison of data to a 
particular tunnel in which turbulence and airfoil surface conditions 
were closely controlled and duplicated between airfoils. 

9*1 Historical Sketch.^ Prior to extensive investigation of 
low-drag airfoils, section data were reduced from force tests on 
rectangular wings by means of theoretical and empirical equations 
(e.^., see the equations under Table III, Appendix A). Most air- 
foil tests by the NACA were run in the variable-density tunnel 
(VDT), in order to secure large Reynolds numbers. Unfor- 
tunately, this tunnel had excessive turbulence (TF = 2.65), and 
the resulting data were subject to some question. With the 
advent of extensive use of the pressure technique for obtaiaaing ci 
by integration around the airfoil® and c^q by integration within the 
downstream wake, new possibilities for more accurate testing with 
hi^ Reynolds number and low stream turbulence were opened up. 
Accordingly, the NACA constructed the two-dimensional low- 

* Most of the statements contained in Art. 9*1 are based on information in 
WRlrSm. 

‘Integration of pressures on the floor and ceiling of the test section, in 
two-dimensional tunnels, is also used to obtain cz. 
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turbulence tunnel (LTT) and the two-dimensional low-turbuIence 
pressure tunnel (TDT), in each of which the airfoil completely 
spans the narrow but high test section. In these tunnels the 
fundamental characteristics of some of the four- and five-digit 
airfoils were reinvestigated, and a thorough program was begun to 
determine the properties of the newer low-drag sections. From 
these tests the effects of stream turbulence and airfoil surface 
roughness were shown to have a profound influence on the aero- 



ia) W 


Fig. 9*1. Comparison of the effect of sorfeoe roughness on: (a) NACA 4415 
airfoil, and (5) an NACA 642-415 airfoiL S » 6 X 10*. (From WS £r-56a) 


dynamic characteristics; increase in either variable was found to 
produce transition closer to the wing leading edge, which caused an 
increase in drag and a modification to the magnitude and severity 
of the peak of the lift curve. The stream turbulence in a practical 
wing could arise, for instance, from the slip stream of a propeller, 
while surface roughness could arise from any number of sources. 
Although indentations like scratches were found to be not too 
important, any protuberance, even in the form of dust particles, 
could be sufficiently large, compared to the local boundary-layer 
thickness, to produce premature transition. The most critical 
re^on for the protuberances is tibe wing leading edge, because the 
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laminar boundary layer is very thin and, of course, transition here 
subjects a considerable portion of the wing to turbulent flow. 
Roughness fairly widely scattered on the wing leading edge was 
found to produce fliow over the entire wing that was largely 
turbulent, because each projection produced a disturbed region 
that spread laterally and overlapped the region arising from an 
adjacent projection. 

The low (tag coeflicients obtained under ideal conditions are 
therefore not generally obtainable on a conventional airplane 
because of vibration, propeller wake, dust, etc., and because of 
limitations imposed by methods of construction. It is only by 
extreme care in design, construction, and maintenance that full 
value may be realized from the low-drag sections. In Kg. 9‘1 the 
percentage change in characteristics due to roughness is seen to be 
much more for the low-drag airfoil than for the conventional 
four-digit airfoil. It should be.noted that the amount of roughness 
used in these tests was unusually large. 

9*2 Airfoil Geometry. In Chap. 3 the code'used by the NACA 
for demgnation of its various airfoil sections was briefly discussed. 
An additional d^ription of the geometry of airfoils is now in 
order, as a prelude to comparison of airfoil sections from an 
aerodynamic stfmdpoint. 

According to the Bernoulli equation, the pressure coefficient at 
any point on an airfoil in incompressible flow is dependent upon 
the square of the velocity at that point: 



where o is surface velocity, fps 
Vo is remote velocity, fps 

The velocity is assumed to be composed of three independent 
components: 

1. The vdodty induced by the thickness of the basic symmetrical 
airfoil at zero ax^e of attack, Avt 

2. The velocity corresponding to the shape <jf the mean, line, 

Avc 

3. The velocity corresponding to the change in an^e of attack, 
A», 

Fortunatdy, theoretical and empirical methods are available for 
predicting each of the three components, so that they may be 



Art. 9*2] 


THE OPTIMUM AIRFOIL 


209 


added algebraically to obtain the total velocity. The static- 
pressure distribution is therefore immediately predictable for any 
arbitrary airfoil at an arbitrary angle of attack. Although this 
text is not concerned with the methods by which the velocities are 
established, the results are of considerable interest. Figure 9'2a, 




shows a nondimensional curve of velocity induced by airfoil 
thickness; Fig. 9*2& shows that arising from camber, and Fig. 9*2c 
shows that arising from positive angle of attack. In Fig. 9*2d, the 
lower CTlrve shows the square of the velocity ratio from Fig. 9'2a; 
i.e., it represents the square of the velocity ratio on the upper 
surface of a S 3 nnmetrical airfoil at zero an^e of attack. The 
middle curve is obtained from the square of the sum of the ordi- 
nates from Figs. 9-2a and 6; f.e., it represents the square of the 
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velocity ratio on the upper surface of a cambered airfoil at zero 
angle of attack. The upper curve is obtained from the sqxiare of 
the sum of the ordinates from 9‘2a, 6, and c; f.e., it represents 
the square of the velocity ratio on the upper surface of a cambered 
airfoil at positive angles of attack. Using Eq. (9^1), the pressure 
coefficient corresponding to the square of the velocity ratio is also 
shown. Figure 9*2€ is simila r to Fig. 9‘2d but shows curves for the 
lower surface of the airfoil. Whereas the velocity on the upper 
airfoil surface is increased by camber and positive an^e of attack, 
it is decreased on the lower surface; thus, for instance, the lower 
curve in Fig. 9*2e corresponds to the upper curve in Fig. 9*2d. 



Fig. 9*3. Effect on velocity gradient of: (a) amount of thickness, and (h) position 
of maximum thickness for some NACA ai^oils. {From WR 1-560.) 


The effect of amount of thickness and position of maximum thick- 
ness, for actual airfoils, is shown in Figs. 9‘3a and &, respectivdy. 
The trends shown in these two graphs are characteristic of all 
mrfoils. 

The camber of a four- or five-digit airfoil is specified rather 
arbitrarily by dmple mathematical equations. The amount of 
camber and the podtion of maTnnmim camber are then described 
by the first and second digit as shown in Chap. 3. In the low-drag 
series of mifoils, the position of madmum camber is specified 
indirectly by the shape of the pressure distribution it produces. In 
9*4, mean lines are shown for three values of this loading factor 
a. Each mean line is adjusted to give exactly c, = 1.0. (The 
amount of camber shown is unusually hi^; the lift coefficient of 
unity is chosen only as a convenimit reference.) The algebraic 



Art. 9*2] 


THE OPTIMUM AIRFOIL 


211 


difference between pressure coefficients from the upper and lower 
surfaces is shown on the same diagram. Obviously, integration of 
each pressure curve by Eq. (8*24) must give Ci = 1.0. The 
amount of camber is specified indirectly by a demgn lift coefficient^ 



Fraction of chord 

Fig. 9*4. Mean lines for various loading factors to produce ci » 1.0, with l^e 
corresponding algebraic difference of pressure coefficients from the upper and Iowk* 
surfaces. (From WR L-560.) 
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Fig. 9*5. Upper and lower surface pressure coefficients for: (a) two loading fac- 
tors, and (6) two different amounts of cambw, for some low-drag airfoil sections. 
All curv^ correspond to the design lift coefficient. (From WR Z/-560.) 


also called ideal lift coeffiderd. The design lift coefficient of all the 
airfoils shown in Fig. 9-4 is 1.0. If the ordinates of the mean line 
were reduced to half, the design lift coefficient would be 0.6, etc. 
By these indirect procedures, the shape of the mean line is pven 
aerodynamic rather than geometric eigmficance. Figure 9'6 
^ows, for several low-^drag airfoil sections, the mfluence on the 
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upper- and lower-surface pressure coefficients of changes in the 
loading factor and the design lift coefficient. 

Combining the thickness distribution with the mean line dictates 
the geometric form of an airfoil. The whole purpose of the low- 
drag series of airfoils is to produce a favorable pressure gradient 
over a major portion of the airfoil surface in order to promote 
laminar flow. This is very simple to obtain far the design lift 
coefficient as shown in Kg. 9*56. Changes in angle of attack, 
however, modify the pressure distribution, and at some angle of 
attack the favorable pressure distribution on one or the other sur- 



Fig. 9*6. Upper and lower surface pressure ooeflBloients for ei ■ 0 and ci =* 0.32 
for an NACA 663-018 airfoil section. {From WR L-560*) 

face will become unfavorable. In Kg. 9*6 a symmetrical low-drag 
airfoil is depicted that has a favorable pressure gradient to about 
the 50 per cent chord at zero lift coefficient, but when the angle of 
attack is increased to Cj = 0.32, the upper surface develops a 
pressure gradient that is just barely favorable. Further increase 
in angle of attack would cause a slightly unfavorable gradient and 
promote transition to turbulent flow. This is verified in Kg. 9*7, 
where the same airfoil is shown to have a low drag coefficient in the 
range of approximately Ci = ±0.32 that increases drastically 
outside this region because of the onset of turbulent flow. The 
same basic airfoil section cambered to a design lift coefficient of 
Ci = 0.6 is also shown, and the same conclusions may be drawn 
r^rding the shape of its pressure distribution curves and type 
of flow. 

With these general remarks about the geometry of the low-drag 
series of airfoils, attention may be turned to the influence of some 
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important aerod 3 mamic properties of the airfoil on performance 
and stability of a complete airplane. 

In the following discussions, section characteristics will be 
referred to almost excluavely, because it is on this basis that the 
more recent data are compared; however, the general statements 
made about section characteristics also apply to infinite-aspect- 
ratio characteristics, because the difference between them is 
usually very small. The four- and five-digit airfoils were not 



Fig. 9*7. Polar curves for two low-drag airfoils of different camber. w 6 X 10^- 

{From WR Ir^60.) 

developed on a theoretical basis as were the low-drag sections, but 
the effects of camber and thickness are illustrated as well by one 
series as another. 

All discussions wiU be concerned with subsonic speeds below the 
critical Mach number, unless otherwise specified. 

9*3 Angle of Zero Lift, The angle of zero lift is defined by 
the attitude of the chord line when the airfoil has no lift. It has 
no significance in choice of an airfoil, because it merely indicates 
that the lift curve is shifted one way or the other. The only effect 
of a difference in the angle of zero lift of two airfoils is that it 
requires a difference in incidence on the airplane. 

Angle of zero lift is almost completely independent of thickness 
and Bejmolds number but becomes more n^ative with increasing 
camber, as shown in Kgs. 9'8a and 9*9, and usually becomes more 
positive with increasing Mach number. 
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9-4 Lift-curve Slope, dci/dou There is very little difference 
in lift-curve slope among various airfoils having the same aspect 
ratio (Figs. 9‘8a and 9T0), but small differences are important in 
two respects. First, vertical gusts cause a sudden increase in 
an^e of attack and thereby cause a sudden change in wing lift 



(a) 

Fro. 9"8. Aerodynamic oharacteiistics of some fomvdudt airfoils. « 8 X 10*. 
{From TB 669.) 

that depends upon dci/da] hence a large dcifda produces large gust 
loads on the wing. Second, the longitudinal stability of an airplane 
will later be shown to depend directly on the section tail lift-curve 
dope, and inversely on the section wing lift-curve slope. 

The theoretical slope of the lift curve is frequently defined as 
2 t per radian. Using this slope, the airfoil efficiency factoTj 
ifnol2rf is sometimes used as a means for comparing lift^urve 
dopes between various airfoils. The dope of the lift curve is 2v 





Section drag coefficient, c, 
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per radian only for an airfoil having zero thickness, however, and 
it increases for thicker sections as may be seen in Kg. 9*10. 
Pinkerton^ has pointed out that the theoretical value is not 
realized on an actual airfoil, primarily because the difference in 



8 12 16 20 24 28 

Airfoil thickness, per cent chord 


Fig. 9*9. Variation of section angle of zero lift ivith thickness for four-digit, 
five-digit, and fi-series airfoils. B « 6 X 10®. (AneroGed data from WR L-660.) 



Airfoil thickness, per cent chord 

Fig. 9*10. Variation of section lift-curve slope with thickness for four-digit, 
five-digit, and fi-series airfoils. The theoretical curve is not unique. Actually, 
each airfoil has a corresponding theoretics^ curve, but the one shown is representa- 
tive of most convention^ airfoils. It corresponds to tihe Joukavoiky airfoil, which 
has considerable mathematical significance in aerodynsunic theory. 6 X 10®* 

{ExpenmentaL data axeraoed from WB Ir-560.) 

thickness of the boundary layer on the upper and lower airfoil 
surfaces causes an effective reflexing of the airfoil that increases 
with increase in an^e of attack. This partially explains the 
difference in slopes of the various airfoils depicted in Fig. 9*10. 

There is a negligible scale effect on dcifda, but in general an 
increase in Mach number gives an increase in lift-curve slope 
[see Eq. (8*26)]. 

9'6 Maximum lift Coefficient, In landing an airplane, 

the groimd speed must be kept as low as possible. Since groimd 

^TRSes, 
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speed is determined by air speed, the lift coefficient of 

the wing should be as high as practicable in order to attain a low- 
landing speed- From another point of -view, it should be as large 
as practicable, in order to have the smallest wing area for a chosen 
acceptable landing speed. 

The effect of thickness and camber on Ci^ is considerable. A 
very thin symmetrical airfoil has such a small radius of curvature 
at the leading edge that it promotes premature leading-edge 
separation. This effect is considerably reduced if the airfoil is 
sufficiently cambered. A very thick symmetrical airfoil has such 
a large adverse pressure gradient on the after portion of the upper 
surface that separation again occurs prematurely, but here the 
separation first occurs close to the trailing edge. These effects 
are shown in Fig. 9-8a and 9 11. 

Some airfoils have a large value of but the curve of Ci vs. a 
has a sharp peak or even a sudden break (Fig. 9-8a). If all other 
characteristics are comparable, the airfoil with a gradual stall is 
more desirable, because it gives warning to the pilot; however, 
even the sudden break can be acceptable because the wing may be 
designed so that stalling takes place gradually from root to tip by 
using a rectangular wing, using washout, etc. 

Most wings have auxiliary means by which the lift coefficient 
may be increased for landing. These de-vices (slots and flaps) will 
be discussed at length in Chap. 10. The lift coefficient may also 
be increased slightly by landing with power supplied to the pro- 
pellers. In any of these assisting procedures, the magnitude of the 
ma^nTYimn lift coefficient depends upon the basic value for the wing 
by itself. 

The change in Ci^ -with Reynolds number is considerable, and 
the spanwise variation in Reynolds number caused by variation in 
chord of a tapered or elliptical wing generally tends to aggravate 
any tip-stalling tendencies, because of the low Reynolds number 
associated with the small tip chord. 

9*6 Minimum Drag Coefficient, For an average clean^ 

airplane at low lift coefficient, the -wing accounts for one-quarter 
to one-third of the total drag coefficient (at low Cl the Cd^ is very 
small) . The advantages arising from reduction in are tihierefore 
self-evident. The principal cause of differences among airfoils in 
this respect is section thickness and thickness distribution. 
Increasing the former causes differences in skin friction and form 

^ An airplane that is smoothly streamlined is called aerodynamically ''clean.” 
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Atrfbfl thickness, per cent chord 


Fig. 9*1 1, Variation of section maximum lift coefficient with thickness for four- 
digit, five-digit, and Snseries airfoils. B » 6 X 10®. (From WR Ir-560.) 
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drag, by increasing the wetted surface and average velocity over 
the airfoil and by giving more cross-sectional area on which the 
static-pressure differential may act. Changing the latter causes 
differences in skin friction by modifying the pressure distribution 
and hence shifting the transition point (Figs. 9-86 and 9-12). 

Changing thickness also causes changes in the critical Reynolds 
number and critical Mach number, as shown in Chaps. 7 and 8 
(see also Art. 9-13). 



Fig. 9-12. Variation (d mmiTniim section draig ooefi&cxeiit with thickness for 
four-digit» five^git, and d-seiies airfoils- B » 6 X 10^- (Aocroowf data from 
WR L-560.) 


9-7 Section Drag-curve Shape. The shape of the drag curve 
for the older test data on four- and five-digit airfoils is given by 
because these airfoils have drag curves that are essentially 
parabolic. Very thin sections that have sharp leading edges tend 
to give premature transition and separation, while very thick 
sections tend to give premature separation; hence, an average 
thickness (12 to 15 per cent) tends to give the minim um slope 

(Fig. 9-85). , . 

For the newer low-drag sections, the drag curve is characterized 
by a “bucket’' of reduced drag coefficient corresponding to the 
region of favorable pressure gradient on both airfoil surfaces 
(Fig. 9-7). The slope loses most of its significance unless 

applied to small portions of the curve. The position and extent 
of the bucket is always indicated approx^tely by the code- 
number designation of the airfoil, so there is no point in making 
comments beyond those contained in Art. 9*2 except to state that, 
in general, thin airfoils have narrow buckets and thick airfoils have 
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wide ones. Elxperimental data show that the depth and width of 
the bucket are both dependent on Re3moIds number. 

9*8 Maximum Ratio of Lift to Drag, (L/D)max* The {L/D)m&x 
for a flying wing determines its minimum glide angle, as shown in 
Art. 5*4. It also determines the minimum glide angle of a com- 
plete airplane, but the Cl corresponding to {L/D)xaax. is usually 
higher for the airplane than for the wing alone, and the (L/D)iaax 
itself is always less (Fig. 9*13). 



Fio. 9*13. Comparisoa of (L/D),^^. and Cl for for a wing alone and 

for a complete airplane. 


A high iL/D)aBx not only is desirable from a gliding standpoint 
but is also one of the chief factors in determining the maximum 
range (miles per gallon of fuel) of a conventional airplane and the 
maximum endurance (hours per gallon of fuel) of a jet airplane. 
The effect of aspect ratio on (L/D)max is considerable, and this 
accounts for the high-aspect-ratio wings that are characteristic of 
gliders and long-range airplanes. 

The polar curve of an airplane may be represented by the 
parabolic equation given in Art. 6-7 : 




+ 


rAe 


(9*2) 
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The drag coefficient corresponding to (L'D)aa. may then be 
shown to be twice (see Prob. 9T); hence, at (L/D)n^ 

Cd = 2Ci>,^ (9-3) 

Combining Eqs. (9-3) and (9-2) gives the lift coefficient for (L Di —.: 


Cl = “s/Cb^ rAe 
Dividing Eq. (9-4) by Eq. (9-3) gives 


f _ rAe 

~Cb~ 'V4Ci>. . 


(9-4) 

(9-5) 


The influence of aspect ratio and minimum parasite drag coef- 
ficient on {L/D)jnax is clearly shown by Eq. (9*5). The magnitude 
of both variables, in addition to the efficiency factor e, is largely 
controlled by the characteristics of the wing of the airplane. 

9*9 Maximum Ratio of C^ICd, The importance 

of (C|^/CD)max is not readily apparent but will later be shown to 
correspond to the minimum sinking speed (vertical rate of descent) 
and to the maximum endurance (time aloft per gallon of fuel) of a 
conventional airplane. Neither of these performance character- 
istics has great commercial imj>ortanee. 

If the airplane polar curve is again represented by Eq. (’9-2), the 
drag coefficient corresponding to {C^ ^Cz>)m»x may be shown to 
be four times as large as Ci>„ ; hence 

^min 

Cb = 4Cb, , (9-6) 

Pmis 

Combining Eqs. O’O) and (9-2) gives the lift coefficient for 
{C^/Cb)^: 

Cl = V^AbCb, (97) 

7ntin 

The actual ratio is seldom used and wiU not be developed here, 
but the same general requirements are favorable as for {L/D)maxt 
namely, large aspect ratio and low Cd^.^. 

9*10 Maximum Ratio of (C^/C 2 ))in*x- The ratio 

(C^/CD)mux will be shown later to correspond to the condition of 
maximTim range of a jet-propelled airplane. From the same 
assumptions as in Arts. 9*8 and 9‘9, the drag coefficient correspond- 
ing to (Cl?/Ci>)max may be shown to be related to as 

follows: 

C. - HC^.^ (9-8) 
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and the corresponding lift coefficient is given by 
Cl 

Agfun, large aspect ratio and low Cd,, . are advantageous for 
realizing a large max* 

9*11 Aerodynamic Center, ac. The aerodynamic center for 
most airfoils is close to the 25 per cent chord, and this is frequently 
used as a reference point for presenting pitching-moment data. 



Fzo. 9*14. Variation of aerodynamic center with thickness for' four-digit, five- 
digit, and fi-eeries airfoils. 12 » 6 X 10*- {Experimental data averaged from 
WR L-660.) 

Theoretically, the aerodynamic center for an airfoil having zero 
thickn^ occurs at exactly the 25 per cent chord, and experimental 
data show that this is a good average for all airfoils (Eg. 9*14). 

9*12 Pitdiing Moment Coefficient about the Aerodynamic 
Center, The pitching moment coefficient about the aero- 
dymamic center, Cm^, is risually negative, and a small value is 
desirable because it implies small torsional loads on the wing at 
high speed. Flaps usually produce an additional divir^ moment 
that is large compared to t^ wing diving moment, but this con- 
sdderation is important only at low speeds. Eie critical condition 
fen- structural des^ depends upon the particular wing and flap 
combinationu 
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The Cmac should generally be positive for a flying wing, which 
must be both stable and balanced. The influence of on 
the stability equation of a complete airplane will be discussed in 
Chap. 15. 

A symmetrical airfoil section must have zero for it must 
exhibit the same aerodynamic characteristics when inverted as 
upright. The Cm^ becomes more n^ative with increase in 
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Fig. 9*15. Variation of moment coeffident about the aerodynamic center with 
thickness and camber for four-digit, five-digit, and 6-fleries airfoils. 12 » 6 X 10*. 
(Aoeroped doOa from WB Zr-660,) 


amount of camber, as shown in Fig. 9-16; indeed, theoretically, 
Cm^ is linearly dependent upon amoimt of camber. It also 
becomes more n^ative with increasing rearward position of 
Tnaximnm camber, but experimental data showing this effect are 
not plentiful. 

Keynolds number has a negligible effect on and Mach 
number causes a change according to Eq. (8-30). 

9*13 Critical Mach Number, ilfcr- The critical Mach number 
is defined as the lowest remote Mach number that produces a locsl 
Mach number of 1.0 somewhere on an airfoil. It indicates a lower 
limit below which compressibility shock cannot occur. Since the 
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local Mach number depends upon the local velocity, which in turn 
depends upon the local static pressure, the airfoil shape and its 
lift coefficient both define the critical Mach number. The critical 
Mach number is obtained as a function of the most negative 
pressure coefficient on the airfoil, using the curve (due to von 
TCAmtAn ) presented in Fig. 9*16. The variation in critical Mach 
number with airfoil-thickness distribution, percent thickness 
(Pig. 9*17), amount of camber, and position of maximum camber 
(Fig. 9*18) is quite considerable. 



Low-speed minunum pressure coefficient; ^Ptlt 


Fig. 9*16. CSritical Mach number variation vdth minimiiTn low-speed pressure 
coefficient. {Frcm WR Ir-560.) 

The proper choice of airfoil section is seen to be very important 
if the airplane is expected to fly either at very high speed, which 
corresponds to a high Mach number; or at low speed at high 
altitude, heavily loaded, which corresponds to a high lift coef- 
ficient. In general, the root section of a wing on an airplane 
experiences compressibility burble before any other spanwise 
station if flying at low lift coefficient (high speed, say),, because the 
root section usually has the largest per cent thickness. This, rela- 
tion may not hold at lower speeds, however, as is shown in Fig.*9:i7. 
In Mgs. 9’ 17 and 9*18 , the low-speed lift coefficient may be muiti- 
pHed by l/V 1 — M*, in the conventional manner, to obtahi the 
high-speed lift coefficient. 
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Low-speed section lift coefficient Ci 


Fio. 9*17. Yariatioii of critical Mach number with lift coefficient and thickness 
for four-digit and 65-8erie8 airfoils. (From WR 1^560.) 

Example, Find the critical velocity of a wing having an NACA 
654-221 root section at ci = 0.5 at 10,000 ft. 

Solution, This problem may not be solved directly, because the 
answer must be known before the low-speed lift coefficient is found; 
however, successive solutions may be used, and in this particular case, 
the solution is rapidly convergent. 

As a first approximation, the high- and low-speed ci may be assumed 
equal; hence, from Fig. 9*17 at Ci = 0.5, Mcr = 0.58. 

As a second approximation, the low-speed ci may be solved, using the 
above Mcr- 

Cl » 


(0.5) Vl - (0.58)* = 0.407 
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Fig. 9*18. Variation of critioal Mach number with lift coefficient and camber 
for four-digit, five-di^t, and eS-eeiies airfoils. (From WR 1^0.) 


Now reading Met *= 0.595 at Ci ■= 0.407, the third approximation of 
the lowHspeed ci may be made: 

Cl » (0.5) Vl - (0.595)* = 0.402 

Further solution is unnecessary, and the final value of M«. may be 
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rounded out to - 0.60. The speed of sound from Table I, Appendix 
A, is 

a - (0.965)(1120) = 1080 fps 

The critical velocity is therefore 

The breakdown of flow on an airfoil is of interest to the aero- 
dynamicist because it is manifested as an increase in drag coefficient 
and decrease in lift coefficient. Although the critical Mach num- 
ber is a useful criterion because it is quite simple to determine from 
low-speed pressure measurements, there is no assurance that the 
drag increase and lift decrease will coire^nd exactly to this Mach 
number. In order to compare the performance of various airfoils 
at high speed, it is convenient to define another Mach number that 
is more closely associated with the change in the aerodynamic 
characteristics. This drag-divergence Mach number is frequently 
defined as the Mach number for which dca/dM = 0.10. The 
drag-diveigence Mach number is generally higher than the critical 
Mach number. Indeed, it would have to be higher if the drag rise 
could only be caused by the formation of shock waves. It is not 
necessarily higher, however, if the drag rise results from separation 
produced by subcritical compresribility effects. 


PROBLEMS 

9-1. a. Prove that Cd for {L/D)a»x is double Cb, , if the wing polar 
curve may be represented by 


Cb 


Cd, 




+ 


Cl 

tACw 


where e« is a wing efficiency factor, corresponding to the conventional 
airplane efficiency factor c. 

&. Show that if Cd^ of an airplane is constant with changing Cl, then 


9*2. Verify the results of Prob. 6-3 for A — 10, by the relation from 
Prob. 9-la, using e = 0.80 from Prob. 6-12. 

9*3. Compute (L/D)bux and Cl at {I//D)inax for the airplane of Prob. 
6*12, and compare these values with those obtained in Prob. 9-2, for the 
wing alone, with A = 10. 
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9’4. Prove that Cd for maximum C^ICd is HCn , if the airplane 


polar curve may- be represented by 
Cd 


^znixi 


r 4 .^ 
+ ^Ae 


9'5. A 60,000-lb airplane has (L/D)n^ = 17.0, corresponding to a 
velocity V * 130 mph, at sea level. If wing area = 1300 sq ft, and 
aspect ratio » 11, find e, 

9“6. Find the airplane efl5.ciency factor e for an airplane having Cd^^^ 
= 0.0200, dCD^/dCl * —0.0010, A =* 8, and wing efl&ciency factor 
= 0.87. 

9-7. Using Fig. 9-16, verify the critical Mach numbers shown in 
Fig. 9-18, for the four airfoils shown in Fig. 9*5. 

9-8. Explain the shape of the curves in Fig. 9-17. 



CHAPTER 10 
AUXILIARY LIFT DEVICES 


In Art. 9*5 the stalling speed of an airplane was shown to depend 
upon the maximuin lift coefficient, so that the highest practical 
value of is therefore desirable. Several devices have been 

suggested and tested that allow the pilot to increase the over 
that obtained from the wing itself. The flap is the principal 
device used on conventional aircraft, but the slot is also common, 
partically in conjunction with a flap. A third device involving 
boundary-layer control has not yet (1949) been used commercially 
but has interesting possibilities. Each method will be described 
and compared. 

10*1 Flaps. A flap consists of a plate or airfoil having a chord 
about one-quarter of the wing chord. In the retracted attitude it 
forms the trailing edge of the airfoil. It is extended by pivoting, 
rolling on tracks, or moving by linkages until its chord rotates 
through a maximum angle of about 30 to 60 deg from its retracted 
position. There are four principal kinds of flaps, shown in Fig. 
lOT, but each may be modified to suit a particular installation. 

Deflection of a plain flap at high angle of attack produces an 
increment of lift coefficient that is almost exactly the same as that 
produced at low angle of attack (Fig. 10-2)- This might have 
been anticipated, since a deflected flap is somewhat similar to a 
large amount of camber at the trailing edge, and the effect of 
camber has already been demonstrated in Fig. 9*8.^ This same 
principle applies, in general, to all flaps. 

A split flap consists of a simple fiat plate attached to the imder 
surface of the airfoil. It produces approximately the same lift 
increment as a plain flap but naturally causes a considerably larger 
increment in drag because of the wake produced by its deflection. 
However, the moment-coefficient differential is much less- 

A slotted, flap is constructed like a simple flap, but a *‘slot” allows 

^ Cambering a plain flap is not quite analogous to cambering an airfoil, 
because of the difference in definition of wing chco'd and hence in angle of attack. 
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Plain flap 





Fig. 10*1. Four principal types of flaps. The flaps shown have approximately 
25 per cent chord and are mounted on an NACA 23012 airfoiL (From TR 664.) 



Fio. 10*2* Section characteristica of four pnn(npal tsrpes of flaps of approxi- 
mately 25 per cent chord mounted on an NACA 23012 airfoil. Figures on curves 
refer to flap deflection. {From TR 664.) 
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air to pass from the lower to the upper surface of the airfoil at the 
flap leading edge. This high-speed air accelerates the boimdary 
layer and delays separation. In view of the fact that it produces 
about the same lift increment at 30 deg as the plain and split flaps 
do at 60 deg, its small drag increment is quite remarkable and is 
explained by the lack of separation on the flap upper surface; 
hence, the wake, even at 30 deg deflection, is still relatively small. 
The moment differential is 
quite large because of the un- 
separated upper flap surface. 

The Fowler flap is similar to 
a slotted flap, but it moves 
rearward a considerable dis- 
tance, in addition to rotating, 
and thus effectively increases 
the wing area. It is seen in Fig. 

10-2 to produce the greatest 
lift increment with the least 
drag increment; however, be- 
cause of the rearward motion 
of the flap in its extended posi- 
tion and the fact that it is 
slotted, its moment coefiScient 
is very highly ne^tive. 

Figure 10-3 shows the varia- 
tion with flap angle in increment of section maximum lift coeffi- 
cient, for the same four flaps shown in Fig. 10-2. The large 
increment at zero deflection for the Fowler flap arises because it 
slides rearward without rotating, for the first part of its travel. 

Figure 10-4 shows the variation with fllap an^e in increment of 
section maximum lift coefficient, for four flaps of different per cent 
chord on two wings of different thickness. The data show that 
little is gained in making a flap greater than 25 to 30 per cent 
chord, particularly in view of the increased structural loads 
imposed on the wing. They also show that section thickness is 
very important in determining effectiveness of the flap. 

The change in aerodynamic coefficients due to a flap deflection 
on a three-dimensional wing is not so lai^ as those shown in 
Figs. 10-2, 10-3, and 10-4, because of the spanwise limitation 
usually imposed by the ailerons. As an approximation, the change 
in drag and lift coefficients at constant angle of attack and the 



Fig. 103. Increment of section maxi- 
mum lift coefficient due to flap deflection 
for four principal types of flaps of approxi- 
mately 25 per cent chord mounted on an 
NACA 23012 airfoiL (From TR 604.) 
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change in maxinnim lift coefficient may be weighted by the ratio 
of flapped area Sf, included by the flap span 6/, to the wing area S 
(Kg. 10-5) . The moment coefficient may be weighted by the ratio 



Flap deflection, ^ , deg Flap deflection, if, deg 


Fig. 10'4. Effect of flap chord and flap deflection on increment in section maxi- 
mum lift coefficient for split flaps on a five-digit airfoil. (From TR 668.) 



Fig, 10*6. Definition of flapped area 8/ of a wing. 


of flap ‘‘volume” Sf to the wing “volume” Sc, where c„f is the 
average chord of the flapped area and c is the average chord of the 
wing. If the wing is tapered in thickness, it may be represented 
approximately by an average thickness. Figure 10*6 shows that 
deflection of flaps does not cause appreciable change in the type of 
stall (tip stall or root stall), although, of course, it generally causes 
stalling to occur at a lower angle of attack. Available data 
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indicate that the increment in due to flap deflection is 
independent of Reynolds number. 

Haps are used to permit^ low airplane velocity in making a 
landing, or, what amounts to the same t hing , to allow a small 
wing area for a given landing speed. They also serve a different 


Without flaps 




O' lit — .1 

0 10 cc 20 


WRh flaps 

LE. 



RECTANGULAR WING, A^72, 





TAPERED WING, 



'0 10 a 20 

ELUPTfCAL WING,A»6 


Fig. 10'6. Stall diagrams on various wings, wiUi and without 20 per cent chcxd, 
50 per cent span, 60-deg split flaps. Single croeshatch lines indicate disturbed 
region. Double croeshatch lines indicate stalled region. (From RAM 1796. 
Reproduced with permission of the Controller of Hie BrUcatmc Majeety^e Stationery 
Offioe.y 


purpose, however, because a flap having a large drag increment 
reduces the L/D and allows a steeper glide angle without any 
increase in gliding speed. This steep an^e allows a shorter 
approach to a landing field and is particularly useful in small 
fields surrounded by obstructions (Fig. 10-7). A combination of 
large drag -coefficient with large lift coefficient is therefore com- 
monly considered desirable. 

1 The word “permit” is used advisedly. The flaps are not designed to reduce 
the speed of the airplane; they allow ^e plane to fly at a low speed without 
stalling. 



234 


PRINCIPLES OF AERODYNAMICS 


[Chap. 10 


A second use of flaps is to reduce the drag coefficient. When 
a flap is deflected to a small angle, say 10 deg, it produces a fairly 
large lift increment with a small drag increment ai constant angle 


Flight path with hIgh-drag flaps 


Flight path with low-drag flaps 



Fig. 10*7. Comparison of flight paths during landing approach for two kinds 
of flap. 



Section drag coefficient 


Fig. 10*8. Effect of small flap deflection on section drag coefficient for a slotted 
flig). (From SP5 664.) 

of attado. This may imply a small drag decrement at constant lift 
coefficient (Kg. 10-8). The decrement is effected only at fairly 
large lift coefficients, and its magnitude depends upon the par- 
ticular flap and the characteristics of the airplane on which it is 
to be used. SmaD flap deflections are frequently recommended 
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to improve take-off and climb performance of an airplane^ both 
of which may correspond to relatively large lift coeflScients. 

10*2 Slots* A second device used for increasing Tinft.Yinmym lift 
coefficient is the slot. The slot is cut near the leading edge of an 
airfoil and allows passage of air from the lower surface to the upper 



Fig. 10-9. Typical slot installation cut in an NACA 23015 airfoil. iFrom TN 702.) 



Fig. 10*10. Comparison of wing, slot, and slotted flap combinations on an NACA 
23012 airfoil section. Flap deflection 3/ = 40 deg. (From TN 702.) 

surface (Fig, 10-9). The resulting jet of air speeds up the flow 
within the boundary layer and delays stalling to a larger an^e of 
attack (Fig. lO’lO). At low angles of attack the slot reduces the 
lift coefficient slightly and causes an increment in drag coefficient, 
because of the leakage of air. The effect on moment coefficient 
is comparatively small. 

The slot just described is called a fixed slot. An auiomaitc slot 
is construct^ so that the slat in front of the slot is held against 
the leading edge by the local static pressure at low angles of attack, 
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but when the angle of attack is increased to just below the stall 
angle, the local static pressure becomes highly negative and lifts 
the slat away from the surface. The slot so formed acts like a 
fixed slot, and the airfoil may then continue to a much higher angle 
of attack before finally stalling. 

10*3 Comparison of Flaps and Slots. The flap and slot differ 
aerodynamically as well as geometrically. The flap increases the 
lift coefficient at all angles of attack by about the same amount, 
and generally reduces the stall angle. The slot, on the other hand, 
causes an extension of the lift curve to a relatively large stall angle. 
The large stall angle is disadvantageous because it requires a cor- 
respondingly increased inclination of the fuselage in landing, which 
in turn, requires relatively long and therefore heavy landing gear. 
Slots are sometimes employed in conjunction with flaps in order 
to obtain a very high maximum lift coefficient. The combination 
has a stall an^e that is slightly less than for the wing and slot 
(Fig. 10-10). A word of caution must be inserted here with regard 
to the interpretation of these curves. The stall angle shown on a 
curve of section characteristics is slightly misleading because the 
curves plotted for a wing of finite aspect ratio would have the lift 
increments reduced depending upon the span of the flap; also, the 
curves would rotate because of the addition of 

A major advantage of a flap over a slot is that it may be con- 
trolled through a large range of angles and may be used to assist 
in take-off, climb, etc. Some flaps have large hinge moments,^ 
however, that require heavy fittings and linkages and even 
mechanical or electrical boosters. Also, all flaps give large tor- 
sional loads on the wing. The Fowler flap is particularly notable 
for this characteristic. 

Fixed slots cause a small drag Increment at low lift coefficient 
because of their position in the critical leading-edge region of the 
airfoil; they are therefore not generally successful for low-drag 
sdrfoils. Fixed and automatic slots are not dependable in cold 
weather unless adequate precautions are taken to prevent icing. 

Since ailerons are customarily situated at the outer extremities 
of the wing trailing edge, flai^ are generally restricted to about 
60 per cent of the span. No such restrictions are imposed on the 
employment of slots, however, except for low-wing airplanes, in 

^ A hinge moment is the torque required to deflect an auxiliary surface 
such as a flap. 
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which the slot must terminate at the fuselage, while the flap may 
extend across the under surface of the fuselage. Some airplanes 
have been constructed in which the ailerons are deflected down- 
ward to act as flaps, while still maintaining the necessary differ- 
ential operation characteristic of all ailerons. Also, some ailerons 
rotate only upward, allowing the flaps to extend across the full 
span of the wing. 

10*4 Boundary-layer Control, A third method for increasing 
the Tna,ximum lift coefficient is called baundary-layer control. One 



Angle of attack, deg. 

Fig. lO-ll. lift eharacterifetics of an NACA 66gr418 airfoil with suotioQ dkvt 
at 46 per cent chord. {From TN 1071.) 

or more suction slots are located on the upper wing surface, and 
th§ low-speed air within the boundary layer is removed mechan- 
ically by suction. On low-drag airfoils, for which lamin a r flow is 
to maintained as much as possible on the upper surface, the 
suction slots should be located sufficiently far back from the 1^- 
ing edge so that they do not cause transition at low lift coefficient 
when the blower is not operating. Test data using a medium- 
thickness low-drag airfoil are shown in Mg. 10*11 for two suction 
qiiantities. Test data on a medium-thickness (12 per cent) low- 
drag airfoil in which a retractable slat is incorporated are shown in 
Fig. 10*12, The stall angle is evidently too laige to be acceptable 
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OH conventional aircraft, but when flaps are added it is considerably 
reduced, in addition to giving a tremendous increase in lift coefficient. 

Boundary-layer control may be used to reduce the drag coeffi- 
cient of an airfoil by ensuring an assisting pressure gradient, hence 



Angle of attack, deg. 

Fio. 10*12. lift oharacteristics of bjl NACA 64i- 212 airfoil section -with bo«nd- 
azy-lityer control, slot, and double-slotted flap. {From TN 1293.) 

aiding to preserve laminar flow. It has also bemi su^ested^ as a 
means of reducing the large drag coefScient characteristic of the 
transonic regime, by preventing separation. 

Boundary-layer control seems to hold particular promise for 
flying wings, because there is only slight change in pitching moment 
with fairly large suction. Its principal disadvantage when used 


» TM 1168 . 
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with a conventional reciprocating en^ne is that it requires a 
separate blower and a certain amount of ducting, which add weight 
to the airplane. When used with a jet-propulsion unit, there is 
no need for an auxiliary pump. 

10*6 Dive Brakes. A dive brake is any device used to increase 
the drag coefficient of an airplane in order to reduce the velocity 
in a steep glide or dive. A common device consists of two plates 
that deflect in opposite directions on the wing trailing edge 
(Fig. 10*13). This arrangement gives a large drag coefficient with 
a reduction in lift coefficient 
and increase in wing moment 
coefficient.^ The plates are 
frequently perforated to pre- 
vent tail buffeting arising from 
periodic crosscurrents on the _ 

j j V T lO-lS- Dive-nap lustallation on a 

tail that are produced by large trailing edge. (From wr l - eiz .) 

eddies from the wing. This 

type of installation may have its lower element act as a con- 
ventional split flap. 

Dive brakes are frequently installed on the fuselage iostead of 
on the wing, but regardless of position they should be so arranged 
that no large change in pitching moment occurs during their 
deflection. Also, they should not interfere with aileron, rudder, 
or elevator control, and they should not have excessive hinge 
moments. 

PROBLEMS 

10*1. If the section lift coefficient is assumed constant across the 
span of a tapered wing, and if the increment in section ma ximum lift 
coefficient due to flap deflection is assumed constant across the flapped 
span, 

o. Show that the increment in maximum lift coefficient, due 

to flap deflection is 

(I) 

5. Show that the increment in moment coefficient, aCm, due to flap 
deflection is 



1 See WR 1^373. The moment coefficient may be modified by changing 
the relative size of the two plates. 
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10*2. An airplane weighing 12,000 lb has a wing with NACA 23015 
airfoil section and aspect ratio 6. Wing area is 600 sq ft. The airplane 
has a symmetrical fuselage, which is designed to have its axis of symmetry, 
or fuselage reference axis, level at a cruising speed of 220 niph at sea 
level. Assuming the landing speed is 10 mph greater than the stalling 
speed, find the landing speed at sea level, and the attitude of the fuselage 
reference axis at this speed. Neglect ground effect, and assume level 
fight for all speeds. 

10-3. The wing of Prob. 10*2 has a taper ratio X = 0.3. (The airfoil 
characteristics in Fig. I, Appendix B, are for a rectangular wing but may 
be assumed applicable for other taper ratios.) Split flaps having 60 
per cent span and 20 per cent chord are deflected 40 deg for landing and 
stalling the airplane. Eepeat Prob. 10-2. Interpolate from Fig. 10*4 
for maximum-lift-coefficient increment. Assume the stall an^e with 
flaps deflected is 1 deg less than that of the wing alone, but that the 
shape of the peak of the lift curve is the same with flaps up or down. 

10*4. Preliminary performance calculations of a 10,000-lb airplane, 
with an NACA 23015 airfoil section and split flaps, indicate that the 
sea-level stalling speed is 80 mph, corresponding to a flapa-down 
= 2,0. What should the stalling speed be with Fowler flaps, assuming 
this installation to be 200 lb heavier, assumii^ the change in Cl^^ due 
to flap deflection to be increased 76 per cent, and assuming the wing 
area to be the same as for the split flaps? 

10*6, A dive bomber is in a terminal-velocity vertical dive at 5000 ft 
with dive flaps extended. Terminal velocity with flaps extended, Vt^ *= 
300 mph. If W = 9000 lb, S = 500 sq ft, and the flaps cause a change 
in drag coefficient, aCd^^ =* 0.053, what would the terminal velocity Vt 
be at 5000 ft with flaps retracted? Neglect effects of compressibility. 



CHAFrER 11 

PARASITE-DRAG AISHD POWER CONSIDERATIONS 


For performance predictions, the power required by the airplane 
and the power available from the engine and propulsion unit must 
be known for all operating conditions. This implies that the drag 
and thrust must be known for all operating conditions. For a 
particular velocity, the drag depends mainly upon the configura- 



Aspect ratio reciprocal,-^ 

Fig. 11*1. Variatioii in drag coeflScient -with aspect ratio reciprocal fwr a ncnnnal 
flat plate and for a cylinder. Reynolds number, based on length d, is approxi- 
mately 5 X 10*. {The former curve repiotted by permission from "'‘Fluid Mechanr- 
ics” by R. A. Dodge and M. J. Thompson^ McOraxo-HiU Book Company, Inc., 1937, 
and the latter replatted by permission of Engineermg Societies Monograph Committee 
from "'Applied Hydro- and Aeromechanics,"* by h. FrandtL and O. G. Tidfens, 
McGravj-HiU Booh Company, Inc., 1934.) 

tion of the airplane, and the thrust depends upon the power of the 
engine and the efficiency of the propulsion unit. This chapter will 
be concerned primarily with drag and power required by the air- 
plane. Subsequent chapters will be concerned with power plants 
and methods of propulsion. 

In all performance calculations, standard altitude conditions 
are used in order that characteristics of various airplanes may be 
compared on a common basis. This, of course, applies to the 
power required by the airplane, engine bhp, and propulsion-umt 

241 


242 


PRINCIPLES OF AERODYNAMICS 


[CJhap. 11 


characteristics. It is important to realize, however, that these 
conditions rarely are realized, and the procedure is used only for 
standardization. 

11-1 Parasite Drag of Some Common Bodies. Parasite drag 

is composed of form drag 
arising from an integration of 
pressure-force components and 
shin friction arising from an 
integration of viscous shearing- 
force components. Bodies 
may be classified roughly into 
bluff or streamlined categories, 
according to whether they 
have predominant form drag 
or skin friction, respectively. 
Of course, a particular body 
may have considerable varia- 
tion in the proportion of each 
force, dependent upon Rey- 
nolds number, attitude, surface texture, etc. 

An infinitely thin flat plate set parallel to the remote velocity is 
an example of pure s^ fric- 
tion. The same plate set nor- 
mal to the stream is an example 
of pure form drag. Neither 
of these examples represents 
an extreme in drag coefficients, 
however; a low-drag airfoil 
dela37S transition and gives a 
lower drag coefficient at high 
Reynolds numbers than a par- 
allel flat plate; also, a curved 
plate that is concave upstream 
produces a larger wake and 
hence a larger drag coefficient 
than a normal flat plate. 

The drag coefficient for bluff bodies of small aspect ratio is 
generally less than that for large aspect ratio, because of relief of 
the large pressure differential at the ends (Fig. 

^ In Pigs. 11*1 to 11-5, inclusive, Cd and R are based on transverse area 
(frontal area) and width, respectively. 



Length/OIameter 


Fig. 11*3. Drag-coefficient variation 
with fineness ratio for a circular cylinder. 
Drag coefficient is based on frontal area. 
{Replatted by permission from '^AirfHam 
Design*' by JS. P. Warner, McOraw-HUl 
Book Company, Inc,, 1936.) 



Fig. 11*2. Drag-coefficient variation 
with fineness ratio for a streamlined body 
of revolution. Drag coefficient is based 
on ma-rimum frontal area. {Replotted by 
permission from "Air-Cooled and lAquid- 
Coded Aireraft," by J, G, Lee in JAS, 
April, 1941.) 
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The drag coefficient of a body of revolution depends upon its 
slenderness, or fineness ratio (ratio of length to maximum diam- 
eter). A streamlined body has a mmimiim drag coefficient 
corresponding to a fineness ratio of about 2 to 3 ^Fig. 11-2). For 



0.05 0.1 0.2 0.5 

Reynolds number, 


Fig. 11*4. Drag-coefficient variation with Reynolds number for several bodies 
of revolution. Cd is based on frontal area. R is based on diameter. (Replotted 
by permission, with minor rnodificaiUms, from **Fluid Mechanics,'^ by R. A. Dodge 
and Jf. J. Thompson, McGraw-HUl Book Company, Inc., 1937.) 


small fineness ratio, separation takes place, giving a relatively 
large form drag, hence giving a relatively large drag coefficient. 
For large fineness ratio, the large wetted surface of the body causes 
relatively large skin friction, hence gives a relatively large coef- 
ficient. A bluff body like a circular cylinder has a minimum drag 
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coefficient corresponding to a fineness ratio of about 2 to 4. For 
sm al l fineness ratio, the cylinder acts like a flat plate, giving a 
wake considerably larger than the area of the plate. For large 



Fig. 11*5. Drag^<x>efficient variation with RejTiolds number for several bodies 
having infinite aspect ratio. Drag coefficient is based on frontal area. Reynolds 
number is based on transverse dimension. {From TR 619.) 

fineness ratio, the flow separates at the leading edge but closes in 
a^ain, eonfonning to the shape of the cylinder at some distance 
from the leading edge; the relatively large alrin friction is then 
responsible for the increase in dra^ coefficient (Fig. 11*3). 

In Fig. 11-4 the drag coefficient for several bodies of revolution 
is shown as a function of Eeynolds number. Presumably the 3 :4 
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ellipsoid has a sudden drop in coefficient at a critical Reynolds 
number beyond the highest value shown. The peculiar shape of 
the curves has been discussed in Chap. 7. In Fig. 11-5 the drag 
coefficient for several bodies of infinite aspect ratio is shown as a 
function of Reynolds number. 

11’2 Interference. The total drag of two bodies placed close 
to each other is generally different from the sum of the drr^ of 
the two bodies when tested separately. This phenomenon is 
called interference, and it arises from the change in flow pattern that 
accompanies the placing of two bodies in close proximity. The 



Fig. 11*6. Interference flow patterns on streamlined struts far apart and dose 
together. 


interference may be unfavorable or favorable. For instance, the 
drag of two wings placed close together as in Fig. 11-6 is much 
higher than the sum of the two individual drags, because of the 
large wake produced. However, the drag of a stalled wing may be 
reduced considerably by placing an auxiliary airfoil near the 
leading edge to form the familiar slot discussed in the preceding 
chapter. Usually the interference becomes important to the 
aerodynamicist when one body acts in the wake of another, as 
when the tail of an airplane acts in the wake of the wing, or because 
of the mutual distortion of flow pattern on two bodies, such as the 
effect of a wing on the fuselage and the converse effect of the 
fusel^e on the wing. In the first case, the rear body may be in 
a velocity field that is different from the remote velocity, not only 
in magnitude but also in direction and periodicity. In the second 
case, not only is the velocity field different but also the static- 
pressure distribution may be drastically modified, favorably or 
unfavorably. These interference effects are the cause of a good 
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part of the approximations that are necessary in predicting air- 
plane performance, stability, and control. 

One of the most important and most illuminating of all inter- 
ference phenomena is concerned with the stalling that occurs in 
the wing-to-fuselage juncture of some airplanes. Consider a 
vertical flat plate parallel to the remote velocity and allow it to 
intersect a stub wing at the root section (Fig. ll*7a). Owing to 
the growth of boundary layer on the flat plate, the velocity next to 
the plate along the upper wing surface is somewhat reduced, and 
although the static-pressure distribution is almost completely 
unaffected by the presence of the plate, this reduction in energy of 
the boundary layer may lead to local premature stalling. 



Next consider the same plate yawed so that the plate trailing 
edge is moved toward the wing tip (Fig. 11'7&), Here the higher 
velocity and lower static pressure at the wing trailing edge tend 
to prevent stalling. 

Now consider the plate yawed in the opposite direction, so that 
the trailing edge is moved away from the wing tip (Fig. ll-7c). 
The velocity at the trailing edge is reduced, and the adverse 
pressure gradient is increased, both effects leading to premature 
stalling. 

This reasoning may be applied to a wing that intersects a roimd 
fuselage. In the high-wing position (Fig. 11*8), the trailing edge 
is either tangent to the fuselage upper surface, in which case no 
interference ensues,^ or it is buried in the fuselage, in which case 
the upper-surface streamlines must converge as in Fig. 11*76, and 
the interference is favorable. 

In the mid-wdng position, inclination of the fuselage gives rise 

^ The effect on the lower surface is ignored here, because the lower surface 
will not generally stall for positive angles of attack. 
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to negative static pressures on its sides, near the front stagnation 
point of the wing (point x, Fig. 11*8), which becomes more positive 




Fig. 11*8. Wing and fuselage combinations for demonstrating various kinds of 
interference. 


in the direction of flow around the leading edge (point y). This 


adverse pressure gradient tends 
tion at a moderate lift coeffi- 
cient. It may be rectified by 
using a thicker or more cam- 
bered airfoil section (Fig. 11*9), 
or by using a leading-edge 
fillet. 

In the low-wing position, the 
wing leading edge is buried in 
the fuselage, while the trailing 
edge is usually about tangent 
with the lower surface of the 
fuselage. The streamlines 
must, therefore, diverge as in 
Fig. ll*7c, and interference is 
unfavorable. The condition 
may be improved by using a 


to promote leading-edge separa- 
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Fig. 11'9. Effect of wing position and 
fillets on parasite-drag characteristics. 
(Based on data from TR 540.) 
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thicker or more cambered airfoil section, and rectified by using a 
straight-sided fuselage or a fillet (Fig. 11-9). 

11*3 Airplane Parasite Drag. Total parasite drag of an air- 
plane is composed of the parasite drag of all its components, plus 
the interference drag. The customary procedure for determining 
parasite drag is to run tests in a wind tunnel. Usually the wing is 
tested alone; then nacelles are added, and the combination is 
tested; then the fuselage; then the empennage group. Further 

0040 



''0 02 0.4 0.6 0.8 

Uft coefficient 


FiOw 11*10. Paraeite-drag build-up for a typical four-engme airplane. (Baaed 
an UWAL data.) 

tests are conducted for determining the drag coefficients of la-nrlm g 
gear, cowl flaps, etc. A set of curves showing the drag increment 
resulting from the addition of each component is frequently 
referred to as a parasite-drag buildrup, of which Fig. 11*10 is an 
example. By such a set of data, the drag increments may be 
compared with those anticipated from calculations, or with those 
of other airplanes. Improvements may be indicated as in the 
example shown, in which the need for filleting is clearly 
demonstrated. 

The drag-coefficient increment resulting from addition of each 
component could be denoted by a subscript such as indicat- 
ing the drag-coefficient increment due to four nacelles. The 
drag due to nacelles would then be 

Din = ( 11 * 1 ) 

The nacelles might easily have been tested individually in a wind 
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tunnel, without the presence of the airplane. Neglecting inter- 
ference, the drag of each nacelle in this case would be one-quarter 
of the value given in Eq. (11-1) at the same dynamic pressure, and 
ACd^ due to one nacelle would be one-quarter of ACd^. Thus 
the drag equation for one nacelle may be written 

Since an aerodynamic coefficient is completely^ arbitrary, it may 
be based on any convenient area. It is based on the wing area in 
the above cases because all drag coefficients may be added when 
based on the same area, in the same manner that their correspond- 
ing drag forces may be added (at the same q). Sometimes the 
drag coefficient is more conveniently based on the frontal area of 
a body such as a nacelle or fuselage, etc. This area is called the 
proper area jS,, and the corresponding coefficient is called the 
proper drag coefficient Cd,; thus the drag equation for one nacelle 
may be written 

D = (11-3) 

From Eqs. (11*2) and (11-3), 

(IW) 

Thus the proper drag coefficient is merely a new nondimensional 
coefficient that is larger by the ratio of the two areas. The proper 
drag coefficient has particular significance in testing bodies that 
are not necessarily associated with any particular airplane. (The 
data presented in Figs, ll-l to 11-5 are all really proper drag 
coefficients.) If, for instance, a 2 :1 elliptical stmt is to be installed 
on an airplane, its proper drag coefficient may be read fropi Fig. 
11-5, at the correct Reynolds number, and the increment in drag 
coefficient based on the wing area may be computed from 
Eq. (11-4). 

This procedure may be extended still further. Instead of 
indicating the aerodynamic characteristics of the nacelle, fuselage, 
or complete airplane by a drag coefficient, very often an equivakrU 
fiat^plate area is used. This means ^that the nacelle could be 
replaced mathematically by a flat plate having the same drag. 
In equation form,^ 

D = CnSq = 1.280? 

^ The fiat-plate drag coefficient is arbitrarily assumed to have a coxistant 
value of 1.28. 



250 

therefore 


PRINCIPLES OF AERODYNAMICS 


[Chap. 11 


a 


CdS 

1.28 


( 11 - 6 ) 


where a is the equivalent flat-plate area of the body that has a 
drag coeflScient Cd based on a wing area S. The equivalent 
flat-plate area is a convenient and graphic way of expressing the 
drag of a body, for, whereas a drag coefficient of, say, 0.0025 has 
no significance to anyone unfamiliar with the usual size of nacelle 
coefficients, an equivalent flat-plate area of, say, 1.1 sq ft has a 
very definite physical significance. 

Obviously, if the drag coefficient of a flat plate had happened to 
be 1.00 rather than 1.28, then Eq. (11‘5) would have been very 
much simplified. Therefore, it is convenient to evolve a fictitious 
equivalent area which assumes a drag coefficient of 1.00: 

/ = ^ = Cd5 (11-6) 

The new area, which has no ph3?sical significance but allows 
sinaplification of calculations, is called the equivalent parasite area. 
The drag of any body may then be expressed by the following 
alternate equations: 

D = CdSq = CdJStQ = 1.28aq = fq 

from which 

Ci>S = Cv^Sr = 1.28a = / 

The significance of the last group of equations can best be appre- 
ciated by an example. 


Example. A nacelle of 10 sq ft projected frontal area has a drag coeffi- 
cient of 0.0020 based on a wing area of 400 sq ft. Find the proper drag 
coefficient, equivalent fiat-plate area, and equivalent parasite area. 
Sc^tUion. 


^ _Cj>S _ (0,0020)(400) 
“ 10 

CjS _ (0.0020) (400) 
1.28 “ 1.28 

CdS ^ (0.0020) (400) 


= 0.08 

= 0.625 sq ft 
= 0.8 sq ft 


The foregoing discussion of drag on a body emphasizes the fact 
that, since the general force equation merely stipulates that the 
force is proportional to the square of a length, then any convenient 
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area may be used; the only effect of changing the area is to change 
the value of the coefficient. Thus a coefficient is necessarily 
defined in conjunction with some specific area. It should be noted 
that the equivalent flat-plate area, equivalent parasite area^ and proper 
drag coefficient, when referred to a complete airplane or wing, never 
include induced drag. They are aU measures of parasite character- 
istics. The subscript p has been deleted from all drag and drag- 
coefficient symbols merely to make the equations less cumbersome. 

11*4 Power Considerations. Power is the rate of doing work, 
and it may be expressed as work per second, energy per second, or 
the product of a force and a velocity, all three being funda- 
mentally equivalent. The power required Pr to maintain steady 
level fiight of an airplane is found from the product of its drag and 
velocity. 

P, = ^ (11-8) 

where D is drag, lb 

V is remote velocity, fps 

V is remote velocity, mph 

The power required must be supplied by an engine and propulsive 
device, the output of which is called power available Pa. 



TV 

375 


(11-9) 

(IMO) 


where T is thrust in poimds. For constant velocity and level 
flight, Pr = Pa, or using forces, D = T. 

The bhp of the engine, P, is related to the power available from 
the propulfflon unit by the propulsive eflSciency rj: 


V 



(IMl) 


The power required for level, unaccelerated flight of an airplane 
may be obtmned very ^ply from its aerodynamic characteristics. 
Solution of -the power available from the propeller requires 
knowledge of the characteristics of the engine and the propulsive 
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unit. The development of power-available relations must be left 
until these two devices are discussed in the two following chapters. 

11-6 Power Required, Drag on an airplane may be expressed 
as follows: 

I> = ( 11 - 12 ) 


Substituting Eq. (11-12) in Eq. (11*8) yields 

^ 146,600 


For level flight, 


L = 


W = ClS 


FV 

391 


(11-13) 


(11-14) 


For a particular airplane weight, wing area, and altitude, Ci is 
specified by F in Eq. (11-14). From a polar curve for the airplane 



Drag coefficient Cj, 

Fig. 11-11. Polar curve for an airplane having aspect ratio of 7.75. {Based 
on UWAL data,) 

{Cl vs. Cb in Fig. IITI), the velocity indirectly specifies the drag 
coefl&cient and hence, by Eq. (11T3), specifies Pr. In this way, 
an airplane polar curve defines a curve of power required vs. 
velocity (solid line in Pig. 11-12). Curves for other altitudes 
and weights could be obtained by repeating the above procedure 
with the new conditions, but this obviously entails a good deal of 
labor. With a basic curve established, new ones may be found as 
shown in the following sections. Each method involves 
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velocity and horsepower under the new conditions of altitude or 
weight ai the same Cl as the original velocity and horsepower. 



Velocity, V, mph 

Fig. 11*12. Power required for an airplane having aspect ratio of 7.75 for two 
weights and altitudes (based on the polar curve of Fig. 11*11). 


Effect of Change in Altitude. For the sea-level condition, with 


(To = 1 - 0 , 


For the altitude condition, 


146,600 


w, - 

ci>^Sin<Ti 

146,600 


(11-15) 

(11-16) 

(11-17) 

(11-18) 


where subscripts 0 and 1 refer to sea level and altitude, req)eo- 
tively. 

From Eqs. (11-15) and (11-17), since Wo = Wi, So = Si, and 
('Lo ~ 



*This, of course, implies the seme a and Cd alsa 


(11-19) 
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where <ri is called <r merely for simplicity. Again, from Eqs. 
(11*16) and (11*18), with Cdq = 

Prr = (0 <yPr, ( 11 - 20 ) 

Substituting Eq. (11*19) in Eq. (11*20) 3 delds 


Pn 


in 

V~a 


( 11 - 21 ) 


Equations (11*19) and (11-21), when used simultaneously, allow 
computation of Vi and Pn from Fo and Pro for any chosen a. In 
Fig. 11*12 the altitude point Fi,Pri ^ shown corresponding to 
Fo,Pro. It is left to the student to prove that these two points 
and the origin must lie on the same straight line. 

Effect of Change in Gross Weight, Equations (11*16) to (11*18), 
inclusive, may be used with subscripts 0 and 1 corresponding to 
original and new gross weight, respectively. From Eqs. (11*15) 
and (11*17), since So = 8i, Cjlq = Ci^, and <ro = oi, 



Again from Eqs. (11*16) and (11*18), with Ci}^ — 

P^ = (^yPr, (11-23) 

Substituting Eq. (11-22) in Eq. (11-23) ^ves 

Pr^ = (^j^Pro ( 11 - 24 ) 

The point Fi,P,^ for the new gross-weight condition may be 
obtained by simultaneous use of Eqs. (11*22) and (11*24). 

The effects of altitude and gross weight are shown in Fig. 11*12. 
The curves for various altitudes always cross each other as shown, 
but the curves for various gross weights never cross. 

11 *6 Representative Power Required. Representation of the 
airplane polar curve by a true parabola (Fig. 11*13) also allows 
representation of the power-required curve, making its computa- 
tion much simpler. Thus, according to Eq. (6*37), 
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Drag coefficient Cj^ 

Fig. 11*13. Representative drag curve for an airplane of aspect ratio 7.75 (based 
on the polar curve of Fig. 11*11). 



Fig. 11*14. Representative power curves for an airplane of aspect ratio 7.76 
(ba^ on the polar curve of Fig. 11*11). 
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For level flight, W = L; thus 

The product Cdj,S occurs frequently in aerodynamic calculations 
and is called the airplane equivalent parasite area (usually shortened 
to equivalent parasite area), designated by the symboF/; thus 


feV- 391F* 
391 


(11-26) 


Substituting Eq. (11-26) in Eq. (11-8) j-ields 


f<rV» 

146,600 ^ 3.01<76=e7 


(11-27) 


In Eq. (11-27) the first term may be called the equivalent parasite 
pmoer, and the second term is evidently induced power divided by e. 

If the equivalent parasite area, gross weight, span, efficiency 
factor, and altitude of an airplane are known, the horsepower- 
required equation has the form 

Pr = K^^ + Y ( 11 - 28 ) 


where K and K' are constants. Equation (11*28) shows that 
Pr is composed of two terms, the first of which is a cubic para- 
bola, the second a hyperbola. In Fig. 11*14 the two curves 
are shown, along with their sum. The Pr curve is not representa- 
tive at low speed, for the same reason that the parabolic drag- 
coefficient equation does not fit the actual polar (Fig. 11T3), 
namely, stalling occurs, which gives a lower limit to the velocity 
corresponding to on the polar curve. Since the drag 

coefficient increases much more rapidly near C than is indicated 

by the parabolic representation, the actual Pr is much larger near 
Va than is indicated by Eq. (11*28). 

11*7 Scale and Compressibility Effects, The effect of Re 3 molds 
number on Cdj, and Cl^ of an airplane may best be obtained 
from windrtunnel tests on the particular configuration. In the 
absence of these tests, empirical corrections based on sitYiilar air- 
planes may be used. At any rate, no matter how the variations 

^ There is seldom any ambiguity in the meaning of this symbol, in spite of 
Eq. (11*6). The above definition of / is quite standardised and is really only 
a specialization of the previous one. 
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are established, Cd^ and are both fundamental determinants 
of the shape of the power-required curves, and in order to establish 
these curves accurately, the change in Reynolds number with 
change in velocity and altitude must technically be accounted for. 

The effect of Mach number on Cd^ and Cl^ must also be 
obtained, either measured from wind-tunnel tests or anticipated 
from tests on similar airplanes. Here again, the change in Mach 
number associated with changes in velocity and altitude must 
technically be accounted for. 

In subsequent examples and problems in this text, these effects 
are ignored unless otherwise stated. It is important to realize 
that these simplifications might involve considerable error in an 
actual airplane. 

PROBLEMS 

ll'l. A vertical billboard 12 ft long and 8 ft hi^ is supported by 
members at each end, as shown in the accompanying diagram. Assuming 
a wind velocity of 65 mph, what compressive force acts in each of the 



legs 1 and 2? Assume pin joints throughout, except that legs 3 and 4 
are continuous from the ground to the top of the sign. Assume standard 
conditions. Use Fig, 11*1. 

11-2. Find the maYirnmn velocity of descent (mph) of a 200-lb man 
suspended from a 24-ft-diameter parachute, at sea level. Use Fig. 11*4. 
Ignore the weight of the parachute and the aerodynamic forces on the man. 

11*3. An airplane nacelle has Cd » 0.005 based on a wing area cS. 500 
sqft. 

а. Find the equivalent flat-plate area a (sq ft). 

б. Find the equivalent parasite area / (sq ft). 

c. Find the proper drag coefficient Ci>^, if the projected frontal area 
of the naceUe is 8 sq ft. 

d. What horsepower is required by this nacelle if it is on an airplane 
cruising at 200 mph at 19,000 ft? 
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11*4, A 3400-lb airplane uses 480 hp from its engine at Vmix = 220 
mph at sea level. Propeller efficiency rj = 0.85; wing span 5 *= 34 ft; 
wing area S =» 170 sq ft- If Cd^ *= 0.0090, find f and Cd^ at T^m»x« 

11-6. A two-engin^ airplane has an NACA 23015 airfoil, gross weight 
of 5000 lb, stalling speed of 60 mph, aspect ratio of 6, and cruising velocity 
of 100 mph at sea level. A model is tested at sea level at the airplane 
cruising Cl but at half the velocity, and the model-fuselage equivalent 
parasite area / is found to be 0.30 sq ft. The nacelle drag coefficient, 
based on the model-nacelle cross-sectional area (total for two engines) 
of 0.36 sq ft, is 0.4. The model scale is 1:5, except for the wing which 
has one twenty-fifth of the airplane wing area, but has an aspect ratio 
of 10. Neglect Rejmolds number effects on Cd^ and Cd^, neglect inter- 
ference, and assume airplane Cl = wing Cl- 

a. "^at is the plane / at 100 mph? 

h. What bhp is required from each engine at cruising Cl if the propeller 
efficiency tj = 0.80? 

c. What is the airplane Reynolds number at 100 mph? 

d. What is the model Reynolds number at 60 mph? 

11*6. a. Prove that parasite power is equal to induced power divided 
by e at (L/D)m*x. 

5. Prove that all curves of Pr vs. V for a particular airplane at various 
altitudes have a common tangent passing through the origin. 

c. (Consider two lines that pa® through the origin and are tangent to 
curves of P, vs. V, corresponding to two different weights of a particular 
airplane. Prove that the slopes of the lines are in the ratio of the respec- 
tive weights, 

11*7. An airplane weighs 70,000 lb and has a wing loading = 50 psf. 
The wing is rectangular with aspect ratio A « 10, and has an NACA 
23015 airfoil section. The residual drag coefficient Cd^ = 0.0120 and is 
independent of Cl (same airplane as in Prob. 6*12). 

a. Using the airfoil data shown in Fig. I, Appendix B, plot the curve of 
P, vs. Fat sea level for the following velocities: V = 110.5, 115, 125, 150, 
200, 250, 300, 350 mph. (Use 1000 hp = 2 cm or 1 in., and 40 mph = 2 
cm or 1 in.) 

b. Using e » 0.80 from Prob. 6*12, plot induced power divided by 
e &tV = 150, 250, and 350 mph. 

c. Plot the point for Pr at 16,000 f t at F « 300 mph, using the same 
method as in part a, 

d. Plot the complete cu^e of Pr at 16,000 ft, using the searlevel Pr 
curve and Eqs. (11*19) and (11*21). 

c- Plot the sea-level Pr curve for a 30 per cent increase in weight but 
the same wing area. Use Eqs. (11.22) and (11.24). Show that the 
same curve could also be determined approximately using the cun^e 
from part 5. 
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/. Plot the sea-level Pr curve for a 30 per cent increase in weight, but 
with the wing area adjusted to give the same stalling speed as for the 
original weight. Maintain the same aspect ratio. 

11-8. An airplane haAong a wing with NACA 23015 airfoil section 
and aspect ratio of 7 is glided upside down in a calm at 20,000 ft, at 375 
mph. Total airplane Cd = 0.0220. The wing has a rectangular plan 
form and has a span of 37 ft. Glide angle - 12.4 deg. If 200 hp is 
supplied to the propeller, which has an efficiency 9 = 0.60, find 
a. The weight of the airplane 
h. The residual parasite area fr at the above speed 
Ignore the effect of the thrust on lift and assume cosine of small angles 
» 1 . 0 . 



CHAPTER 12 
AIRCRAFT ENGINES 

Variations of the characteristics of an engine with rotational 
speed, altitude, etc., are important because the engine determines, 
in large measure, the performance of the airplane. There are a 
great number of possible power-plant combinations involving the 
use of a reciprocating engine, turbo-jet, ram-jet, and rocket. 
Anal 3 rsis of these various combinations for all possible kinds of 
airplanes, to determine optimum performance, is an xmusually 
formidable study, particularly in view of the possibility of altering 
the aerod 3 mamic characteristics of the airplane through boundary- 
layer control. In general, the propeller and reciprocating engine 
may be regarded as an effective installation for low-speed operation 
because of its low fuel consumption and good take-off char- 
acteristics. The ram-jet and rocket are essentially supersonic 
devices, because they both have comparatively low efficiencies at 
low speed. The turbo-jet, turbo-propeller, and ducted propeller 
are most effective in the intermediate range of air speeds. 

Conventional aircraft usually employ either a reciprocating 
engine or turbo-jet, and it is with these two mechanisms that the 
present chapter is concerned; the discussion will deal first with 
reciprocating engines. Frequent reference will be made to the 
rating of the engine. An engine is customarily guaranteed by the 
manufacturer to operate continuously at normal rated} power and 
rpm; it is also guaranteed for short-period operation at greater 
power and rpm for take-off and military use. 

12*1 Unsupercharged Engines. The average pressure differ- 
ential between the engine cylinder and the atmosphere during the 
working stroke is called the mean effective pressure (mep). The 
product of this pressure, the area of the piston, the length of 

^ Also called normal and rated. Maximum continuous refers to a special 
rating used for climbing flight, usually equal to or slightly greater than normal 
rated pow^. 
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stroke, and the rotational speed defines indicated horsepower (ihpj 
of the engine. 

ihp = K{mep)LAN (12-lj 


where ihp is indicated horsepower 

jK is a constant that depends upon the number of cyl- 
inders and type of engine, dimensionless 
mep is mean effective pressure, psi 
L is length of stroke, m. 

A is area of piston, sq in. 

N is rotational speed, rpm 

The output power of the engine is called brake horsepower (bhp), 
and it is less than ihp because of friction in the engine; thus 


bhp = ihp — fhp 


( 12 - 2 ; 


where bhp is brake horsepower 

fhp is friction horsepower (mainly a function of rpm) 

The bhp of a particular engine is thus seen to depend upon the rpm 
and upon the variables that affect the mean effective pressure, such 
as rpm, intake manifold pressure, throttle setting, and atmospheric 
temperature and pressure. 

When the engine is operating at a chosen rpm and with full 
throttle, the mep is almost exactly linearly dependent upon 
cylinder density, and this relation is reflected in a linear dependence 
of bhp on atmospheric density according to the following empirical 
equation:^ 

= (1.1320- - 0.132)Po (12*3) 

where Pc is altitude bhp 
Pq is sea-level bhp 

This linear dependence of bhp on o- is the reason why bhp is con- 
ventionally plotted against a linear density or <r scale, which 
implies a nonlinear altitude scale (Fig. 12T). Equation (12*3) 
shows that bhp is zero at 55,400 ft; this may be regarded as only 

^ Based on an assumption that fhp is a fixed percentage searlevel ihp. 
From Gaqg, R. F., and E. V. Farrar, Altitude Performance of Aircraft Endues 
Equipped with Gear-driven Superchargers, Trans. SAEy VoL 34, pp. 217-223, 
June, 1934. 
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approximately true, however, since the data on which the equation 
was based correspond to relatively low altitudes. Generally, 
such extreme altitudes are only of academic interest in unsuper- 
eharged engines. 



’0. 10 20 30 40 50 60 

Attitude, h, thousand feet 

Fig. 12’1. Typical variation of bhp with altitude for an unsupercharged engine. 

12*2 Gear-driven Supercharger. A supercharger is essentially 
an air pump of some sort, used mainly to increase air density and 
pressure in the intake manifold. A gear-driven supercharger is 
usually an integral part of the engine and obtains its power directly 
from the engine crankshaft (Fig. 12-2). The amount of super- 
charging is therefore directly dependent upon the rpm. For a 
highly supercharged engine, the tendency to detonate and over- 
heat makes it necessary to operate at part throttle and to take 
full advantage of the superch^ger only at altitude. In Fig. 12*3, 
point A corresponds to the maximum bhp of the engine at sea 
levd, an unattainable value ordinarily, because of the limitations 
just discussed. Point B corresponds to part-throttle operation 
but at normal rated rpm and bhp. Point C corresponds to full 
throttle with normal rated rpm and bhp. The line BCD defines 
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Fig. 12*2. Diagrammatic representation of a gear-driven supercharger installation. 



Fig. 12*3. Typical variation of bhp -with altitude for an engine equipped with 
a sinfi^e-Btage, aingle-sP^» gear-driven supercharger. 
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limits outside of which the engine may not be operated, at either 
part or full throttle, for any rpm for Imig periods of time. The 
altitude corresponding to the break in the curve at point C is called 
the critical altitude. 

The shape of the curves for a supercharged engine is about the 
same as for an unsupercharged one, and the same empirical 



Altitude, h , thousand feet 


Fxg. 12*4. Typical variation of bhp with altitude for an engine equipped with 
a sinj^e-etage, two-speed, gear-driven supercharger. 

equation may be applied. It is most conveniently written in terms 
of the power at the critical altitude. 



where subscripts <r and c refer to conditions above the critical 
altitude and at the critical altitude, respectively. This equation 
also shows that the engine bhp is zero at 65,400 ft, as in Eq. (12-3). 
Equation (12*4) again must be regarded as only an approximation 
at altitudes approaching 50,000 ft. 

Some superchargers are equipped with an^altemate gear ratio 
on the impeller. This single-stage, two-speed supercharger has two 
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critical altitudes, as shown in Fig. 12*4. The low gear ratio is 
used along ABC, At point C the high gear ratio is used and 
allows power along CDE instead of along CF, which would have 
been necessary with the low gear ratio. Point C corresponds to 
full throttle and rated rpm for the lower-speed impeller, and part 
throttle and rated rpm for the hi^-speed impeller. 

An engine may also have two separate gear-driven super- 
chargers, one of which is called the main stage and the other the 
auxiliary stage. The latter may also be equipped with alternate 
impeller ratios. This installation is called a two-stage, two-speed 
supercharger. In some engines, a variable-speed supercharger is 
used to allow control over the amount of supercharging. 

12-3 Turbosupercharger. The high-speed, hot, exhaust gases 
from the engine may be used to drive a turbine to which a con- 



Fig. 12*5. Diagrammatic representation of a turbosupercharger added to the 
gear-driven supercharger installation of Fig. 12*2. 

ventional supercharging impeller is attached. This turbosuper- 
charger is not generally a part of the engine but is used as an 
accessory. It is usually used in conjunction with a gear-driven 
supercharger. The amount of supercharging derived from the 
‘‘turbo” then depends upon the opening of the vxisie gate that 
controls the amount of exhaust gases passing through the turbine. 
Addition of a turbosupercharger to the engine of Fig. 12-2 is 
shown in Fig. 12*5, and tjrpical engine characteristics with and 
without turbosupercharging are shown in Fig. 12-6. 

An arrangement in which the turbine is connected directly to the 
crankshaft instead of to a supercharger is called compounding. 
This procedure is not common, however. 
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Injection of water into the intake manifold is very effective for 
increasing the amount of power that may be obtained from an 
engine, as may be seen in Fig. 12*6. The water reduces the 
internal cylinder temperature and hence reduces detonating 
tendencies. It is more effective than gasoline in this respect 
because it has a considerably higher specific heat and latent heat 
of vaporization. 



Fig. 12*6. Typical variation of bhp with altitude for an engine equipped with 
turboaupercharger- {Reproduced by perrnimon from ''General Specifications for the 
Boeing Modd 377-10-19 Stratocruiserf' Boeing Document 8208.) 


The kinetic energy represented by the high-speed exhaust gases 
of a reciprocating engine, with or without supercharger, may be 
succesrfully used to augment the power output by attaching the 
e xh aust manif old to one or more nozzles that eject burned gases 
rearward. For a given flow of exhaust gases, the thrust obtained 
in this manner is greatest for the largest rahaust velocity, but the 
back pressure produced by the reduction in outlet area of the 
nozzles reduces the bhp of the engine and places a limit on the 
over-all effectiveness of the arrangement. Power increments 
obtained in this manner may amount to as much as 15 to 20 per 
cent, at hi^ speeds.^ 

‘ Theory and test results are shown in WR .®-83 and TTIJ Tr-43. 
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12*4 Fuel Consumption. Tbe fuel required by an engine is 
usually specified by the specific fuel consumption^ c in pounds per 
bhp-hr. The mixture of fuel and air going into the engine is called 
lean or rich, according to whether the ratio of fuel to air is relatively 
low or high. A lean fuel mixture is used for economy in low-speed 
operation, whereas a rich mixture is usually used in high-speed 
operation to prevent overheating of the engine. Specific fuel 
consumption is tabulated or plotted as a function of bhp and rpm 
on the performance charts supplied by the engine manufacturer 
(Fig. II, Appendix B) . In general, it may be assumed independent 
of altitude unless otherwise specified by the manufacturer. 

12-6 Jet Propulsion. A jet-propulsion device is fundamental!}' 
a tube into which fuel is injected to mix with air so as to eject hot 



Fig. 12*7. Diagram showing the principal elements of a turbo-jet. 


gases at high velocity and hence produce a thrust. The amplest 
device is an athodyd (aero-thermo^ynamic-duct) , or ram-jet. It 
contains no moving parts and cannot be used unless the relative 
velocity supplies enough ram to compress the fuel and air within 
the tube, to permit their combustion. The more familiar device 
is the turbo-jet, consisting of a compressor, combustion space, and 
gas turbine contained within the tube as in Fig. 12-7. The 
compressor and turbine are connected to a common shaft; the 
mechanical simplicity of the device is at once apparent. 

Thrust may be expressed by the conventional equation, ignoring 
the small influence of fuel flow: 

r = ^ (F, - F)(1.467) (12-S) 

S 

where T is net thrust, lb 

Wa is air flow, lb per sec 
Fy is relative jet velocity, mph 
F is relative intake velocity, mph 

‘ More properly called brake specific fud consumption. 
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Equation (12-5) is also written 

T = 1.467 ^Vt- 1.467 ^ V (12-6) 


where the first term on the right is called gross thrust and the 
second term is called ram drag. While the ram drag reduces the 
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Fig. 12*8. Typical turbo-jet operatiiig dxaraoteristics. {^A^oduoed hy permis- 
sion from Contemporary Jet-Proptdsion Oas Turbines for Aircraft^ hy D, F. Warner 
ctnd E. L. Auyer^ in Mechanical Engineering^ November^ 1945.) 


thrust of the jet unit, the ram on the intake does assist in the com- 
pression of the combustible mixture. The air flow, fuel flow, and 
thrust ate all predictable theoretically as functions of rpm, air 
speed, and altitude by dimensional analysis,^ and the agreement 
with experimental evidence is good within the limits of the 
assumptions involved. In Pig. 12-8, the thrust T, rpm N, fuel 
flow Wfy and air flow Wo of a turbo-jet are presented in the form 
of p^entages of searlevel static (zero-speed) conditions for three 
altitudes. These curves are not to be regarded as perfectly 
iKeirn, D. J., and D. R. Shoui/ps, Jet Propulsion and Its Application to 
Bigh Speed Aircraft, JAS, August, ld46. 






Aet. 12*5] 


AIRCRAFT ENGINES 


269 


general, because the characteristics are a function of many 
variables, such as the pressure and temperature attained with the 
compressor, exhaust temperature and velocity, friction in the 
system, etc., but they are representative of a typical installation. 

Example. Find the characteristics of a turbo-jet at 25,000 ft, for 
9000 rpm and 400 mph true air speed. The static sea-level (rated) 
values are To = 5000 lb, Nq = 10,000 rpm, = 80 lb per sec, Wf^ = 
5000 lb per hr. 

SoVution, From Fig. 12-8, at 25,000 ft altitude and 400 mph, 
(T/ro)(100) = 28, Wa = (45%)(TF^, Wf « (37%)(Tr,^), hence 

T = (0.28) (5000) = 1400 lb 
= (0.45) (80) = 36 lb per sec 
Wf = (0.37) (5000) - 1850 lb per hr 

The significance of the curves in Fig. 12-8 will not be fully appre- 
ciated until Art. 14*11, where airplane perfonnance with a turbo-^'et 
is discussed. 


PROBLEMS 

12*1. Prove Eq. (12-3) using the following assumptions: 

1. Friction horsepower is independent of altitude. 

2. The ratio of fhp to ihp at sea level is 0.117. 

3. Indicated horsepower is directly proportional to <r. 

4. Friction horsepower and ihp are both directly proportional to rpm. 

12-2. Develop Eq. (12-4), using Eq. (12*3). 

12*3. An engine has a single-stage, single-speed, gear-driven super- 
charger with critical altitude K = 10,000 ft. Assuming power varies 
linearly with rpm at constant altitude, find the altitude K for which 
Pt = 0.75 Pc and N„ *= O.OOJVc, where subscripts a and c correspond to 
altitudes K and fc, respectively. 

12*4. An airplane flying at 400 mph is equipped with a reciprocating 
engine and has its exhaust manifold connected to nozzles ejecting rear- 
ward to obtain propulsion from the exhaust jets. Engine power P * 2000 
bhp. Fuel consumption c =0.5 lb per bhpHhr. Fuel/air ratio = 1:15 
by weight. Jet velocity relative to the airplane, = 1000 fps. Find 
the thrust increment (lb) and inciease in thrust horsepower expressed as 
per cent of engine bhp. Assume exhaust was ejected perpendicular to 
remote-velocity vector before installation of nozzles. 



CHAPTER 13 
PROPELLERS 


All aerial propulsion devices operate on the same principle, 
namely, to change the momentum per second of air or gases in 
order to produce thrust, in accordance with Newton’s second law 
of motion. Some devices continually admit air and discharge air; 
some continually admit air and discharge air along with products 
of combustion; and some admit nothing and discharge only prod- 
ucts of combustion. The conventional propeller uses a large 
mass flow of air and gives it a small velocity increment; the turbo- 
jet and ram-jet use a s mall mass flow of air and give it and the 
products of combustion a large velocity increment. The rocket 
gives the products of combustion a large velocity increment. 
Some other devices use combinations of these methods. 

Characteristics of the conventional reciprocating engine and 
the turbo-jet have been reviewed in Chap. 12; in this chapter the 
aerodynamic characteristics of propellers will be investigated. All 
discussions are limited to the characteristics of a propeller in 
combination with a reciprocating engine. 

13*1 The Ideal Propeller. An actual propeller influences air 
in front, behind, and around the propeller disk^ in varying degrees. 
It has tip vortices and variable down-wash distribution like a 
wing; moreover, each blade section acts at a radius that is different 
from an adjacent section, making it have a different relative 
velocity. These and other complications make the mathematical 
prediction of propeller characteristics very tedious and their ac- 
curacy subject to some question. As in most aerodynamic work, 
the results of calculations must always be checked by experimental 
evidence; indeed, the mathematic^ analyses are frequently useful 
only for predicting general trends. 

As an introduction to propeller theory it is customary to cir- 
cumvent these difficulties by considering an ‘‘ideal” propeller 
that consists of a tube containing the propeller disk, within which 
1 The propeller disk is the circuiar area swept by the propeller blades. 
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the air is assumed to accelerate. This procedure reduces the 
propeller to its simplest form, because the velocity is assumed 
evenly distributed across the tube and no rotational component 
is considered. The ideal propeller is, therefore, a device that is 
capable of inserting energy in the stream by increasing its total 
pressure, but without any of the friction or vortices, etc., that 
are usually associated with the 
losses of an actual propeUer. 

In Fig. 13-1, the remote veloc- 
ity is Vf and the correspond- 
ing static pressure is pi. 

The downstream velocity is 




V ^ 

p(l+a) 

U 


Pi . 
r<l+if 


Sta.l 


Sta.2 Sta.3 


Sta.4 


Fig. 13‘1. Hepresentative circular tube 
of air affected by an ideal propdler. 


r(l + 6), and the correspond- 
ing static pressure is p*. The 
thrust equation may be ob- 
tained from momentum or 

inertia considerations, provided the downstremn station is so 
far removed from the propeller that pt = pi. 


T = iM)ibv) (13-1) 

= \pAv(X -f- a)]6» 

= pA»*(6 -1- ah) (13-2) 


where M is mass per second of fluid flow. The thrust may also 
be obtained from the difference in static pressures before and 
behind the propeller disk. 

r = (p» - Pt)A (13-3) 


where A is the propeller disk area. The Bernoulli equation may 
be written between stations 1 and 2 and between stations 3 and 4, 
because total pressure is constant before and also behind the 
propeller, although it is not constant through the propeller disk. 

P* + ^P»*(l + o)* = Pi + (13-4) 

p* + }4p^0- + o)* = P4 + + W (13*5) 

Equation (13*4) is subtracted from Eq. (13*5) with due r^aid i<sc 
the fact that pi = pi. 

P, - p. = WVX + W - 1] 

= Hp »®(26 + 6*) a 3-6) 
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Equation (13-6) may be substituted in Eq. (13*3), giving 

T = yipi?A{ib + ¥) (13-7) 

Equation (13*7) may be equated to Eq. (13-2) ; hence, 


0 = 2 

Equation (13*8) shows that half the increment in velocity occurs 
in front, and that half occurs behind the propeller. 

The efficiency is obtained in conventional fashion from the ratio 
of output to input power. 

_ output power 
** ~ input power 

The output power, or useful work per second, is the product of the 

thrust and the remote velocity, whereas the input power, or input 

work per second, is the product of the thrust and the disk velocity;^ 

hence „ 

Tv 


Tv(l + a) 
1 

1 + d 


(13-10) 


The ideal efficiency may be estimated for an airplane in level flight 
by equating thrust and drag; hence, from Eqs. (13-7) and (13-8), 


and, from Eq, (5-2), 


T = )4pv^A(4a + 4a^) 


D = CdHpv^S 


From Eqs, (13-11) and (13-12), 

+ a = 


(13-11) 


(13-12) 


(13-13) 


Completing the square, expressing the disk area A in terms of 
the propeller diameter D, and solving for a yields 

“ “ ■^§2 ~ 2 (13-14) 

* Input power may be obtained by other methods (sOe Prob. 13-1). 
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Substituting Eq. (13-14) in Eq. (13-10) pves 

M + VM + (CnS. rZ)*) 

Equation (13-15) shows a good deal about the characteristics of an 
ideal propeller. First, consider a particular airplane flying at 
some arbitrary speed: since Cd and S are constant, the largest 
possible diameter of the propeller gives maximtim ideal efficiency. 
Of course, clearance limitations are imposed on an actual pro- 
peller, but within these limitations, the largest propeller is best. 
Next consider a particular airplane of fibced wing area and pro- 
peller diameter. The equation shows that the highest efficiency 
is obtained at highest speed (minimum Cd); conversely the 
lowest efficiency is obtained at low speed. On an actual airplane, 
these conclusions are not entirely true, being dependent upon the 
design of the propeller and upon effects of viscosity and com- 
pressibility, but the equation is. of interest because it does indicate 
a trend. The ideal efficiency is the maximum attainable and is 
valuable because it shows regions in which a practical propeller 
falls short of the ideal. 

In the absence of experimental data, the factor b may be used 
to estimate slip-stream velocity. It is useful, for instance, in 
predicting the velocity increment on a tail acting in the slip 
stream of a propeller. 

13*2 The Simple Blade-element Theory. An actual propeller 
consists of a number of blades of airfoil section. The simple 
hlade-element theory considers each 

R*^D/Z — -» 

blade to be composed of an infinite ^ 

number of elements having span dr ^ |j * 

and width b (Fig. 13-2). The com- ^ 

bination of the rotational velocity of „ ^ 

, , „ , , , , , . , Fig. 13 * 2 . Propeller blade ^w- 

the propeller and the remote velocity dement b by dr. 

of the airplane causes a relative veloc- 
ity on each element that depends upon its radius r from the 
axis of the propeller. In Fig. 13-3, an element is shown in cross 
section, with propeller rotational velocity airplane remote 
velocity v, and blade angle iS. The relative velocity Vr forms an 
angle a with the chord of the section just as on an airfoil, except 
that the chord of a propeller section is usually defined by the tan- 

^ The symbol n is used to designate rps. The symbol N designates rpm. 
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gent to the relatively flat lower surface. Differential lift and drag 
force vectors are shown in conventional form, perpendicular and 
parallel to the relative-velocity vector Vr. The angle 4> is the 
difference between jS and a. 

The differential lift and drag are combined to form a resultant 
djR, then are resolved again into two vectors, dT and dF, parallel 



]B^g. 13*3. Angle and force relations on a blade element. 


and perpendicular to the axis of rotation of the propeller. The 
former is the differential thrust, and the latter is the differential 
torque force. 

The total thrust T is obtained by integratuig the differential 
thrust force: 

T = Bj^dT (13-16) 

where B is the number of blades. The torque Q is obtained by 
integrating the product of the torque force and the radius at 
which it acts: 

Q-Bf^rdF (13-17) 

Equations (13-16) and (13-17) cannot be integrated until dT and 
dF are found as functions of r. Determination of the functions 
involves a great deal of labor and is beyond the scope of this book.* 
Efficiency of the propeller may be expressed by 


Tv 

2mQ 

Tv 

550P 


(13-18) 

(13-19) 


* For a complete but elementary treatment, see W. C. Ndson, “Airplane 
Propell« Principles,” Wiley, New York, 1944. 
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where P is input horsepower to the propefler or output bhp of 
the engine. Of course, the eflSciency given by Eqs. (13'18) or 
(13*19) must always be less than the ideal efiSciency given by 
Eqs. (13*10) or (13*15). (See Prob. 13*46.) 

13-3 Thxust Coefficients. Propeller coefficients may be devel- 
oped similarly to wing coefficients, with thrust coefficients cor- 
responding to the wing lift coefficient, and torque and power 
coefficients corresponding to the drag coefficient; thus, 

T = (13*20) 


where T is thrust, lb 

Tc is thrust coefficient, dimensionless 
p is mass density, slug per cu ft 
V is velocity, fps 
jD is propeller diameter, ft 

The square of the diameter is. used to make the thrust coefficient 
dimensionless; propeller blade area could have been used just as 
well, but the square of the diameter accomplishes the same pur- 
pose and is far more convenient. The is deleted because 
dynamic pressure has less significance in propeller analyses than 
in airfoil calculations. 

The thrust coefficient could be plotted vs. angle of attack as 
in presenting airfoil characteristics; however, the angle of attack 
is variable along the blade, and hence a reference angle would be 
needed. The angle of attack at the tip could be used, but this 
would require knowing ft e?, E, and n for its solution. A more 
convenient variable might be because for a particular /5, ^ 
defines a. This angle is easily defined by knowing a, B, and n. 


4 > = 


tan“ 


itnD 


(13*21) 


Still simpler, however, is to use v/nD. This parameter is called 
the advance ratio J. 


or 



(13*22) 


- §§ 1 . 
^ ND 


(13*23) 


It usually appears in propeller charts as the variable against which 
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the efficiency and the propeller coefficients are plotted, just as a is 
used for presentation of airfoil characteristics. There is a funda- 
mental difference, however, because the characteristics of a 
propeller are defined, not only by J, but also by jS. The reference 
^ for a propeller is usually chosen to correspond to the three-quarter 
radius. 

Equation (13-20) shows thrust as a function of velocity. An- 
other equation may be developed that is independent of velocity 
but dependent on rpm, by defining a new coeffici^t 

Therefore, 

T = Ctpi^D^(^J 

- Crpn^D* (13-24) 

The thrust coefficient Ct is dimensionless, as was T©, because 
v/nD is dimensionless (see again Prob. 2-15). Equation (13-24) 
is the customary equation used for defining propeller thrust. 
Curves of Ct vs. J for various may be seen in Figs. III6 and 
IVd, Appendix B. Equation (13-24) may be expressed in more 
convenient units 

^ = W C!TcrN*D^ (13-26) 


13 -4 Power Coefficients. Power coefficients may be developed 
in a manner similar to that used for thrust coefficients. Power 
inputf to the propeller is 

p = 2mQ 

where Q is the torque. By similarity with Eq. (13-24) 


Q a pn^D^ 

Therefore 

p a 

p » Cppn^D^ (13-26) 

where Cp is the power coefficient. In more convenient units 

2 

^ Throughout the text, p is used for power in foot-pounds per second, while 
P is used for power in horsepower. 
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Curves of Cp vs. J are shown in Figs. III 6 and IVc, Appendix B. 

A second power coefficient that is independent of diameter is 
defined as follows: 

c - 

\CpnD 


„ _ V 

A/ p nD 


5 

p „ 

yjprP 

(13-28) 

In more convenient units, 


^ 0.638FcrH 

“ pyiNH 

(13-29) 


This coefficient is called the speed-jxnoer coefficient, and ilg. V, 
App^dix B, may be used for its solution. It is shown as a Amo- 
tion of J in Figs. Ilia and lYa, Appendix B. 

13*6 PropellerEfficimicy. Propeller efficiency may be expressed 
as 


Tv 

• ^ ^ 'TT 

V 

Substituting from Eqs. (13-24) and (13-26) yields 


(13-30) 


{CTpn^jy‘)v 

’ “ Crpn*!)* 

= &/ (13-31) 


Since Ct and Cp are both functions of /, 17 is also a function of J 
as shown in Figs. Ilia and IV&, Appendix B. 

Example. The following data are given for the four-bladed propeller 
of Fig. rv^, Appendix B: engine rpm - 2400, gear ratio = 0.475, ^ « 40 
deg, V = 352 fps, <r = 0.6, bhp =* 1500 hp. 
a. Find C, using Eq, (13*29). 
h. Find J, rjy Cp, and Cr from Fig. IV, Appendix B. 
c. Check the results of b by Eq. (13-31). 

SolvUon. a. The propeller rpm is obtained as 

N « (2400)(0.475) « 1140 rpm 


V = 


352 

1.467 


and the velocity is 


240 mph 
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From Fig. V, Appendix B, 

= 4.32 
= 0.903 
= 16.7 

Uang Eq. (13-29) gives 

^ (0.638) (240H0.903) _ , „„ 

“ (4.32)(16.7) 

6. From Fig. IV, Appendix B, at C, = 1.92 and p = 40 deg: J = 1.51, 
V = 0.83, Cp - 0.290, Ct = 0.158. 

“• ’ - (S)®-**’ - 

The slight discrepancy in rj arises from the fact that the curves are faired 
from experimental data. 

13*6 Comparison of Propeller and Airfoil Characteristics. 
While the curves of <7x, and Cd vs. a have physical significance 
to an engineer because of the natural association of these coeflBl- 
cients with their corresponding forces, the physical interpretation 
of propeller coefficients in relation to the forces on the propeller 
blades is more complex and is frequently obscure. Certainly the 
coefficients, when multiplied by the proper variables, give the 
correct thrust and power, but the significance of the shape of the 
curves is not immediately apparent. 

As an aid to understanding and remembering the significance 
of the curves, three statements may be made, without proof. The 
statements are not accurate for large 

1. The curve Ct vs. J for a particular jS corresponds approx- 

imately to a curve of Cl ys. P — a for the basic blade sec- 
tion; z.e., the Ct curves are essentially Cl curves plotted 
“backwards.^' In Fig. 13-4, the thrust curves are ap- 
proximately linear; also when Cy— >0, Cl— > 0, and when 
Ct Ct^j Cl Cl — . 

2. The curve of v vs. J for a particular p corresponds very 
approximately to a curve of {L/D)(J) vs. jS — a; i.e., the 
efficiency curves are similar to curves of L/D that have been 
plotted “backwards” like the Ct curves and made to pass 
through the origin. In Fig. 13-6, when rj-^0 at high J, 
L/D 0 at low a, and when i; — ^ 0 at low J, L/D — > 0 at 
high a; furthermore when ij T^max, L/D (L/D)max. 
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3. The curves of Cp and C, vs. J cannot be related simply to 
the conventional airfoil curves, but their shape is determined 
in part by the curv’-e of Cd vs. a. 



Angle of attack, 4; deg 

(a) 



Advance ratio, J 

w 


Fig. 13*4. Curves used to demonstrate the relation between airfoil and prop^liOT 
variables: Cl and Cy. 



Angie of attack, 4 c, d^ 

(a) 



ib) 


Fig. 13*5. Curves used to demonstrate the relation between airfoil and pro- 
peller variables: L/D and 17 . 


The propeller parameters are therefore related to their airfoil 
counterparts according to the following table: 


Comparative Coefficients and Parameters for Airfoils and Propellers 


Propeller AirfoU 

characteristic cAarac^emfic 


J and ^ « 

L 

D 

Ct 

Op and C. Cd 
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13*7 Propeller Geometry. The plan form of a propeller is 
defined by both aerodynamic and structural considerations. The 
low-speed propeller conventionally has a maximum width at 
about the 50 per cent radius that tapers toward the tip (Fig. 13*2). 
Propellers designed for large power absorption have relatively 
wide blade tips. The capability of a propeller to absorb a given 
amount of bhp is sometimes specified by a solidity factor (ratio of 
total blade area to propeller disk area), but this factor does not 
account for variations in blade width along the blade span; i.e., 
two propellers may have the same solidity, but if one has most 
of its blade area at the root while the other has most of its area 
at the tip, their capacities for absorbing power will be widely 
difiEerent. This has led to the development of another parameter 
called the activity factor (AF),^ defined as follows: 


AF^ = 


100,000 

16 



(13-32) 


where AF is activity factor, dimensionless 
h is blade width at radius r, ft 
R is propeller radius, ft 
D is propeller diameter, ft 

100,000 inserted to give activity factor a convenient 

magnitude 

The activity factor is derived from the fact that power absorbed 
by a blade element is proportional to its differential area and to 
the cube of the local velocity. The differential area is h dr, and 
the local velocity is approximately proportional to the radius; 
thus the differential power is proportional to the cube of the 
radius, the first power of the blade width, and the differential 
radius. The activity factor refers to a single blade and has a 
value ranging from about 60 to 110 for conventional propeller 
blades. 

Compr^ible effects that occur on a propeller depend upon the 
blade section, angle of attack, and relative Mach number, in the 
same way as for an airfoil. The reduction in section lift coeffi- 
cient and increase in section drag coefficient, which are char- 
acteristic of compressibility shock, cause a reduction in L/D and 
hence produce a reduction in i? of the propeller. This is indicated 

1 Siiggested by F. M. Thomas, F. W. Caldwell, and T. B. Rhines, Practice 
Airscrew Performance Calculations, JRAS, January, 1938. 
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by an efficiency correction factor F,, by which from the propeller 
charts must be multiplied. 

The compressibility phenomena on a propeller are, of course, 
more complex than those on an airfoik Of primary importance 
is the fact that the blade thickness is a function of the radius; 
hence while the tip section is the first to reach its critical Mach 
number at low forward speeds of the airplane, the root section 
may be first to reach its critical Mach number at high forward 
speeds of the airplane. This and other influences make the 
estimation of compressible effects on a particular propeller un- 
usually difficult. The efficiency correction factor is usually 
assumed to be primarily a function of tip Mach number, but 
the tip Mach number is specified indirectly by an effective helical 
tip speed. This is obtained by computing , the helical tip speed 
of the propeller that would have the same Mach number at 
standard sea-level conditions as the propeller does under its actual 
conditions. For instance, in Fig. VI, Appendix B, a propeller 
having Z) = 12 ft, iV = 1200 rpm, and V = 400 mph at 20,000 ft 
has a true helical tip speed 

tv = V[(400)(1.467)l* + [(x){12)(20)]* 

= 958 fps 

and an effective helical tip speed 

958 

0.929 

= 1032 fps 

The variation in F, with effective helical tip speed depends upon 
all the geometric characteristics of a propeller. Many attempts 
have been made to reduce the great number of variables to a 
minimum, but at present there are insufficient test data to in- 
dicate accurate trends. The curve marked ^‘Representative 
lower limit” will be used in all problems and examples in this 
text, because it is probably conservative for most conventional 
propellers operating at low airplane speeds. For the above 
example, F, is therefore 0.931. 

Large compressibility effects may be circumvented by choosing 
a lower gear ratio (if the engine has more than one available), by 
increasing the number of blades, by using a blade with a larger 
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activity factor, by using a blade section that has a higher critical 
Mach number, or by putting sweepback in the blade. 

Compressibility shock frequently occurs on the blunt shank 
of the propeller. This may be delayed by using a cuff, which 
consists of an airfoil-shaped sheet that surrounds the shank and 
reduces its per cent thickness. The cuff is also sometimes used 
to increase cooling air flow through the nacelle. 

13-8 Choice of Propeller Diameter. A propeller may be 
selected to give maximum eflSlciency at the high-speed condition 
or at the cruising condition, etc. For preliminary discussion, the 
design may conveniently be restricted to the condition of maximum 
speed. It may be assumed that the curve of Pr vs. V for the 
airplane is known and that the rated bhp and rpm for the engine 
are known. The problem consists of determining the optimum 
propeller diameter and blade angle. The process is one of trial 
and error; the foUowing steps may be utilized: 

1 . Assume rj. (For high-speed design choose 2 per cent less 
than the maximum possible value shown on the propeller 
chart.) 

2 . Calculate horsepower available, Pa- 

3. Since Pa — Pr, get Fmax from curve of Pr vs. F. 

4. Calculate C„ using Fig. V, Appendix B. 

5. From a plot of C, vs. J for various ft find p and J for i 7 niax 
by intersection with ‘Tine of maximum eflBlciency” curve. 

6 . From a plot of rj vs. J for various ft And 17 . It will be on the 
envelope of the curves and will be the maximum rj for the 
computed C,. 

7. From the J of step 5, compute the propeller diameter 
D = (88V)/{NJ). 

8 . Correct the efficiency of step 6 , using Fig. VI, Appendix B. 
Corrected ri = 

9- Jitf from step 8 checks 17 from step 1 within 0.5 per cent, use 
the value from step 8 ; otherwise repeat steps 1 to 8 with the 
17 from step 8 as the second assumed value. 

The propeller diameter chosen in this manner gives the max- 
imum possible speed at the particular altitude for which the 
anal 3 rsis is made. It is frequently advisable to design for some 
other condition, because the high-speed design gives relatively 
poor take-off and climbing characteristics of the airplane. Thus 
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a small sacrifice in Ugh speed often gives a veiy large benefit at 
low speed. On the other hand, the weight of a propeller and 
landing gear increase with increasing propeller diameter; h^ce a 
diameter slightly less than that indicate by the preceding analyas 
might be more derirable. 

The particular anal3rBis given is the same whether a fxei-jnteh 
or constant-speed propdler is used. A fixed-pitch propeller con- 
sists of blades that are rigidly attached to the hub so that a 



Rotational speed, N, rpm 

Fig. 13'6. Sea-level full-throttle power characteristics for the engine cS. Fig. 12*1. 

constant blade angle^ is maintained for all Sight conditions. The 
constant-speed propeller has blades that change blade angle 
automatically so as to maintain the constant speed (rpm) that 
has been selected by the pilot. 

Propeller data are usually obtained from wind-tunnel tests and 
must be used with caution if accurate results are expected. The 
propeller charts are actually applicable only to the particular 
configuration used in the tests. Therefore, for instance, if the 
propellers were run in front of a single nacelle in the absence of a 
wing, the effect of slip stream on the wing, fuselage, and tail 
should technically be accounted for by a separate calculation, 
^ The blade an^e of a propeller is variable from root to tip; however, for 
comparison of various propellers, the blade ang^e at the three-quarto radius is 
usually us^ as a reference. It is in this latto* sense that the word is imed here. 
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resulting either in a change in propdler efficiency or a change in 
airplane drag characteristics. In this text all such effects are 
ignored. 

13*9 Power Available. After the number of blades, activity 
factor,* and diameter of the propeller have been chosen, the power 
available,* Pa, from the propeller-engine combination may be 
obtained for any velocity and any altitude. In the following 
analyses, fixed-pitch and constant-speed propellers will be con- 
sidered separately. 

Fixe&qntch Propeller. The determination of sea-level power 
available for a fixed-pitch propeller is somewhat simplified if the 
curve of bhp vs. propeller rpm is represented by a straight line 
passing through the origin (Fig. 13*6). The error involved is 
always very small; hence 

P^KN (13-33) 

wh^ K is constant 

N is propeller rpm 

Substituting Eq. (13-33) in Eq. (13-27) yields 

^ (13-34) 

Cp is thus seen to be a function only of the propeller rpm. The 
velocity and power available may be found in the following 
manuer: 

1. Assume a value of J. 

2. Bead Cp and n from the propeller charts for the design jS. 

3. Compute N from Eq. (13-34) 

^ “ V2D‘<rCp 

4. Compute 7 from Eq. (13-23) 

T. JND 
88 

5. Correct t] for tip speed. 

6. Compute Pa =“tiP — nKN. 

• In this text, data are not pven for various activity factors in order to 
rim^^ify explanations. 

* Pow^ available usually implies tbe use of rated power of the engine at the 
particular altitude conridered. 
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If the above steps are carried out in tabular form for several 
assumed values of J, several points may be established to construct 
a curve of Pa vs. V. This curve is conventionally superimposed 
on the curve of Pr, as in F^. 13*7. The difference in power be- 
tween the curves is called excess horsepower, and it will be shown 
later to be usable for climbing. 

1200 


a; 




50 100 150 200 250 

VelocHy, F, mph 

Fiq. 13*7. Typical cuives of power required by an airplane and power availal^ 
from the propelleri with superimposed curve of engme-brake horsepower. 

Altitude unsupercharged performanoe may be obtaizied in a 
ftiTYiilfl-r manner except that X, and the tip-speed correction 
are all changed. If no engine curves are available to dbtow power 
variation with altitude, Eq. (12-3) may be used for estimation. 

Use of a supercharger with a jBxed-pitch propeller is not common, 
because the propeller cannot use all the power of the engine. 
This provides one of the principal arguments for using a ccm- 
stant-speed propeller, because it is adaptable to large changes 
in power through changes in blade angle. 

Constant-speed Propeller, The choice of propeller diameter by 
the method of Art. 13.8 is the same for fixed-pitch and con- 
stant-speed propellers. Determination of power available for 
all velocities is very simple for a constant-speed propeller because 
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rpm and bhp are constant; hence, from Eqs. (13-23) and (13-29), 

J = KxV 
C. = KiV 

Therefore 

^ = Z, (13-35) 

where and Kz are constants. On a graph of C, vs. /, a 

straight line from the origin defined by Kz^ allows reading of vj for 
any chosen J, from which Pa and V may be calculated, after 
making the necessary tip-speed corrections. 

A second, simpler method involves use of a chart showing ri vs. 
J with Cp as a variable (Pigs. IIIc and IVe, Appendix B). Since 
Cp is constant for a constant-speed propeller, 17 may be read 
directly from this chart for any J or V. It is interesting to note 
that since 

Pa ^ riP cc 

and 

T7 T 


the curve of 17 vs. J, for a particular Cp, may be regarded as an 
indication of the shape of the Pa vs. V curve. 


Example. A two-engined airplane has three-bladed propellers of 10-ft 
diameter. Find the power available at 250 mph at 15,000 ft where the 
normal rated power and rpm are 800 hp and 2500 rpm, respectively, per 
engine. Gear ratio = 0.5. 

Solution. From Eqs. (13-27) and (13-23), 


r _ KPP _ (10^)f800) 

2<rJV*D‘ “ (2)(0.629)(1250)»(10)‘ 
r 887 _ (88)(250) ^- 7 . 

ND (1250)(10) 


0.326 


From Fig. IIIc, Appendix B, using Cp = 0.326 and J = 1.76: 17 ^ « 0.78. 
From Fig. VI, Appendix B, F, = 1.0; hence tj « 0.78, and thus Pa = 
1248 hp. 


PROBLEMS 

13-1. Prove input power to an ideal propeller is Pinput - Pv (1 -f- a) 
by 

a. Considering the kinetic energy per second entering and leaving the 
propulsion unit. 
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b. Considering input power to be the sum of the power output and 
power loss. The power loss can be obtained by considering the gain in 
energj’- per second by the atmosphere, as a result of the propeller passing 
through it. 

13-2. Compute ideal efficiency of the propellers of a two-engined 
airplane operating at high speed with Cd = 0.023, knowing wing span/ 
propeller diameter = 10.0, and aspect ratio = 8.0. 

13-3. An ideal windmill having 20-ft diameter is operating in a 20-fp6 
wind. 

а. Find the maximum axial force on the shaft (lb). 

h. Find the shaft horsepower corresponding to part a, 

c. Find the maximum shaft horsepow^. 

d. Find the axial force on the shaft corresponding to part c (lb). 

e. Find the axial force if a solid circular disk of 20-ft diameter is 
installed on the shaft, instead of the ideal windmill (lb). 

13-4. a. Develop the following expression for ideal propeller efficiencj’, 
as a function of advance ratio and power coefficient: 

ly? _ x 

1 — 2 Cp 

б. Superimpose curves of ideal efficiency vi on Fig. lUc, Appendix B, 
for Cp = 0.1 and 0.5, and observe the difference between actual and 
ideal efficiencies. 

13*6. A 1000-lb light plane having a 7-ft-diameter propeller and 
L/D = 5 is flying level at 2000 ft altitude in a 10-mph head wind. If 
its propeller efficiency (actual) is 80 per cent, and its relative ground 
velocity is 90 mph, find the engine bhp P, and estimate the slip-stream 
velocity over the tail, V, (mph). 

13-6. Assuming power input to a propeller to be expressible by 

p « K{p^^Dn^iL*a^) 

show by dimensional analysis that, in view of Eq. (13-26), 

Cp ^f(J,R,M) 

where p is mass density, slug per cu ft 
n is rotational speed, rps 
D is diameter, ft 
V is velocity, fps 

fi is coefficient of viscosity, slug per ft-sec 
a is speed of sound, fps 
a,/3,7,a,€,x are unknown exponents 

J is advance ratio, dimensionless 
B is Reynolds number, dimensionless 
M is Mach number, dimensionless 

Hint: Obtain a, ft and y as functions of 3, «, and X. 
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rpm and bhp are constant; hence, from Eqs. (13'23) and (13-29), 


J = KiV 
C, = KiV 

Therefore 

^ (13-35) 

where JTi, Kz, and Kz are constants. On a graph of C, vs. J, a 
straight line from the origin defined by Kz, allows reading of rj for 
any chosen J, from which Pa and V may be calculated, after 
making the necessary tip-speed corrections. 

A second, simpler method involves use of a chart showing nj vs. 
J with (7p as a variable (Figs. IIIc and IVc, Appendix B). Since 
Cp is constant for a constant-speed propeller, rj may be read 
directly from this chart for any J or V. It is interesting to note 
that since 

Pa — vP ^ V 

and 

T/ T 


the curve of rj vs. J, for a particular Cp, may be regarded as an 
indication of the shape of the Pa vs. V curve. 


Example. A two-engined airplane has three-bladed propellers of 10-ft 
diameter. Find the power available at 250 mph at 16,000 ft where the 
normal rated power and rpm are 800 hp and 2600 rpm, respectively, per 
engine. Gear ratio - 0.5. 

Solution. From Eqs. (13-27) and (13-23), 


10«P ^ (1011) f800) 

^ ” 2<riV®D» (2)(0.629)(1260)s(10)« 
. 887 _ (88)(250) _ - .. 

ND (1250)(10) " 


0.326 


From Fig. IIIc, Appendix B, using Cp - 0.326 and J « 1.76: ri^ « 0.78. 
From Fig. VI, Appendix B, F, = 1.0; hence i? = 0.78, and thus Pa * 
1248 hp. 


PROBLEMS 

13-1. Prove input power to an ideal propeller is Pinput =■ Pv (1 + a) 
by 

a. Cpnsidering the kinetic energy per second entering and leaving the 
propulsion unit. 
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b. Considering input power to be the sum of the power output and 
power loss. The power loss can be obtained by considering the gain in 
energy per second by the atmosphere, as a result of the propeller passing 
through it. 

13-2. Compute ideal efficiency of the propellers of a two-engined 
airplane operating at high speed with Cd = 0.023, knowing wing span/ 
propeller diameter = 10.0, and aspect ratio = 8.0. 

13-3. An ideal windmill having 20-ft diameter is operating in a 20-fps 
wind. 

a. Find the maximum axial force on the shaft (lb). 

b. Find the shaft horsepower corresponding to part a. 

c. Find the maximum shaft horsepower. 

d. Find the axial force on the shaft corresponding to part c (lb). 

e. Find the axial force if a solid circular di^ of 20-ft diameter is 
installed on the shaft, instead of the ideal windmill (lb). 

13-4. a. Develop the following expression for ideal propeller efficiency, 
as a function of advance ratio and power coefficient: 

1?? _ T 

1 — 2 Cp 

b. Superimpose curves of ideal efficiency th on Fig. Hie, Appendix B, 
for Cp * 0.1 and 0.5, and observe tiie difference between actual and 
ideal efficiencies. 

13-6. A 1000-lb light plane having a 7-ft-diameter propeller and 
L/D » 6 is flying level at 2000 ft altitude in a 10-mph head wind. If 
its propeller efficiency (actual) is 80 per cent, and its relative ground 
velocity is 90 mph, find the engine bhp P, and estimate the slip-stream 
velocity over the tail, F, (mph). 

13*6. Assuming power input to a propeller to be expressible by 

p = 

show by dimensional analysis that, in view of Eq. (13-26), 

Cp =/(W/) 

where p is mass density, slug per cu ft 
n is rotational speed, rps 
D is diameter, ft 
V is velocity, fps 

fi is coefficient of viscosity, slug per ft-see 
a is speed of sound, fps 
a,/3,7,5,e,X are unknown exponents 

J is advance ratio, dimensionless 
R is Reynolds number, dimensionless 
M is Mach number, dimensionless 

Hint: Obtain «, and y as fimctions of 5, €, and X. 
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13'7. Replot the sesrlevel Pr curve for the airplane of Prob. ll*7a on 
a new sheet. The airplane has four Pratt & Whitney CA15 engines and 
uses a low propeller gear ratio (0.450). 

а. Using the propeller data in Figs. IVa and 6 , Appendix B, and the 
engine chart in Fig. Ila, Appendix B, select four-bladed propellers to. 
give mayirmim velocity at sea level, with normal rated power and rpm. 
Find D and 

б . Using the propeller data in Fig. Ilia, Appendix B, and the engine 
chart in Fig. Ila, Appendix B, select three-bladed propellers to give 
maximum velocity at sea level, with normal rated power and rpm. 
Find D and 

c. Using Fig. IV, Appendix B, compute and plot sea-level Pa vs. V 
corresponding to J * 1.0, 1.3, 1.6, and 1.8, assuming the propellers of 
part a have fixed pitch. Assume answer to part a is D » 12.1 ft, jS » 42 
deg. 

d. Using Fig. IVe, Appendix B, compute and plot searlevel Pa vs. V 
from 100 to 350 mph by 50-mph increments, assuming the propellers 
of part a are constant-speed propellers. Assume answer to part a is 
D « 12.1 ft. 

c. Using the propeller data in Figs. IVa and 6 , Appendix B, and the 
engine chart in Fig. Ila, Appendix B, select four-bladed propellers to 
give maximum efficiency at sea level at the velocity for using 

normal rated power and rpm. Find D and /5. (This is a climb condi- 
tion, but the velocity for (JL/D)^ in a climb is assumed in this problem 
to be the same as for level fiight.) 

/. Using Fig. IVe, Appendix B, compute and plot sea-level P« vs. V 
from 100 to 350 mph by 50-mph increments, assuming the propellers of 
part e are constant-speed propellers. Assume answer to part e is 
D « 14.6 ft. 

13-8. Obtain the equation for rpm of a fixed-pitch propeller with an 
unsupercharged engine, for which P « KN, 

N -/(C.,Z),/,<r) 

Using this relation and the propeller charts shown in Appendix B, prove 
that for any fixed-pitch propeller designed to have at Vnuix, the 
rpm must decrease with decreasing velocity, then remain essentially 
constant at low velocity. 

13-9. A symmetrical airfoil is used as a propulsive device. It is set 
with chord horizontal in a horizontal stream of air having a relative 
velocity ». The airfoil is vibrated in the vertical direction with constant 
velocity Vv between stops. If r * tan-^ (P/I^) and a *= tan-^ («»/»), 
find an exact expression for propulsive efficiency 17 = /[tan (« — 7), 
tan a]. Assume no aerodynamic lag. 
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CHAPTER 14 

AIRPLANE PERFORMANCE 

This chapter will deal with the performance characteristics of an 
airplane. Discussions will be concerned primarily with the con- 
ventional propeller and reciprocating-engine combination, not 
necessarily because this method of propulsion is considered to be 
more important, but because it is more complicated to analyze. 
Discussion of the performance estimation of an airplane equipped 
with a turbo-jet is confined to the end of the chapter, and it will 
be shown to be a relatively simple and straightforward procedure. 

Most of the performance characteristics of a conventional air- 
plane may be found after the curves of power required and power 
available have been established. Some characteristics, notably 
take-off and landing performance, require additional information. 
It should be made clear at the outset that performance calculations 
are based upon standard atmospheric conditions. In fight, these 
conditions are rarely encountered, and the corrections required for 
deviations from standard conditions result in performance that 
may be considerably different from that indicated by the standard 
performance. The reason is that the nonstandard conditions 
affect not only the power required by the airplane but also the 
engine and propeller characteristics, and therefore the horsepower 
available from the propeller. Curves of engine bhp vs. altitude 
are usually presented by manufacturers for standard conditions; 
however, in order to estimate engine bhp for a given airplane 
operating under a given set of conditions that are not standard, 
certain corrections must be applied, and these corrections may 
often be of considerable magnitude. The viscosity of the oil in 
the engine, the ram on the intake manifold, the back pressure on 
the exhaust manifold, the amount of cooling received by the 
engine, etc., are all dependent on atmospheric conditions, and must 
be accounted for in an accurate estimation of engine power output. 
The problem becomes increasingly complex if the particular engine 
has a turbosupercharger, because the bhp is then also a function 

290 
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of intercooler temperature, waste-gate opening, etc. The bhp 
specified by the engine manufacturer provides a basis on which to 
estimate preliminary calculations, but precise calculations must 
be based upon information arising from tests on the particular 
installation. The justification for basing performance on standard 
altitude conditions is that this method allows direct comparisons 
among various airplanes that would be impossible on any other 
basis. 

In all performance calculations in this text, steady (unaccel- 
erated) conditions are assumed, and the effects of compressibility 
are ignored, unless otherwise specified, 

14*1 Maximum Velocity. The maximum velocity of an air- 
plane corresponds to the intersection of the curves of Pa and Pr. 



Fig. 14*1. Power required and available at sea level and 15,000 ft te a typical 
airplane, showing a comparison at sea level and 15,000 ft of fixed-pitch and constant- 
speed propellers, and a comparison at 15,000 ft of a supercharged and unsuper- 
charged engine. 

For a given airplane with a given propeller, maximum speed is 
primarily dependent on altitude; however even at constant 
altitude, maximum speed is not exactly constant for a particular 
flight, because during the flight fuel is used up and the weight 
decreases. Since Pr decreases with decreasing weight, maximum 
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velocity must increase. Maximum velocity is not important in 
commercial flying because of the increased amount of maintenance 
required on the engines, and because fuel consumption is exces- 
sively high for the upper range of engine bhp ; it may be important 
in military flying, however, for obvious reasons. 

For an unsupercharged engine, the maximum velocity decreases 
gradually with altitude, as shown in Figs, li*! and 14*2. For a 



0 20 40 60 

Minimum time to climb, min 

Fig. 14‘2. Altitude performance characteristics of the airplane of Fig. 14*1 
equipped mth a fixed-pitch propeller and an unsupercharged engine. (Curves 
for a constant-speed propeller would be somewhat similar.) 

supercharged engine, the power available is approximately 
constant from sea level to the critical altitude, because the bhp is 
generally approximately constant in this region. The power- 
required curve shifts up and to the right with increase in altitude 
(Fig. 14T), resulting in an increase in maximum velocity that is 
almost exactly linear from sea level to the critical altitude (Fig. 
14-3). Above the* critical altitude, the maximum velocity de- 
creases in a manner similar to that for an unsupercharged engine. 

14*2 Minimum Velocity. At sea level, Tniuimnin velocity cor- 
responds to the stalling speed, but at higher altitudes the minimiiTn 
velocity may be greater than the stalling speed because of the 
crossing of the Pa and Pr curves (point A, Fig. 14T). At suffi- 
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ciently high altitude, the Pa and Pr curves become tangent, and 
only one flight speed is possible. This is called the ahsohde ceiUng, 
and it is shown in Figs. 14-2 and 14-3 as the maximum possible 
altitude of the airplane. 

The conventional graph of Pr vs. Y is for flaps retracted. 
Extension of the flaps may cause considerable reduction in 



I “ • 1 1 ■ I 

0 20 40 60 80 

Minimum time to climb, 


Fig. 14*3. Altitude performance characteristics of the airplane of Fig. 14*1 
equipped with a constant-speed propeller and an engine that is supercharged to 
10,000 ft. 

nfiiniTrinm speed; however, in general, this is not an important 
altitude consideration, and the dap-extended curves are therefore 
not included. 

14*3 Climbing Fli^t When an airplane is in a climbing 
attitude, the thrust of the propeller must balance not only the drag 
of the airplane but the weight component in the plane of fli^t as 
well (see Fig. 14*4). Thus equations may be written for forces 
parallel and perpendicular to the remote velocity: 

L = W cos B 
r = D -I- IT sin 


(14-1) 

(14*2) 
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where L is lift, lb 

W is weight, lb 
d is an^e of climb, deg 
T is thrust, lb 
D is drag, lb 

From the geometry of the diagram, the vertical rate of ascent, or 
rate of climb, is 

Cn =■ (887) = (88) (14-3) 


where Cj is rate of climb, fpm 
V is velocity, mph 
W is weight, lb 

The product of thrust and velocity is proportional to horsepower 



Ground lino 

Fig. 14*4. Force relations on an airplane in climbing flight. 

available, while the product of drag and velocity is proportional to 
horsepower required; hence 

(33,000) (14-4) 

Therefore, rate of climb is determined by the difference between 
the curves of P« and Pr, and maximum rate of climb coi^ 
responds to the greatest difference between the P* and P, curves. 

Maximum rate of climb decreases with increasing altitude for an 
unsupercharged engine (Fig. 14-2) and decreases above the critical 
altitude for a supercharged engine (Fig. 14-3); furthermore, the 
curves of vs. h may usually be represented very closely by 
straight lines. The altitude for which rate of climb is 100 fpm is 
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called the service ceiling. That for which maximum rate of 
climb is 0 fpm is the absoliite ceiling. 

For a given airplane operating at a given altitude, maximum 
rate of climb depends upon ?«; thus a propeller may be designed 
to give improved low-speed performance by sacrificing highspeed 
performance. Figure 14*5 shows the airplane of Fig. 14T (sea 



Fio. 14*5. Comparison of power available P« with the constant-speed, searlevd 
propeller of Fig. 14*1 and a new propeller naving 10 per cent increase in diameter. 


level, constant-speed propeller) with a 10 per cent increase in 
propeller diameter (and consequent decrease in blade an^e). The 
reduction in Fbu* is only 2 per eeat, but the increase in Cj^ is 
13 per cent. Excessive tip speeds, clearance problems, and 
propeller and landing-^r weight all place limitations on tihe 
Ttift YiTTiiitti permissible diameter. 

The velocity for maximum rate of climb is not an easily 
specified velocity because its value depends upon the accuracy 
with which curves of Pj and P, have been plotted and faired. The 
curves in Figs. 14*2 and 14*3 must therefore be regarded as only 
representative of average values. 
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The angle of climb, 6, may be obtained from Fig. 14-4 : 

= sin-‘ (14-5) 

Substituting Eq, (14-4) in Eq. (14*6) gives 

e = 8in-i[(^^^)(375)] (14-6) 

The maYimum an^e of climb is important in take-off calculations. 
It may be obtained by plotting Pa — Pr vs. V and drawing the 



Fia. 14*6. IMffereiice between power available P* and power required Pr for the 
constant-speed, sea-level propeller of Fig. 14*1, showing the method for obtaining 
the velocity for maximum angle of dimb 0max- 


tangent from the origin to the curve as in Fig. 14-6. Substitution 
of the values at the point of tangency into Eq. (14*6) gives 
thus, for example, if the weight of the airplane in Fig. 14*6 is 
7000 lb, the maximum angle of climb is found as follows: 

0 ^ = sin-‘ [( 7 ^^ 5 ) 

= sin-1 0.212 
= 12.2 deg 

14*4 Time to Climb. Time to climb to altitude h may be 
obtained from 


T = 



(14*7) 




Art. 14-5] AIRPLANE PERFORMANCE 297 

For an unsupercharged engine, rate of climb may be represented 
by a linear equation:^ 



where C* is maximum rate of climb at altitude h, fpm 
is maximum rate of climb at sea level, fpm 
H is absolute ceiling, ft 

Substituting Eq. (14*8) in Eq. (14*7) and integrating gives mini- 
mum time T in minutes: 



or, changing to base 10, 

For a single-stage, single-speed, supercharged engine, an average 
constant rate of climb may be used to approximate the time to 
climb to the critical altitude; then for the remainder of the climb 
the following equation applies: 

T.- 'j,; — (14-10) 

where Tc is minimum time to climb above critical altitude, min 
Cn^ is maximum rate of climb at critical altitude, fpm 
he is critical altitude, ft 

The total time to climb above the critical altitude is then obtained 
from the sum of the time below and above the critical altitude. 
If the engine has more than one critical altitude or uses a variable- 
speed supercharger, it is usually more direct to plot a curve of 
1/Cft vs. altitude, and employ graphical integration to establish 
the time to climb to any altitude; i.e., according to Eq. (14*7), 
integration of elements measuring 1/C* by dh between limits 0 and 
h gives time T. 

14*6 Gliding Flight Gliding jOlight has been mentioned pre- 
viously in discussions of the significance of (I//D)max. They 

^ In the following analysis, the time to climb is actually the imrdmum, cor- 
responding to the nuiximum rate of climb. Subscripts are deleted from all 
symbols merely for convenience. 
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showed that (L/I>)max corresponds to the minimum glide angle, 
with power off. 

The a inlririg speed », may be shown with the aid of Fig. 14-7 : 

TT sin D 

IT ~ W 


— = sin = 

V 

Dv 


F.= 


P,(550) 

W 

Pr(375) 

W 


(14-11) 


where v, is in feet per second and F, is in miles per hour. Mini- 



Fio. 14*7. Force relations on an airplane in gliding flight. 


mum sinking speed is seen to correspond to minimum horsepower 
required, It is significant only in determining the maximmn 

time an airplaiie can stay aloft while gliding from a given altitude, 
and is not usually important except for sail planes. 

Data on gliding flight are frequently presented in the form of a 
glide polar. This curve may be plotted using either Eq. (14-11) 
or the following equations: 


V 


4 

4 


TF(cos ff)(391) 
^tClS 
'TF(sm ff)(391) 


(14-12) 


where V is ^ding velocity, mph 
0 is glide an^e, deg 


(14-13) 
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If velocity vectors are plotted so as to form an angle B vath the 
horizontal, a curve may be drawn that joins the extremities of the 
vectors to form the ^de polar (Fig. 14-8). Glide angles cor- 
responding to all glide velocities may be found on this curve. The 
maximum gliding velocity is called the terminal velocity, (It need 
not correspond to exactly verti- 
cal flight.) If no compressibility Vcose, mph ^ 

corrections are applied for the 

high-velocity region and if no _ 

account is taken of the addi- 
tioiial drag of the propellers, 

the glide polar is likely to be 

seriously in error. ^ S 

14*6 Cruising Conditions. £ | 

The velocity at which an air- % J 

plane cruises is dependent upon ^ Terminal ^ 

fuel-consumption and engine- "“velQctly=435mph'"y 

maintenance considerations. As ^ 

a result of both these considera- 
tions, it is customary to cruise ^ 

at between 50 and 70 per cent 

normal rated bhp. The factor 
that may decide whether a low 
or high cruising speed is desirable 

is the purpose of the flight. For bility corrections applied), 
commercial operation, competi- 
tion may dictate speeds higher than are most economical, and 
head and tail winds may require variations in cruising velocity 
in order to meet schedules. For military operation, the length 
of flight is usually of primary importance in determining the 
cruising speed; z.a., for long bombing flights, where fuel is 
precious, the cruising speed may be determined entirely from 
the standpoint of minimum gallons consumption per mile of 
flight, which corresponds to a fairly low speed. For photo- 
graphic missions, on the oth^ hand, where the objective is 
near at hand, the cruising condition may correspond to military 
• power ^ with a velocity that is higher than the design maximum 
speed. The cruising condition may be divided into high-speed 
cruise (using more than about 65 to 70 per cent normal rated bhp) 
and low-speed cruise (less than 65 to 70 per cent normal rated 
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bhp.) A rich mixture is generally used for the former condition 
and a lean mixture for the latter. 

Fixedrjyitch Propeller. Cruising flight automatically implies 
level flight, for which = 0. By Eq. (14-4), Pa must therefore 
equal P,. For reasonably high speeds, since P, varies approxi- 
mately as the cube of the velocity. Pa must vary in the same 
manner; hence 

Pa = KffW (14-14) 

where is a constant. Power available may also be written 

Pa = Pri= (14-15) 

Since at high speed, efficiency is roughly constant, Eqs. (14-14) and 
(14-15) may be combined to give 

Cp = E:*/* (14-16) 

where E* is a constant for a particular propeller diameter. From 
a curve of Cp vs. J on a propeller chart, the Cp decreases with 
increasing J for constant jS; however, Eq. (14-16) shows that Cp 
increases with increasing J. Equation (14-16) and the propeller 
chart are therefore incompatible imless Cp and J are both constant 
with changing velocity. For constant J, 

NozV (14-17) 

In other words, the rpm of the fixed-pitch propeller decreases cdmost 

linearly with decreasing velocity in the high-speed cruising region.^ 
The exact rpm may be found by trial and error, but it will invari- 
ably be close to that shown by Eq. (14-17). 

Low-speed cruising is usually concerned with an attempt to 
obtain the maximum number of miles per gallon of fuel, which is 
the range condition analyzed in Art. 14-7. 

Constant-speed Propeller. A constant-speed propeller allows any 
combination of rpm and bhp within the limits of the engine. The 
high-speed-cruise condition may be assumed to occur at approxi- 
mately constant Cp, so that Eq. (14-17) is roughly true for a 
constant-speed propeller also. 

Again low-speed cruise is usually associated with the range 
problem. 

> Notice that the discussion is concerned with level cruising flight. The 
rpm Taristion with velocity for cHmbing flight is entirely different. 
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14*7 Range. Range is the distance an airplane can fly without 
landing. Maximum range has considerable importance in both 
commercial and military flying, because the airplane that is 
capable of flying the farthest with a given paj" load is often the 
most desirable for certain kinds of flying. Range may be obtained 
from the fundamental equation 

rVdt (14*18) 

•/ 0 

where R is range, miles 
V is velocity, mph 
t is time when velocity is V, hr 
T is total time of flight, hr 

In order to integrate, an equation for dt may be obtained in the 
following manner: The change in weight of the airplane during 
flight is related to the specific fuel consumption by 

^--Pc (14-19) 


where W is weight of airplane, lb 

P is total power of all engines, bhp 
c is specific fuel consumption, lb per bhp-hr 
The negative sign is inserted because the weight reduces as fuel 
is used. For level fiight. 


P = 


DY 

riZ75 


(14*20) 


Substituting Eq. (14*20) in Eq. (14*19) and solving for dt ^ves 


dt 


_375 5 ^ 


(14*21) 


Substituting Eq. (14*21) in Eq. (14*18) yields 

R=-375 f^‘^^ (14*22) 

Jwo C D 


where subscripts 0 and 1 refer to original and final, respectively. 
In order to integrate Eq. (14*22), the propeller efficiency, specific 
fuel consumption, and angle of attack are all assumed constant. 
The latter assumption implies that L/D ia also constant; hence 


- 375*^5 

D c 



dW 

W 


(14*23) 
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After integration 


S- 3763^10,!,^ 


or, by changing to base 10, 


R = 863.6 5|log„^® 


(14-24) 


Equation 14-24 is one form of the Bregitet range equation. For a 
given initial and final weight of the airplane, maximum range is 
seen to correspond to [(i7/c)(L/D)]niax. The maximum range of 
an airplane may be determined approximately by making certain 
operating assumptions, the degree of accuracy desired being 
dependent upon the number of assumptions. A precise determina- 
tion at constant lift coefficient is very tedious, first because the 
weight varies during flight, which causes variation in velocity and 
power required. Second, 17 is a function of P, N, and V, while c is 
a function of P and N) hence these two variables change con- 
tinuously during flight. Thus, the product [(i7/c)(L/P)] can be 
made a maximum for every stage of the flight only by very 
elaborate analysis. Fortunately, such extreme accuracy is 
entirely without justification; first, because long-range flight is 
usually broken up into several short legs, with constant indicated 
air speed maintained during each leg; second, because minor head 
and tail winds upset the exact calculations; and, third, because the 
Breguet equation takes no account of fuel consumed during climb 
to and glide from the operating altitude. 

The calculations may be greatly simplified by assuming that for 
maximum range, 97/c and L/D are maximum individually ^ and that 
if/c and L/D are constant during the flight. An ‘‘average” 
condition may be analyzed, corresponding to the weight when half 
the fuel is used. For this condition, F, P, 17, etc., may be assumed 
representative of the complete flight. 

Maximum L/D may be obtained by drawing a tangent from 
the origin to any Pr curve on a plot of Pr vs. F, since 



The velocity and power required corresponding to half the fuel 
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used may be obtained from Eqs. (11-22) and (11-24), respectively. 
The following steps may be taken to obtain iv/c)wxz: 

1. Assume a value of JV. Choose the minimuTn operating 
rpm as a first estimate. 

2. Compute J using “average” velocity corresponding to half 
fuel used up. 

3. Compute 

r 

2N^D^a n 
V 

4. From a plot of i; vs. J with Cp as variable, only one ij is 
possible at the J from step 2 that will satisfy the equation 
in step 3. 

5. Compute P = PrA, where n is from step 4. 

6 . From the engine chart, find the fuel consumption cor- 
responding to the P from step 6 and the assumed N. 

7. Compute i?/c. 

8. Repeat steps 1 to 7 for other assumed values of JV. 

9. Plot 17/c vs. N to obtain a maximum rj/c, 

10. Substitute (^7/c)max from step 9 and (L/D)ma: from Eq. 
(14-25) in the Breguet equation and compute maximum 
range. 

The procedure outlined may not be sufficiently accurate for 
extreme range, in which case several short legs may be considered. 

14*8 Endurance. Endurance is the time an airplane is able 
to remain aloft, at a fixed altitude, without landing. Maximum 
endurance is of little interest in commercial flying except in very 
peculiar circunoLstances; however, in military flying it may be 
important in convoy work or submarine hunting. Endurance for 
a condition of constant angle of attack may be found in the follow- 
ing manner. 

Differential time of flight may be written as in Eq. (14*21) : 

<fi= -376^2 (14-26) 

Velocity at any point in the flight may be written in terms of the 
wd^t at that point, the starting velocity, and starting weight: 
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V = 



Substituting Eq. (14-27) in Eq. (14-26) gives 


dt = -375 


dW 

DVo 



(14-27) 


(14-28) 


This equation may be integrated using the same specifications as 
in the rar^e equation, namely, constant efficiency, specific fuel 
consumption, and angle of attack. 

where E is endurance in hours. After integration 
^ ~ Vo Dc 


l^-l) 

Jwi V 


(14-30) 


Maximum endurance may be assumed to occur for (rj/c)max and 
(L/D7o)max separately. However 


L _ U _ TFo 
D7o Do7o 376P^ 


(14-31) 


Equation (14-31) shows that for maximum endurance the starting 
horsepower should be a minimum, but since angle of attack is 
constant for the complete flight, should be maintained for 
the complete flight. A procedure ' similar to that outlined for 
maximum range may be used to obtain maximum endurance. It 
is left to the student to prove that C^/Cd is a maximum when Pr 
is a miniTnimn - 

14*9 Take-off. The accuracy with which take-off performance 
can be predicted depends upon the success with which pilot tech- 
nique, runway condition, wind velocity, ground effect,^ and propeller 
thrust can be predicted. Take-off is generally considered, to consist 
of three phases: the ground run, the transition or flare, and the 
climb over a 50-ft obstacle. The ground run is concerned with the 
distance and time during which the wheds are in contact with the 
ground. The transition accounts for the distance and time re- 

^ Ground effect is the influence of the presence of the ground in modifying 
the flow pattern on the wing and taiL The ground restricts the tip vortioes, 
giving an effective Increase in wing and tail aspect i^tios; furthermore, it 
changes the direction of down-wash over the tail (see Art. 6*3). - 
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quired to change from horizontal flight on the ground to steady 
climb. The climb over a 50-ft obstacle is arbitrarily specified, but 
is a reasonable and practical criterion; it is, of course, concerned 
with the distance and time from the end of the transition to a 
50-ft altitude. 

Take-off calculations may be made as simple, or as refined as 
desired. The ground run usually constitutes the major portion 
of the total take-off distance, and it is here that most of the care 
must be exercised in careful prediction of characteristics. Speci- 
fically, accurate estimation of the thrust is of major importance. 



Fig. 14*9. Force relations on an airplane during the ground run. 


A 2 per cent error in thrust estimation may easily be as important 
as a 50 per cent error in estimation of either the airplane drag 
coefficient or the coefficient of friction. Estimation of thrust, 
therefore, sets the pace for the whole take-off analysis, and it is 
futile to be too much concerned about precise determination of 
any of the variables that define take-off unless thrust is accurately 
known. Unfortunately, thrust is difficult to ascertain at very low 
speed (low J), because the propeller blades are usually at least 
partially stalled, particularly near the central part of the propeller 
disk. With these general statements, the calculation of take-off 
distance may be introduced. 

Ground-run time for take-off in a calm is given by 



where v is airplane velocity during ground run, fps 
Vt is take-off velocity, fps 
The corresponding ground-nm distance is 



(14*33) 
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These two equations require an expression for a = /(») before 
integration can be carried out. This may be obtained from con- 
sideration of the forces acting on the airplane during the ground 
run (Kg. 14*9). 

AT = TT - L (14-34) 

F = nN (14-35) 

T = D + ^ + F (14-36) 

where N is normal ground reaction, lb 
W is weight, lb 
L is lift, lb 
F is friction force, lb 
jLt is coefficient of friction, dimensionless 
T is thrust, lb 
D is drag, lb 

a is acceleration, fps per sec 

Substituting from Eqs. (14-34) and (14-35) in Eq. (14-36) and 
solving for a gives 

a = ±[T-D- ,i(W -L)\ (14-37) 

Equation (14-37) is the required function of velocity. It may be 
used for integration in the distance and time equations, provided 
the lift coefficient during the ground nm is assumed constant. 
Usually the integration is accomplished graphically by plotting 
T, D, and vs. », as in Fig. 14-10. 

Thrust. Thrust may be obtained in the following manner for 
fixed-pitch and constant-speed propellers: 

Fixed-pitch ProfeiiLeb. Thrust is obtained on the same 
assumption as in Art. 13-9, namely, that bhp varies linearly mth 
rpm. 

1. Assume a value of J. 

2. Read Cp and Ct from the propeller charts for the design fi. 

3. Compute N from Eq. (13-34). 

XT I 10“X 

^ \2I»VCp 

4. Compute V from Eq. (13-23). 

88 
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5. Correct Ct for tip speed, using the product of Cr from step 2 
and from Kg. VI, Appendix B. 

6. Compute T from Eq. (13-25). 

The above steps may be carried out in tabular form for several 
assmned values of J. 



0 40 80 120 160 200 

Velocity, V, fps 

Fis. 14*10. Thrust and resistance TarUtion with air speed during the ground 
run for the airplane of Fig. 14*1. 


Constant-speed Propeller. Thrust is obtained from the 
following steps: 

1. Assume a value of J. 

2. Compute Cp corresponding to take-off P and N. 

3. Read jS from the propeller charts corresponding to J and Cp 
from steps 1 and 2. 

4. Read Cp at J and from steps 1 and 3. 

5. Compute Y from Eq. (13-23). 
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6. Correct Ct for tip speed, using the product of Cr from step 4 
and F, from Fig. VI, Appendix B. 

7. Compute T from Eq. (13*25). 

r = ^ CtcN^D^ 


The above steps may be carried out in tabular form for several 
assumed values of J. 

Drag, Drag may be obtained from a polar curve of the airplane 
using an arbitrarily assumed constant lift coefficient for the com- 
plete ground run. Since cowl flaps and landing gear are extended, 
and flaps may be deflected through a small angle, account should 
be taken of their effects on the polar curve. Also, as was pointed 
out earlier, the effect of ground and slip stream should be con- 
sidered. All these effects are ignored in this text in order to 
maintain simplicity of analysis. The lift coefficient required to 
produce a minimum ground run is^ 


where A is aspect ratio, dimensionless 

e is airplane efficiency factor, dimensionless 
fi is coefficient of friction between wheels and ground, 
dimensionless 

This lift coefficient corresponds to a nonconservative drag coef- 
ficient but does allow solution of a lower limit for take-off distance. 
To provide a degree of conservatism, the lift coefficient correspond- 
ing to maximum angle of climb is used exclusively for the ground 
run in this text, for all problems and examples. 

Friction Force, Friction force may be obtained, with the 
assumed constant lift coefficient, from Eq. (14-36). Friction 
coefficients may be obtained from the following table? 

1 Obtained by writing the equation for total resistance, which consists of 
ground friction and drag, then differentiating with respect to lift and equating 
to zero. 

* From TR 450 and Wood, K. D,, ‘Technical Aerodynamics,” McGraw-Hill, 
New York, 1947. 
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Surface 

Concrete 0.02-0.05 

Hard turf 0.04-0.05 

Short grass 0.05 

Long grass 0.10 

Soft ground 0.10-0.30 

Wet concrete 0.05 

Snow- or ice-covered 0.02 

In Fig. 14-10, the drag and friction force may be added to 
obtain total resistance then 

a = j^{T-R) (14-38) 


From Eq. (14-38), curves of l/‘n and v/a may be plotted vs. v for 
use in the distance and time equations (Fig. 14-11). The take-off 



"0 40 80 120 160 200 

Velocity, v, fps 


Fig. 14-11. Ground-run parameters l/a and v/a as a function of velocity for 
the airplane of Fig. 14*1. 


velocity must occur between two limits; the lower limit is the 
stalling speed of the airplane, and the upper limit corresponds to 
the constant lift coefldcient used during the ground run. The 
airplane cannot be air-bome at a speed less than the stall, and it 
will automatically leave the ground as soon as L = TT. In the 
latter case, the pilot allows the plane to fly itself off the ground. 
For any lesser speed, he pulls back the stick in order to increase 
Cl for take-off. Of course, take-off at exactly the stalling speed 
is likely to be dangerous, because during transition the lift must 
equal not only the weight component perpendicular to the flight 
path but also the centrifugal force due to the flight curvature; 
hence, an attempt to take off at exactly the stalling speed is 
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almost certain to lead to difficulties. A safe criterion for the 
take-off speed is the following: 

> 1 . 2 », 


where v, is the stalling speed. It should be noted that this specifi- 
cation may prove too conservative if the increase in due to 
running propellers is great. 

The preceding method allows solution of the ground run for an 
assumed take-off speed. For instance, if take-off is to occur at 



0.2 0.4 0.6 0.8 1.0 

Ratio of wind veiocHy to take-off velocity, ^ 


Fig. 14*12. Chart showing approximate effect on wind on ground-run time and 
distance during take-off or landing. (Based on an unjmblkhed analysis by V, J, 
Martin.) 

20 per cent greater than the stalling speed, the areas under the 
curves in Fig. 14T1 would be integrated from » = 0 to « = 142 fps. 
To compute total time and distance required to climb to 50-ft 
altitude, accounting for transition and climb, is not generally 
timple, because the airplane has an angular acceleration during 
transition. The difficulties may be circumvented by the follow- 
ing simplified procedure. 

1. Compute the time and distance including transition by 
integrating the area under curves such as those depicted in 
Fig. 14*11 from zero velocity to the velocity corresponding to 
maximum angle of climb. 
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2. Compute the time and distance to climb from the ground to 
50-ft altitude, assuming a constant velocity equal to the 
velocity for maximum angle of climb. 

3. Add the times and distances from steps 1 and 2 to get total 
time and distance, respectively. 

The above procedure represents the actual path of the airplane 
by a horizontal line to the velocity for maximum angle of climb, 
then by an inclined line forming an angle with the horizontal 
equal to the maximum angle of climb.^ 

An airplane usually takes off into the wind, and the effect of 
wind on the ground run may be accounted for in the original time 
and distance equations [Eqs. (14-32) and (14-33)], remembering 
that a is a ground distance and v is an afr speed. The effect of 
wind is more conveniently shown graphically, as in Fig. 14-12. 
Effect of wind on the climb to 50-ft altitude may be accounted for 
by separate analysis. 

14*10 Landing. The landin g run may be assumed to occtu- 



Fio. 14*13. Force reUtions on an airplane during the landing run. 

without power, aud with flaps and landing gear extended. For 
simplicity, ground efifect and gear drag are ignored in this text. 

The time consumed in landing is seldom computed, for practical 
reasons. The groimd-run-distance equation is the same as that 
used for take-off, except that the limits of integration are reversed: 



where Vi is landing speed in feet per second. Fortunately, the 
^ The suggested method for computing take-off time and distance is open 
to criticism; however, it must be pointed out that nearly all techniques are 
subject to considerable error because of the number of approrimations involved. 
It is only the principles that axe of interest in this text 
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expression for acceleration as a function of velocity is very simple, 
so that Eq. (14-39) may be integrated directly. From Fig. 14-13, 


-EB = D + F (14-40) 

' 8 

F = L) (14-41) 

Substituting Eq. (14-41) in Eq. (14-40) and solving for a yields 




(14-42) 


Assuming Cl is constant from the moment of contact when 
v = Vi, imtil the end of the ground run when v = 0, 

L ( VV .1 


- = f-Y 

w W 

Substituting Eq. (14-43) in Eq. (14-42) gives 


(14-43) 


(14-44) 


When Eq. (14-44) is substituted in Eq. (14-39) the integral has 
the form 

where 

M = -ffjit (14-46) 


(14-45) 


Integrating Eq. (14-45) and substituting limits gives 


t6) and substituting limits j 

L-46) and (14-47) in Eq. (14- 
- 2glM - (D/L)V°^\d J 


(14-47) 


(14-48) 


Substituting Eqs. (14-46) and (14-47) in Eq. (14-48) yields 


(14-49) 


or in terms of landing speed in miles per hour and logarithm to 
the base 10^ 

“ “ 13 [m - Id/L)] (■rf) 
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Equation (14*50) gives landing distance in feet, for no head wind. 
The landing speed Vi may arbitrarily be assumed to correspond to 

Yi = 1 . 27 .^ 

where 7,^ is stalling speed with flaps. The L/D may be obtained 
from a polar for the flapped configuration at the above velocity, 
and M may be obtained from the previously listed values used in 
take-off if no brakes are used. If brakes are used, the following 
values are appropriate:^ 


Surface n 

Concrete 0.4-0.6 

Hard turf 0.4 

Wet concrete 0.3 

Snow- or ice-covered 0.07-0.10 


The effect of wind may be accounted for mathematically, but is 
computed more simply by using Fig. 14-12. 

The total landing distance, accounting for descent from 50-ft 
altitude through transition to the moment of contact with the 
ground, may be treated in a manner similar to the take-off 
analysis, but here the velocity during descent can be approximated 
by 7 = 1.27,^ 

14-11 Performance with a Turbo-jet. The performance com- 
putations for an airplane equipped with a turbo-jet are con- 
siderably simpler than for a conventional propeller and reciprocat- 
ing engine, because the characteristics of the engine are plotted 
in convenient form as a function of true air speed of the airplane. 
In Fig. 14T4 the data of Fig. 12-8 have been reproduced with the 
following assumed sea-level values: 

Hated static thrust = 4000 Ib 
Rated rpm = 8000 rpm 

Fuel flow at rated rpm and static thrust = 4000 lb per hr 

• . .The air-flow curves have been deleted because they have little 
aerdd 3 mamic importance, but a group of curves have been super- 
impo^ that are obtained by dividing the velocity by its cor- 
respond^ fuel flow. For example, at 25,000 ft, 7 = 300 mph, 
and t7/ = 1200 lb per hr; V/Wf = 300/1200 = 0.25 mile per lb of 

\ From Wood, Qnd. : 
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fuel. These curves will later be shown to be valuable for defining 
the maximum range of the airplane. 

In computing the performance of a conventional airplane in the 
preceding articles, the effects of compressibility were completely 
ignored except in so far as they affected propeller characteristics. 
This was done to keep a rather complex study as simple as possible. 
The performance computations involving the use of a turbo-jet are 



Fig. 14*14. Aiiplaue drag and turbo-jet thrust characteristics for a typical 
installation (based on Figs. 8*19 and 12*8). 


unusually ample, so that compressibility phenomena may be 
included here with little danger that the discussions will be unduly 
complicated. Of course, a more fundamental reason for including 
compressibility effects here is that the turbo-jet engine is inherently 
a high-speed device, and an assumption that compressibility effects 
are negl%ible would lead to very serious errors. 

In Fig. 14-14, curves of airplane drag vs. velocity for a typical 
high-speed ^gle-engined airplane have been superimposed on the 
engine characteristics. These curves were obtained using the 
dotted curves of F^. 8*19, assuming a wing loading of 40 psf and 
gross weight of 9000 lb. If there were no effect of compressibilUy, the 
drag curve at altitude could be obtained from that at sea level in 
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the same fashion as the altitude P, curve was obtained from the 
sea-level curve; i.e., at constant lift coeffideni the velocity at altitude 
is obtained from 


w. - 


(14-51) 

(14-52) 


where subscripts 0 and a refer to sea level and altitude, respec- 
tively: hence 

F, = (14-53) 

V <r 


The drag at altitude is obtained by 


Hence 


Do = CnS 


n 

391 


F®o- 


D, = Do 


(14-54) 

(14-55) 

(14-66) 


Equation (14-56) shows that the drag at a particular sea-level 
velocity occurs at a higher velocity at altitude, because of Eq. 
(14-53). For low speed (high lift coefficient), the Mach number is 
low, and the effects of compressibility are negligible; hence this 
relationship holds with good accuracy, but at higher speed (low 
lift coefficient), the Mach number is Mgb, and this relationship is 
entirely too optimistic. For example, in Fig. 14-14, at sea level 
the drag is 600 lb at 107 mph and at 235 mph. At 50,000 ft, 
l/-\/ff = 2.57; hence the velocities corresponding to 600-lb dr£g 
should be 276 mph and 604 mph, respectively. The actual values 
read from Fig. 14-14 are 275 mph and 425 mph, respectively; thus 
the important role played by compressibility is demonstrated. 

With these general remarks, the performance of the airplane may 
now be discussed. 

Maximum Velocity. The maximum velocity corresponds to the 
intersection of the drag curve and the thrust curve for rated rpm. 

Minimum Velocity. The minimum velocity is equal to the 
stalling speed for the lower altitudes, but at altitudes near the 
absolute ceiling, the drag curve crosses the curve of rated rpm in 
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such a manner as to make the minimum velocity higher than the 
stalling speed [see 50,000-ft curve (Fig. 14*14), where this effect 
is just beginning to show at F = 260 mph]. 

Climbing Flight. Bate of climb is obtained as follows: 

C„ = - (88) (14-57) 

Maximum rate of climb is thus obtained, not from the maximum 
difference between the thrust and drag curves, but from the 
maximum product of this difference and the velocity. Maximum 
rate of climb usually decreases approximately linearly with 
increasing altitude, and is zero at the absolute ceiling. 

Time to Climb. The minimum time to climb to altitude may 
be obtained in the same manner as in Art. 14*4 from the curve of 
maximum rate of climb vs. altitude. 

Maximum Range. Maximum range corresponds tP minimum 
gallons of fuel consumed per mile and is obtained from the tangent 
to the drag curve formed by the V/Wf curve. Range is then 
given by the product of the weight of fuel and the miles per pound 
of fuel. 

Example. Compute the maximum range of the airplane shown in Fig. 
14-14 at 25,000 ft, using 500 lb of fuel. Find the corresponding V and N. 

Solution. The tangent to the drag curve occurs for V/Wf 0.41; 
hence the range is R - (0.41) (500) = 205 miles. V = 325 mph. N = 
6100 rpm. 

If the weight change during flight is appreciable, an average 
value of fuel consumption may be used, corresponding to the 
airplane weight for half the fuel used; i.e., a drag curve correspond- 
ing to half the fuel used may be constructed, and the tangent to 
this curve may be used to define the consumption. 

Range may also be obtained from a modified Breguet equation, 
derived in a manner similar to that used to develop Eq. (14*24). 
Again assuming the flight takes place at constant Cl, and assuming 
the specific fuel consumption is constant during the flight, 

P_ 39.55 1 V^f IWo jwA 

where R is range, miles 

S is wing area, sq ft 


(14-58) 
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w is specific fuel consumption, lb per hr of fuel per pound 
of thrust 

TFo is original gross weight, lb 
Wi is final gross weight, lb 

Maximum range at a particular altitude is then seen to occur for a 
maximum value of C^/(ioCi>), or since w is assumed constant, 
maximum range occurs at maximum C^JCd. The correspond- 
ing velocity may be shown to correspond to the tangent from the 
origin to the drag curve. 

For low altitudes, where compressibility effects are not im- 
portant at the speed for maximum range, and where the assump- 
tion that 

is justified, maximum range may be shown to occur when 


Cd = 


Pmin 


which corresponds to a higher speed than that for {L/D)mMx- 
Thus an airplane using a turbo-jet obtains maximum range at a 
higher speed than one using a propeller and reciprocating engine. 
This may also be shown in Fig. 14-14: maximum L/D occurs at 
minimum drag, which is at a lower velocity than that correspond- 
ing to the tangent to the drag curve from the origin. Notice that 
by this method, maximum range does not correspond exactly to 
the velocity for which the V/Wf curve is tangent to the drag 
curve. 

Endurance, Maximum endurance corresponds to minimum 
pounds of fuel consumed per hour and therefore corresponds to the 
tangent to the drag curve formed by the Wf curve. Endurance 
is then given by the product of the weight of fuel and the reciprocal 
of the pounds of fuel per hour, read from Fig. 14-14 at the point 
of tangency. Changes in weight may again be accoimted for as 
in the range calculations. 

Take-off, Take-off calculations are considerably simplified 
because the basic data are already presented in the form of thrust 
vs. velocity. 

All other performance calculations are carried out in a manner 
RiTnilflT to that used for the conventional propeller and reciprocat- 
ing engine. 
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14*12 Rapid Performance Methods. The performance meth- 
ods described in this chapter for airplanes equipped with recip- 
rocating engines are tedious, particularly if a great number of 
weights and altitudes of a particular airplane are to be investigated. 
For this reason, several methods have been suggested to allow 
rapid estimation of performance. In this article, these methods 
will be treated quite generally, so as to show the basic procedure 
that is characteristic of most methods. 

In the first method to be described, the work of computing is 
reduced by using a modified set of variables for plotting. The 
power-required curves for all weights and altitudes may be 
condensed to a common curve (neglecting compressibility effects) 
when plotted on coordinates of and where 


P 

V 


_ /- f reference gross weight N 

^ new gross weight / 

_ /" / reference gross weight N 

^ ~ ^ \ new gross weight / 



(14-59) 

(14-60) 


The power-available curves, of course, take on a different appear- 
ance when plotted in this fashion. The true power and velocity 
at a point are obtained by use of Eq. (14-59) and (14-60), respec- 
tively. For example, in Fig. 14-15 the data from Fig. 14-1 for a 
constant-speed propeller at sea level and 15,000 ft (supercharged 
to 10,000 ft) have been plotted on coordinates of P<^ and Vi^, 
In addition, a 15,000-ft curve is shown for 10 per cent increase in 
gross weight. The intersection of the “15,000-ft, reference gross 
weight = TF’' curve and the power-required curve comes where 
Pi^ — 487 hp and = 164.5 mph. The corresponding true 
power and velocity, by Eqs. (14-59) and (14-60), are as follows: 


P = 


v; 


V = 


Ije. 


1.261Pt„ = 615 hp 


1.261Fi„ = 207.5 mph 


These values check the corresponding intersection on Fig. 14T. 

The method described above involves no approximations that 
are not already contained in the conventional curves of Pr and P. 
vs. V. It is merely a convenient way of presenting the data, so 
that only one P. vs. V curve is needed. 
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In most other methods, the power-required equation is repre- 
sented by the approximate equation developed in Art. 11-6 


Pr 


146, 600 3.01<rft*e7 


(14-61) 


because it lends itself to mathematical manipulation. In one 
method in particular, this equation is made dimensionless by 



T^.mph 


Fia. 14-15. Power relationships for the airphme of Fig. 14-1, using a simplified 
method of plotting. 


dividing both sides by the power required at i-e., power 

required at (L/D'l — may be represented by either of the following 


equations: 



2fffiVy 

146,600 


(14-621 


p, 2P4 2^* 

" e “ 3.01(r6*e7' 


(14-63) 


where Pi is power required at (L/D) max) hp 

Pjj, is equivalent paraate power required at {L/D)ma, hp 
is induced power required at (L/D) xnax) hp 
V is velocity at (L/D)max, mph 
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Dividing the left side of Eq. (14*61) by PJ, the first term on the 
right by Eq. (14*62), and the second term on the right by Eq. 
(14*63), 



A nniqme nondimensional relationship is thus obtained for repre- 
senting the power-required equation for all weights, altitudes, wing 
areas, and aspect ratios. The power-available curve may not 
generally be represented mathematically, except by examination 
of existing curves^ of vs. J for constant Cp (the discussion is 
limited here to constant-speed propellers). The success with 
which the power available is represented then depends upon the 
success with which the propeller characteristics are represented. 
There is no particular point in pursuing this train of thought 
further, except to state that it is possible to find a fair degree of 
correlation of aerodynamic characteristics between propellers 
having the same activity factor, advance ratio, and power coef- 
ficient, so that curves may be plotted, based upon experimental 
evidence, that allow graphical solution of the efllciency and hence 
Fa, if the three variables are known.^ 

The problem of devising a system for rapid performance 
estimation is tempered by the end result desired. The rapidity 
with which the computations can be made depends largely upon 
the number of approximations involved. The principal utility 
of a rapid performance method is not so much that it allows the 
computer to make one rapid computation, but that it allows him 
to go through a great number of computations with small changes 
in the particular variables involved, which allows him to arrive at 
an optimum configuration of the airplane. Even though the 
actual performance figures he computes might not be precise, 
the variations in performance produced by variations in the 
ph 3 rsieal properties of the airplane are usually estimated quite 
accurately; e.g., the effect of a 10 per cent change in wing aspect 
ratio on performance may be shown very quickly, even though 
the absolute values of the performance may not be precise. 

These same general statements may also be applied to turbo-jet 
performance, except that there is no propeller-efllciency variation 
1 Becall that such a curve has the same shape as a curve of Pa vs. V, 

* Boeing Document No. 4842, A CJeneral Propeller Chart Suitable for a 
Wide Range of Propellers, Boeing Aircraft Co., 1943. 
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to complicate the estimation. Effects of compressibility may be 
more serious, however. 

♦ 

PROBLEMS 

14-1. A high-speed airplane is constructed so that the outboard wing 
panel slides into the inboard panel, producing a 20 per cent reduction in 
wing area. For the original configuration, the residual parasite area fr 
is 60 per cent of the total parasite area /. If dP^/dV =» 0 at Fa**, find 
the per cent increase in Vxomx corresponding to the reduced area. Ignore 
effects of compressibility, and make any reasonable assumptions that 
are necessary. 

14-2. In Prob. 14*1 find the per cent reduction in Pr corresponding to 
flight at the same Fin«, with the reduced wing area. 

14*3. Prove that the velocity for maximum rate of climb occurs when 
dPaldV = dPr/dV, and verify the truth of this relation on Fig. 14*1. 

14-4. Rated power of an engine « 1500 bhp at sea level; tj = 0.70 at the 
velocity for Ck^;f « 12 sq ft at Cl = 0;S = 400 sq ft; TF « 16,000 lb; 
dCi>/dCl = 0.03. 

a. Find the sea-level velocity corresponding to (L/D)mMx. 

h. Find sea-level assuming it to occur at the velocity of part a. 
(Assume cosine of climb angle is 1.0.) 

14-6, The vertical component of the velocity of an airplane in a power- 
off glide is called sinking speed. Find an equation for sinking speed v, 
in feet per second. Do not assume glide angle is a small angle. Find 
t;, as a function of only the variables shown: 

14*6. Using the results of Prob. 14*5, find an equation for minimum 
sinking speed. Assume the glide angle is small, so that cosine of small 
angles may be considered 1.0. Find as a function of only the 
variables shown: 

Check the equation dimensionally, with due regard for the dimensions 
of any constants. 

14*7. Replot the curves of Pa and Pr vs. 7 from Probs. ll-7a and d 
and 13-7d on a new sheet of graph paper. 

o. Superimpose Pa and Pr curves for altitudes of 6000, 9000, 16,000, 
and 24,000 ft from 100 to 350 mph for the same airplane, engines, and 
propellers as in Probs. ll-7a and d and 13-7d. 

b. Using the data in part a, plot 7iii»x, 7mia, 7 Tmin 
vs. altitude from sea level to the absolute ceiling. 

c. Find at sea level for two engines inoperative. 
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d. Compute and at sea level for 30 per cent increase in 
gross weight, using the results of Prob. 11 ‘7e. 

e. Assuming the airplane carried 15,000 lb of gasoline (included in the 
70,000 lb weight), find the maximum range at sea level, and the time 
corresponding. Assume the minimum operating N of the engine is 
1400 rpm. 

/. Por standard sear-level conditions, compute take-off time and dis- 
tance to clear a 50-ft obstacle, using take-off power (without water). 
Assume the complete take-off to occur at Ci = 1.25, which is the lift 
coefficient corresponding to maximum angle of climb. Assume no wind, 
jtt — 0.02, and neglect the change in aerodynamic characteristics due to 
landing-gear extension, proximity of the ground, etc. Assume cosine of 
climb angle is 1.0. Use Figs. IVc and d. Appendix B. 

g. Compute landing distance, for standard sea-level conditions, to 
clear a 50-ft obstacle with power off, flaps extended. Assume the com- 
plete Undmg to occur at Cx, = 2.0, for which the complete airplane drag 
coefficient, including that due to flap extension, is Ci> « 0.20. Assume 
no wind, ix « 0.4, and neglect the change in aerodynamic characteristics 
due to landing-gear extension, proximity to the ground, etc. Assume 
cosine of ^de angle = 1.0. W = 70,000 lb. 

14*8. Develop equations similar to Eqs. (14*32) and (14*33) for ground- 
run time and distance to take-off with head wind. 

14*9. Plot Pm»x, Pmia, and Tjoia. vs. altitude for the 9000-lb 

airplane depicted in Fig. 1444. 
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Stability may be defined as the tendency for a body to return 
to a position of equilibrium after an infinitesimal displacement. 
Controllability may be defined as the ease of operation and the 
effectiveness of the mechanism used to cause the displacement. 

Stability may be illustrated by a simple example. Let a ball 
be placed in a concave surface (Fig. loT). If displaced, it tends 



Stable 

Fig. 16 - 1 . 






Neutrally 

stable 



Unstable 


Pb3^cal illustrations of stability. 


to return to its original position of equilibrium; it is, therefore, 
stable. Let the ball be placed on a flat surface. If displaced it 
exhibits no tendency to move in any direction; it is, therefore, 
nevirally stable. Now let the ball be placed on a convex surface. 
If displaced it tends to move away from the original position of 
equilibrium; it is, therefore, unstable. These three conditions 
are concerned with static stability. 

Dynamic stability has to do with the continued motion of the 
body and may be illustrated by considering the ball in the con- 
cave surface. The friction forces on the ball are always in a 
direction opposite from its motion. They provide a positive 
damping force that tends to make the ball oscillate with decreasing 
amplitude and finally come to rest; the ball is dynamically stable. 
If friction and aerodynamic forces are zero (an impossible con- 
dition, but convenient for these discussions), there is no damping 
force, and the ball oscillates indefinitely with constant amplitude; 
it is nevlrally dynamically stable. If the friction force is overcome 
by some external force, achieved, for instance, by blowing on 
the ball in the direction of its motion, the ball oscillates with in- 
creasing amplitude or does not return at all to its position of 
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equilibrium, accordiug to the magnitude of the external force. 
In either case, it does not return to equilibrium after an indefinite 
time interval; it is, therefore, dynamically unstable. In Fig. 15-2, 
curves of displacement vs. time are plotted for several conditions, 
showing examples of static and dynamic stability and instability. 

The fact that a body is stable is often not a sufficient specifi- 
cation. For instance, an automobile with no shock absorbers, 
although statically and dynamically stable, is uncomfortable be- 
cause the oscillations do not damp out quickly enough. Installar 
tion of shock absorbers increases positive damping and causes 
a more rapid decrease in amplitude with time. Again, an airplane 



Fig. 16*2. Graphical illustrations of stability. 


may have too much static stability, making it diflBLcult to control, 
or too little dynamic stability, making it uncomfortable for riding 
or exasperating for a bombardier or gunner. 

Stability of an airplane is referred to the airplane axes passing 
through its center of gravity; consequently only angular displace- 
ments are accounted for. Loss in altitude, or sideways displace- 
ment is never charged against the stability of the airplane, even 
though it may accompany a stable or unstable condition. Dy- 
namic-stability studies of an airplane are very complicated, but 
fortunately most rigid^ conventional airplanes are djmamically 
stable if they are statically stable. Furthermore, the static 
stability is an indication of the amount of dynamic stability; 
consequently airplanes may frequently be designed according to 
static-stability criteria. Throughout the rest of the discussion, 
“stability'* will imply “static stability" unless stated otherwise. 

All stability considerations are concerned with control surfaces, 
fixed OT free (floating), giving rise to fixed stability axid free stability. 

^ Structural elasticity of an airplane results in deformations that may pro- 
duce static or dynamic instability. These considerations are beyond the 
scope of this text. 
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In general, an airplane should be at least neutrally stable, 'with, 
control surfaces free. 

16*1 Definitions. An airplane must be stable in all possible 
flight attitudes. The most convenient method of analysis is to 
consider three mutually perpendicular axes that intersect at the 
center of gravity of the airplane; then if the airplane is stable 
about these three axes, it must be stable about any axes. Two 
separate systems of axes are frequently used: one is referred to 



the remote velocity, called the mind axeSy and the other is referred 
to the longitudinal axis of the fuselage, called the body axes or 
stability axes. Wind axes will be chosen in the present discussions, 
not only because most wind-tunnel data are presented in this 
form but also because they lead to simpler explanations. In 
Fig. 16-3, positive forces, moments, and angles are shown for 
reference. In the following table the moments and angles are 
further clarified: 


Motian 


Moment 

Coefficient 

Roll 


L* 

Cj = - 4 : 

Pitch 

M 

qSb 

- qSc 

qSb 

Yaw 

N 




* The use of the symbol L far both rolling moment and lift is somewhat confusing but is 
standard NACA nomenclature. 

t The S 3 ^bol 6 is perfectly general for angle of pitch, whereas a refers specifically to the 
wing chord. 
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16*2 Longitudinal Stability. Longitudinal stability is con- 
cerned with the motion of an airplane in pitch. Stability requires 
that a restoring moment accompany an angular displacement 
from equilibrium, and this is indicated by a negative dCm^JdCi,] 
i.e., stability results if a diving moment accompanies an increment 



Fia. 16*4. Typical pitching moment curves. {Based on UWAL data.) 
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Fig. 15*6. Positive force, moment, and angle definitions on the wing and tail 
of an airplane. 


in Cl. An airplane without tail may be stable or unstable depend- 
ing upon the location of the eg with respect to the wing ac, but 
in general it is not both stable and balanced. The function of 
the tail surface is to control, balance, and stabilize the airplane 
(Fig. 15-4). 

The equations for for tail-on may be obtained from the 
geometry of the airplane. In the following equations all moments 
will be assumed to refer to the airplane eg, and the eg wiU be 
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assumed to be at the wing ac. Furthennore, the ac will be assumed 
to be on the zero-lift chord. From Fig. 15-5. 


M = M,: + Mt (15-1 • 

where M is the total pitching moment (in pound-inches) about 
the airplane eg. Subscripts x and t refer to “tail-ofif” and ‘‘tail,” 
respectively. The tail-off pitching moment arises from the wing, 
nacelles, fuselage, etc., and depends upon the horizontal position 
of the lift vector and the vertical position of the drag vector of 
each component with respect to the wing ac. Generally speaking, 
Cfn^ is negative when Cl = 0, while dCnJiCi is positive. The 
tail pitching moment arises mainly from the product of its lift 
and the tail length (distance from eg to tail ac). The moment 
about the tail ac, and the product of the tail drag and its lever 
arm, are usually negligible by comparison. Furthermore, the 
cosine of small angles may be assumed equal to 1.0; hence, 
from Fig. 15-5, 

Jlf = ikf* - Ltlt (16-2) 

where Lt is tail lift, lb 

It is the tail length, from airplane eg to tail ac, in. 

The tail lift is 

Lt = ClM ( 15 * 3 ) 

where subscript t refers to the tail. Substituting Eq. (15*3) in 
Eq. (15-2) and dividing by qSc allows solution for C„. 

The ratio Qt/q is called the tail efficiency factor (see section headed 
Interference, page 335) and is denoted by rjt- The tail lift 
coefficient may be expressed in terms of its angle of attack, 
assuming a symmetrical tail section. 

= (15-5) 

where 0 ( is slope of tail lift curve, per deg 

at is tail angle of attack, referred to local velocity at 
tail, deg 
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The tail angle of attack is related to the wing an^e of attack by 

«« = a + « (16-6) 

where <x is wing angle of attack, deg 

i, is stabilizer setting referred to wing chord, deg 
6 is down-wash at tail from wing, deg 
Substituting Eq. (15-6) in Bq. (15-5) yields 

C„ * C™, - u, I ^ o,(a + h - «) (15-7) 

The wing an^e of attack may be expressed in terms of the wing 
lift coefficient: 

« = % + (15-8) 

where a is slope of wing lift curve, per deg 
is an^e of zero lift of wing, deg 

Also the down-wash an^e may be expressed in terms of the wing 
lift coefficient. Theoretically, the down-wash angle is double 
the wing induced angle at a great distance from the TOng trailing 
edge, but it may be more or less than this value depending upon 
the wing plan form, the horizontal and vertical positions of the 
tail with respect to the wing, etc. For present analyses, however, 
it will be represented by the conventional equation 

6 = 2ai 

= 2 ^ ( 67 . 3 ) ( 15 - 9 ) 


where A is wing aspect ratio. 

Substituting Eqs. (16*8) and (15-9) in Eq. (16-7) gives 

Cnt = + + (16*10) 

Equation (15-10) may be differentiated with respect to Cl- 



Equation (15*11) shows that the addition of the tail causes a 
rotation in a clockwise direction of the Cm vs. Cl curve, as in 
Fig. 15*4. The amount of rotation is represented by the second 
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group of terms on the right and is seen to depend directly upon 
tail area and tail length. The tail efficiency factor 17, varies among 
airplanes from about 0.70 to about 0.90 (power off)> being de- 
pendent upon tail position and model configuration. For light 
planes, the ratio of tail area to wing area, St/S, is about 0.16; 
the tail-length ratio l,/c is usually about 2.7; and the tail aspect 
ratio is about 4. For heavy multiengined airplanes, the ratio of 



Fig* 15*6. Diagram of airplane eg location with respect to wing ac: (a) zero 
lift, (&) an^e of attack » a' referred to zero-lift chord. 

tail area to wing area is about 0.20; the tail-length ratio is usually 
about 4.0; and the tail aspect ratio is usually about 6. 

Equation (15*11) is one form of the stability equation. It is 
not completely general, however, because a munber of variables 
have been ignored in its development. Before continuing, these 
variables will be discussed, and the equation itself will be the 
subject of closer scrutiny. 

It should be noted that the experimental data shown in Figs. 15*4 
and 16*7 to 15*13 are presented in conventional form as obtained 
from \md-tunnel tests, but during such tests the model con- 
figuration and power (if any) are held constant. An airplane in 
flight has control surfaces deflected in such a manner that the 
sum of all the moments arising from aerod3mamic forces and 
thrust (if any) about the eg is zero. For instance, the elevator 
defiection at any lift coefficient must be sufficient to balance the 
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airplane = 0) and therefore is evidently a function of lift 
coefficient. Since longitudinal stability of an airplane is de- 
pendent upon oi constant controlrsurface defiection, the 

curves as presented are indicative of stability but must be shifted 
vertically in order to produce balance, this vertical shift being 
accomplished by elevator deflection. 

Cerder-of-gravity Position, The assumption that the eg is 
coincident with the wing ac is by no means justified in most 
aircraft. It may be displaced horizontally or vertically, or both. 
In Fig. 15-6a, a condition is chosen for which the eg is aft and 
above the ac by distances^ x and z, respectively, at Cl — 0. For 
an arbitrary positive lift coefficient, the eg then assumes a new 
attitude shown in Fig. 15*66. The change in pitching moment 
coefficient at the corresponding angle of attack, a', measured 
from the angle of zero lift, is 

AC« = x{Cl cos a' -[- Cd sin a!) 

+ z{Cl sin a! — Cj> cos a') (15*12) 


Since a' is a small angle, no large error is introduced by assuming 
cos a' = 1.0, Cd sin a! = 0, and sin «' = «'== Chlm] thus 

A ( 7 „ = xCl-\-z{^- ( 15 - 13 ) 

The drag coefficient Cd may be expressed in terms of Cl- 


Cd = Cd. + 

^min tAc 


(15-14) 


Substituting Eq. (15-14) in Eq. (15-13) gives 


AC„ = xCl + zCl 


\m rAe/ 


zCd. 




(15*15) 


Ciompared to all the other terms in the above equation, the last 
one will generally be very small and may usually be ignored. The 
reciprocal slope of the lift curve may be expressed in terms of the 
reciprocal slope of the lift curve for infinite aspect ratio by differ- 
entiating Eq. (6*4) with respect to Cl- 


1 ^ 

m 


— + — 
mo tA 


! X and z are in fraction of chord. 


(15-16) 
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Thus 

+ + (1517) 

The last group of terms is alwaye small compared to l/wio and 
may be neglected; thus the final equation is 

AC„ = a:Ci + 2^ (15-18) 

tno 

Inspection of Eq. (15*18) reveals that the effect of rearward dis- 



Fig* 15'7, Effect on pitching moment of the horizontal position of the center 
of gravity. 

placement of the eg is to produce a climbing moment that is 
linearly dependent upon Cl and that an upward displacement 
produces a climbing moment that is dependent upon the square 
of the lift coeflSicient. In Fig. 15*7, the effect of horizontal dis- 
placement of the eg is illustrated, while in Fig. 15-8, the effect of 
vertical displacement is shown. It is evident that the most 
critical position of the eg, from the standpoint of stability, is 
when the eg is aft and above the ac. Notice that Eq. (15-18) 
and its derivative may be added directly to Eqs. (15-10) and 
(15-11), respectively, in order to make these equations more 
general. 
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A word of caution should be inserted here because of a simplify- 
ing assumption made in the development of the equations. At 
high lift coefficient the drag coefficient usually increases rather 
rapidly, and on some airplanes this produces a considerable 
destabilizing moment. This condition may be important, be- 
cause it occurs at a low speed where control is most critical. 

Stabilizer Effect, The effect of changing stabilizer setting is 
to produce a parallel shift in the pitching-moment curve, as in 



Fig. 15*8. Effect on pitching moment of the vertioal position of the center of 
gravity. 

Fig. 15“9, because the lift increment produced by a change in 
setting is independent of the airplane angle of attack. The 
moment change arises from the product of the lift increment and 
the constant tail length. This is verified by Eq. (15-10), which 
shows that an increment in stabilizer setting causes a negative 
pitching-moment change that is independent of lift coefficient. 
These statements, of course, imply that a change in stabilizer 
setting has no influence on stability. 

Elevator Effect, Positive deflection of the elevator (trailing 
edge down) produces an increment in tail lift coefficient that is 
independent of the angle of attack of the tail, in a manner similar 
to the effect of a plain flap on Cl (see Art. 10-1). The tail length 
may be assumed independent of an^e of attack of the airplane; 
hence deflection of the elevator produces a constant moment 
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change as in Fig. 15"10. The effectiveness of an 'elevator in pro- 
ducing a moment change is greatest for small deflections and 
usually becomes nonlinear after about 16 or 20 deg. Furthermore, 
the hinge moment frequently increases rapidly for these larger 



Fia. 15'9. Effect of stabilizer setting on pitching moment. Elevator settiing, 
J, = 0°. (Baaed on XTWAL data.) 

angles; consequently, there is little advantage in designing an 
elevator for more than about 30-deg deflection. 

If the elevator is allowed to float (hands off the stick), the 
effectiveness of the horizontal tail is considerably impaired, and 
the slope reduces as shown by the elevator-free curve in Fig. 15*10. 

Tail Position. If the faul is in the wake of the wing, it will be 
subjected to the down-wash from the wing and will be in a region 
of retarded flow. If the tail is high, it will be less influenced by 
both of these effects. 
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The flow over the tail is also dependent upon engine power 
setting and upon the particular configuration of the wing such as 
plan form, fiap setting, etc. 

Slope of the Toil Lift Cvrve. Several equations have been 
suggested for predicting the lifting properties of an airfoil of low 



Fig. 15*10. Effect of elevator setting on pitching moment. Stabilizer setting, 
if =» —3®. {Baaed on UWAL data,) 


aspect ratio, such as that used on a tail surface. None has re- 
ceived universal acceptance. The equation 


..0.1095(^3) 


or 


(15-19) 
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has been suggested by K, D. Wood^ and is used in this text for all 
aspect ratios less than 6, e.gf., for tail surfaces. 

Twin vertical surfaces are frequently mounted at the extremities 
of the horizontal surface, and this increases the eflFective aspect 
ratio of the horizontal surface. The following equation* may be 
used for estimating the effective aspect ratio of the horizontal 
surface: 

^.-il[l + (§)(|)] 05-20) 


where A sis effective aspect ratio of horizontal surface, dimen- 
sionless 

A is geometric aspect ratio of horizontal surface, dimen- 
sionless 

h is over-all height of one vertical surface, ft 
b is span between vertical surfaces, ft 
This equation assumes that the chord lengths of the horizontal 
and vertical surfaces are equal at the Juncture. 

Interference. The horizontal tail does not act as an independent 
airfoil, because the inboard region is immersed in the boundary 
layer of the fuselage or the vertical tail; consequently, its lifting 
properties are generally less than would be predicted for an airfoil 
of the same aspect ratio when acting alone. This is generally 
accounted for in the tail efficiency factor, which merely means 
that r}t is not strictly jv/st a ratio of dynamic pressures. 

Flaps. Flaps on a wing alone produce a large diving moment 
atjconstant lift coefficient, because of the large lift increment 
concentrated near the wing trailing edge. On the complete 
airplane, this moment is counteracted by another arising from 
the increased down-wash over the tail; t.e., for a particular lift 
coefficient the flaps cause a redistribution of wing down-wash 
that gives a greater down-wash in the inboard region of the wing. 
This increased down-wash tends to reduce the tail lift and pro- 
duce a climbing moment. The final effect of deflecting the flaps 
depends upon their geometry and upon the tail position. Flap 
deflection may cause a shift in the curve of vs. Cl but ordinary 
ily does not have a large effect on the slope (lig. 15-11). 

1 Wood, K. D., “Technical Aerodynamics/’ McGraw-Hill, New York, 1947 . 

•From rig 267. 
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Pig. 16-11. Effect of flap deflection on pitching moment of an airplane. {Based 
on UWAL data.) 



Fig. 15*12. Effect of i>ower on pitching moment of an airplane. {Baaed an 
VWAL daia.) 
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Power. The effect of power depends upon several variables. 
First, if the thrust axis is below the eg, a climbing moment is 
produced. Second, if the tail is immersed in the slip stream of 
the propeller, the velocity and down-wash angle are considerably" 
modified, the usual combined effect being destabilizing, as shown 
in Fig. 15-12. Third, as the wing angle of attack is increased, the 
propeller is pitched positively, and this produces a lifting force 
that arises from the modified blade torque forces;^ if the propeller 
is well forward of the eg, as in a single-engined airplane, the 
resulting destabilizing moment may be appreciable. 

Ground Effect. Proximity to the groimd causes an effective 
increase in aspect ratio of the wing, which reduces its drag 
coefficient at a particular lift coefficient, but has no appreciahle 
effect on its pitching moment The tail aspect ratio is also effec- 
tively increased, which effectively increases its lift-curve slope. 
Superimposed on this is the influence of the ground in changing 
the flow pattern on the tail; it provides a constraint that forces 
the air to follow the contour of the level ground. The cumulative 
effect is to produce a considerable increase in stability near the 
ground as shown ip Fig. 15-13. Similar results occur with flap 
deflected and with power. 

With all the above variables to consider in stability prediction, 
there is small wonder that wind tunnels are necessary for ac- 
curately determining the characteristics of a particular configura- 
tion. Of course, a great number of tests have been run on many 
airplanes, and empirical factors have been evolved that apply to 
particular classes of airplanes. These factors allow power-off 
(gliding) stability to be predicted quite accurately. 

There are two limits to the amount of stability an airplane 
should have, or, put another way, there are two limits to the size 
of stabilizer and elevator. First, the airplane should be stable 
for all possible flight attitudes and configurations, including 
elevator-free, and second, it must not be so stable that the elevator 
is imable to provide balance at the landing Cl near the ground, 
with flaps and landing gear down. These two specifications are 
directly related to the eg travel of the airplane. The eg cannot 
be allowed to move so far rearward that the airplane is not suffi- 

^ For a complete discussioii of this effect, see WR Ir-219 and WR Ir336. 



ciently stable according to the first requirement above, nor may 
it be allowed to move so far forward that the elevator cannot 
balance the plane under landing conditions according to the 
second requirement. 



Fia. 15*13. Effect of proximity to the ground on pitching moment of an air- 
plane, flaps retracted, power off. (Baaed <m UWAL data.) 


16*3 Directional Stability. Directional stability is concerned 
with the motion of the airplane in yaw. Stability requires that 
a restoring moment accompany an angular displacement from 
equilibrium, and this is indicated by a negative dC„^/dip-, i.e., 
the airplane is stable if a negative yawing moment accompanies 
an increment in yaw angle. The wing, fuselage, nacelles, etc., 
of an airplane are usually unstable, and the vertical tail supplies 
the required moment to provide stability. Directional stability 
is confflderably easier to analyze than longitudinal stability be- 
cause of the symnietry in the problem. The yawing moment for 
the complete airplane about the eg may be written 

iv » iv, -f- 


(16-21) 




where N is total yawing moment (in pound-inches) about the 
airplane eg. Subscripts x and t refer to tail-off and tail, respec- 
tively. The tail yawing moment may be written in terms of the 
lateral force on the vertical tail and its lever arm to the airplane 
eg, ignoring tail drag, assuming a symmetrical tail section, and 
assuming cos f = 1.0. 

Nt = -Y^t (15-22) 

The lateral force may be expressed 


r, = Cr,q.8. 

■ (v), 

where is tail lateral force coefficient. Equation (15*23) may 
be substituted in Eq. (15*22), and the result substituted in 
Eq. (15*21). After division by qSb, 



(15*24) 


Equation (15*24) may be differentiated with respect to 


dp df' b # 


(15*25) 


Equation (15*25) is somewhat similar to its counterpart for 
longitudinal stability [Eq. (15*11] and may be treated in much 
the same manner. 

Change in fore-and-aft position of the center of gravity has 
negligible effect upon stability. Eudder deflection produces a 
shift in the yawing-moment curves similar to that for the elevator, 
and a free rudder causes a reduction in stability (Iig. 15*14). 

The presence of the horizontal tail increases the effective aspect 
ratio of a conventional vertical tail about 30 per cent if the 
horizontal tail is placed at the base of the vertical tail. It has 
no effect, however, if placed at the mid-span.* 

The vertical position of the wing is very important in determining 
the flow pattern over the vertical tail and hence the directional 
stability. A high-wing position is destabilizing, and a low-wing 
position is stabilizing. The slope of the yawing moment curve, 
' See TN 1050 for a complete disenstion. 
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cUJn/d4'> increases about 0.0001 for each per cent of span 
that the wing is moved vertically upward.^ 

Ground effect is not very important in affecting directional 
stability, but flap deflection may or may not be important, de- 
pending on wing position, flap conflguration, etc. 

The effect of power dep^ds upon whether sin^e or dual rotation 
is used and on whether the airplane is single-engined or multiple- 
engined; in other words, it depends upon the direction of the 



Fia. 15*14. Effect of rudder setting on yawing moment of an airplane. {Based 
on UWAL data.) 

flow over the tail and upon how much of the tail is imniersed 
in the slip stream. The directional stability may be increased 
when the tail is within the slip stream, but may be decreased 
when the airplane is yawed suflSciently to cause the slip stream to 
miss the tail. Superimposed on the effects of slip stream is the 
destabilizing effect of a yawed propeller. This is the coxmterpart 
of the effect of a pitched propeller discussed under Longitudinal 
Stability on page 337. 

An airplane should be at least stable for all possible flight 
attitudes and configurations, including rudder-free, but must not 
be so stable that the airplane cannot be balanced by the rudder 
for all possible flight maneuvers. The latter specification is, of 
course, directly associated with the design of the rudder. For 
any airplane, the sideslip in landing may be a critical maneuver. 
For a multiengined airplane, an unsymmetrical power condition 

^ See NACA-University Conference on Aerodynamics, A Compilation of 
Papers Presented, June 21-23, 1948. 
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(engines on one side inoperative) may be critical- For an engine 
with conventional landing gear, ^^ground looping'^ may be critical. 
Ground looping is caused by main-wheel friction F in the yawed 
attitude of an airplane 
equipped with conventional 
landing gear, during landing, 
and is critical for the rearmost 
eg position (Fig. 16*15). 

16*4 Lateral Stability. Lat- 
eral stability is concerned with 
the motion of an airplane after 
an initial roll. Unfortunately 
for purposes of analysis, an 
airplane is unable to execute a 
pure roll without an accom- 
panying yaw, because, as is 
shown in Fig. 15*16, the lift 
vector is tilted sideways, giving 
a resultant side force. The 
roll, therefore, produces a sideslip. If the vertical tail is very 
large and the dihedral is small, the airplane goes into a spiral 
dive, producing spiral iiistability. If the vertical tail is small and 
the dihedral is large, the sideslip produces a greater lift on the 
down wing than on the up wing, which causes a rolling moment 
in the opposite direction. The airplane, therefore, sideslips in 
the opposite direction. The resulting pendulumlike motion gives 
an instability called Dnich roll because of its resemblance to a 
Dutchman on skates (Fig. 15*17). In general, a tendency toward 
spiral instability is not undesirable, because it gives the pilot 
plenty of warning and causes no physical discomfort as does 
Dutch roll. The requirement for satirfactory lateral stability is 
a rather nebulous specification based upon a fairly complicated 
theory. Practically, it is usually attained by empirical criteria 
based on experience gained from similar airplanes. 

If the airplane is just at the stall angle and is then rolled, the 
increased angle of attack on the down wing causes stalling and 
consequent further roll. Ultimately, with both wings stalled at 
a mean angle of perhaps 45 deg, the down wing has the lesser lift 
coefficient and higher drag coefficient, with the result that the 
airplane autorotates, producii^ a spin. Usually ailerons and 


{• 



equipped with conventional landing gear 
when yawed in the landing attitude. 


342 


PRINCIPLES OF AERODYNAMICS 


[Chap. 15 


elevator are almost completely ineffective because of thar stalled 
condition; hence the rudder must be used to reduce angular 



r Weight 

Fig. 15*16. Forces on an airplane in sideslip. 

velocity. Then, although the airplane loses altitude, it gains 
forward speed and becomes unstalled. 

Prevention of inadvertent spinning 
hinges mostly on proper design of the 
wing. The tips should be the last 
\ region to stall, so that good aileron 

^ control is maintained even though the 
/ wing is partially stalled. This pro- 
vides warning to the pilot before he 
is in serious difl&culty. 

16*6 Theoretical Hinged-suiface 
Characteristics. Prediction of the 

Fig. 16 * 17 . Path of an a^lana aerodynamic characteristics of an ele- 
having Dutch-roll instability. vator, rudder, or aileron is a difficult 

problem that usually is solved by rely- 
ing heavily upon experimental data. The theoretical aspects of 
the problem must be understood before an evaluation of the ex- 
perimental data is attempted, and for this reason the present 
article is concerned with an explanation of the characteristics of 
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a simple hinged surface operating in a perfect fluid. Article 15*6 
will deal with some of the important variables that affect an 
actual hinged surface in a real fluid. 

This simple hinged surface consists of a main surface and flap. 
Both are flat plates, and the hinge is located at the leading edge 
of the flap. The problem is to predict the normal force coefl&cient 
Cn on. the hinged surface and the hinge moment coefldcient Ce 


flap chord/tcftal chord, fy/e 


iniSBBI 

Ihbb&i 

IMBBBBBI 


IBBBRBI 

IBBBBr 


0.010 /ac 


Fig. 15*18. Theoretical characteristics of a hinged flat plate without aerodynamic 
balance or gap. All angles are in degrees. (From TR 721.) 


on the flap, resulting from either a change in angle of attack or 
from a flap deflection. The normal force, when multiplied by the 
appropriate lever arm (depending upon whether the hinged sur- 
face is associated with the elevator, rudder, or aileron), gives a 
moment about the airplane center of gravity that is used to con- 
trol the airplane.^ The hinge moment, when divided by the 
appropriate lever arm (which is a function of the linkage system 
used), gives the control force that must be exerted by the pilot 
on the stick, wheel, or pedal in order to deflect the flap. The 
normal force coefl&cient and hinge moment coeflS.cient are defined 
as follows: 

^ ( 15 - 26 ) 

1 In these discussions the moment coefficient of the main surface itself and 
the chordwise force coefficient are both neglected. 
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where N is normal force, lb 

q is d 3 mamic pressure, psf 

S is combined area of main surface and flap, sq ft 
H is hinge moment, lb-in. 

Sj is area aft of hinge line of flap, sq ft 
Cf is average chord of flap aft of hinge line, in. 
Positive-sign conventions are shown in Fig. 15*18. 

Both the normal force coefficient and hinge moment coefficient 
are functions of the angle of attack of the main-surface chord and 
of the flap deflection. Discussion of the relation among these 
variables requires that some of the elementary properties of 
partial derivatives be recalled. From the calculus, the differential 
of a function of two variables is shown to be expressible in terms 
of the partial derivatives of the function with respect to the two 
variables separately: 


where df is differential of function / 



is derivative of function / with respect to x, with y 
held constant 

is derivative of fxmction / with respect to y, with 
X held constant 


da; is differential of x 


dy is differential of y 

Furthermore, if the differential of the function is set equal to 


zero. 


These two equations will now be used to analyze the character- 
istics of hinged surfaces. 

The normal force coefficient is a function of the angle of attack,^ 
O', and the flap setting 8; jihus 

1 The angle of attack must be measured from the zero-lift chord of the main 
surface, but this causes no complications in the present analysis. 
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The hinge moment coefficient is expressed conveniently as a 
function of Cn and 5: 

If a linear relationship is assumed to exist among the variables 
in the above equations, the differentials may be replaced by 
their corresponding variables: 

Physically, Eq. (15*32) means that the normal force coefficient 
of a hinged surface at angle of attack, a, and with control surface 
deflection 5, is obtained by adding the increment due to a to that 
due to L Similar statements may be made regarding Ce- The 
four derivatives are aU predictable from perfect-fluid theory for 
the simple S 3 rstem considered. All but {dCN/dd)i depend upon 
the ratio of flap chord to total-surface chord. Each of the 
derivatives will be discussed separately in the following paragraphs. 

The derivative (dCjv/dQ:)« is merely the slope of the lift curve a, 
since Cn ^ Cl- It is obtained in the conventional fashion from 
Eq. (16*19). 

According to Eq. (15*29), the derivative (5Cjyr/55)« may be 
written in the form 

where the derivative appearing first on the right is again the 
lift-curve slope and the second one is frequently called the effective-^ 
Tvess factory designated by the S 3 nnbol K, Its significance may 
be clarified by a physical interpretation. If a 10-deg flap de- 
flection (with constant angle of attack) produces the same incre- 
ment in normal force coefficient as a 5-deg change in angle of 
attack (with constant flap deflection), then the flap is half as 
^'effective” as the total surface, and K = —0.5. A theoretical 
-curve of the effectiveness factor as a function of flap chord is 
given in Rg. 15*18. 


(15*32) 

(15*33) 
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Theoretical values of the derivative (dCH/dCN): are also given 
in Fig. 15*18. The hinge moment coefllcient varies when Cn 
varies because the pressures on the flat plate are a linear function 
of its normal force coefficient. In Fig. 16*19 the theoretical 
pressure distribution on a flat plate is shown for a normal force 
coefficient of 1.0. Clearly, the moment coefficient about the 
hinge line is due to the pressures on the flap alone. 

Theoretical values of the derivative (dCH/d8)cj^ are given in 
Fig. 15*18. Variation in the hinge moment due to flap deflection 



Fig. 15*19. Theoretical pressure distribution on a flat plate for which Cn — 1.0. 

may be appreciated by referring to Fig. 15-20o, where pressure 
distribution on a hinged plate is plotted for 5 = 10 deg and 
Cw = 0. Again the moment coefficient about the brn ga line is 
due to the pressures on the flap alone. 

Figure 15-206 shows the pressure distribution from Fig. 15-20a 
added* to that of Fig. 15-19 to give the pressure distribution with 
.5 = 10 deg at Cn = 1.0. The hinge moment arising from the 
combined pressures is then the total hinge moment expressed 
byEq. (15-33). 

The three derivatives shown in Fig. 15-18 have fxmdamental 
significance, because they are ail independent of aspect ratio. 
They will be used in the next article for comparing the char- 
acteristics of actual hinged surfaces. 

I Accord^ to Art. 9-2, the velocities, not the pressures, should be added, - 
however, direct addition of pressures is permissible as an approximation. 
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16*6 Actual Hinged-surface Characteristics. The character- 
istics of an actual control surface may be considerably different 
from those shown in Art. 15*5 because of several variables to be 
discussed in this article. First, the conclusions drawn in the 




Fig. 16*20. Theoretical pressure distribution on a flat plate hinged at 0 7c: 
(a) Cjyr = 0 and 5 = 10 deg, (6) Cn = 1.0 and 5 « 10 deg. 

preceding article were based upon an assumption that the fluid 
was perfect. In a real fluid, the simple hinged surface discussed 
would not be likely to operate at very large angles of attack or 
flap deflection without separation occurring somewhere on its 
surface. Even with a well-streamlined airfoil section and flap, 
the effect of the boundary layer on flap hinge-moment char- 
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acteristics is likely to be considerable, particularly since it is a 
function of the stream turbulence and of the roughness or waviness 
of the surface. Experimental tests 'are generally run on control 
surfaces constructed of solid and smooth-surfaced material. Some 
difEerence in characteristics on an actual airplane must usually 
be anticipated because of structural imperfections and surface 
deflections under load. 

Second, the hinged surface considered previously consisted of 
two flat plates. A conventional hinged surface consists of a 
well-streamlined combination of the main surface and flap. 
Thickness and camber both alter the hinge-moment characteristics, 
because they partly determine the pressure distribution over the 
flap; t.e., the theoretical pressure distribution due to airfoil 
thickness and camber may be added (see footnote, page 346) to 
the values given in Fig. 15-206 to approximate the over-all pres- 
sure difference on an airfoil at a particular angle of attack and 
with a particular flap deflection. The contour near the flap 
trailing edge is particularly important in defining the flap pressure 
distribution and hence the hinge moment. 

Third, conventional flaps are never hinged at the flap leading 
edge, because this results in unnecessarily large hinge moments. 
There is usually about 30 per cent aerodynamic balance or overhang 
(measured in per cent of fliap chord), the optimum amount being 
a function of the configuration of the fixed surface and of the 
flap. A flap having a circular leading edge, whose center is at 
the hinge line, has no effect in balancing the flap, because all 
pressures on its leading edge must act through the hinge line 
(Fig. 15-21a). Except on this one configuration, the area ahead 
of the hinge line may be regarded as balance area (Fig. 16-216). 
A blimt flap leading edge unports at a smaller flap deflection 
than a relatively sharp one, if the aerodynamic balance is the 
same on the two flaps. Decreasing the amount of aerod3mamiG 
balance increases the flap angle at which importing occurs. The 
gap between the main surface and the flap leading edge is some- 
times sealed with fabric, or with some similar material (Fig. 15-21c). 
There is considerable difference in some of the characteristics 
with sealed and unsealed gap. An intermlly sealed flap has cover 
plates extending over a considerable area forward of the hinge 
line (Fig. 15-21d). The position of the vent dictates the pressure 
differential within the chamber so formed, and hence specifies 
the hinge-moment characteristics of the flap. 
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Lastly, the effects of compressibility vary between configurations. 
In the subsonic and supersonic regions, the effects of compressi- 
bility may be estimated, because the pressure distribution ma3" 
be anticipated theoretically. In the transonic region, the pres- 
sure coefldcient depends upon the position and extent of the shock 
wave (see again Fig. 8*12), which in turn depends upon the shape 
of the basic airfoil, its angle of attack, and the flap deflection. 




Fig. 15'21. Representative flap configurations: (a) ■without balance, (6) ■with 
balance, (c) ■with seal, (d) ■with internal seaL 

With all these variables to be accounted for, the reason that 
wind-tunnel tests are used extensively is at once apparent. Avail- 
able test results are not very well coordinated and do not cover 
thoroughly all the possible variables; therefore it is difficult to 
make positive statements about the effects of each variable on 
the four derivatives. At the same time, it is interesting to com- 
pare the results of some test data with the variations predicted 
for the flat-plate system given in Art. 15*5. Figures 15*22, to 15*24 
show that the amount of overhang, nose shape, and gap have an 
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appreciable effect on the three derivatives shown. Similar effects 
could be shown for airfoil section, trailing-edge angle, and Mach 
number.^ 

A hinged surface should have a large increment in Cn for a 
particular increment in either a or B; hence, by Eqs. (15-30) and 
(15-34), the absolute values of (dCv/da)a and {da/dd)cj^ should 
be as large as possible. Desirable values for {SCh/ 00^)8 and 

Flap chord/airfbil chord, ^/c 



Fig. 15-22. Comparison of theoretioal oharaoterlstios of a hinged flat plate (from 
Fig. 15*18) -with actual characteristics of a hinged NACA 0009 airfoil (from 
WRL^eS), 

{dCH/dS)cx aje not so simply stated. The control forces on the 
stick, wheel, or pedal that are required for maneuvering the 
airplane must not exceed the physical limitations of an average 
pilot; however, they must be large enough to provide ‘^feeV^ at 
small deflections, and they must be able to overcome friction so 
as to return the flap to zero. Moreover, the control forces must 
increase continuously with increase in flap deflection. The 
magnitude of the control force depends upon the type and size 
of the airplane and upon the geometry of the control surface and 
its linkages. 

1 See Tf 22 Ir663 and TiV' 1245. 
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Increasing the speed, maneuverability, or size of an airplane 
increases the magnitude of the hinge moments, but of course the 



Fig. 15*23. Comparison of theoretical characteristics of a hinged flat plate 
(from Fig. 15*18) mth actual characteristics of a hinged NACA 0009 airfoil (from 
WR L-663). 



Fio. 15*24. Comparison of theoretical characteristios of a hinged flat plate 
(from Fig. 15*18) vrith actual characteristics of a hinged NACA 0009 airfoil (fh>m 
WB L~66S), All anfi^es are in degrees. 

ability of the pilot to deflect the control surface remains constant. 
The use of aerodynamic balance to reduce hinge moments may 
prove unsatisfactory, because the balancing problem becomes 
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increasingly acute. An aerodynamic, hydraulic, or electrical 
booster system may then be used. The aerodynamic system is 
in the form of a tab at the flap trailing edge. The simplest ar- 



Fig. 15*25. Representative aerodynamic booster systems: (a) servo tab, (h) 
geared tab, (c) spring tab. 

rangement is called a servo tab (Fig. 15*26a). Deflection of the 
flap is accomplished indirectly by deflecting the tab in the" opposite 
direction. Obviously, less force is required by the pilot to.deftect 
the tab than the flap itself. A geared tab (Fig. 15*256) has a 
linkage that provides a fixed relation between the deflections of 
the tab and %p. A spring tab (Fig. 15*25c) has a spring, whose 
compression deterniines the amount of tab deflection with respect 
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to the flap. The relative tab deflection increases with increase 
in force exerted by the pilot. If the spring is preloaded, the tab 
is ineffective until the spring force is equal to its preload value. 
Above this value, the tab acts as a conventional spring tab. 
Most aerodynamic booster systems are based on one of these 
three types. The hydraulic and electrical systems are used to 
augment the force of the pilot through direct attachment to the 
flap. The requirement of high power for a short period of time 
requires that the electrical systan be unusually heavy. The 

hydraulic system has an ad- 

vantage from this standpoint — — 

because energy may be stored 
in a hydraulic accumulator. 

An entirely different use is 
made of tabs that are used to — chord" 

trim an airplane to reduce Hinge 

pilot fatigue. For instance, (5) 

aa elevator m.y be designed 
to produce zero hinge moment aileron, 
at some design speed, gross 

weight, and eg position, but if any of these variables are changed, 
an elevator deflection is required to balance the airplane. The 
stick force or hinge moment required to deflect the elevator may 
be reduced to zero by deflecting a trim tab m & direction opposite 
to the desired elevator deflection. 

There are many kinds of control-surface sections used in air- 
craft. Most of the peculiar shapes arise from a consideration of 
the control force or hinge moment that must be used for their 
deflection, rather than of their effectiveness. On ailerons there 
are other additional considerations because of the inherent lack 
of symmetry: not only are the wing and aileron usually cambered, 
but the ailerons on each side of the wing operate in opposite 
directions. A negatively deflected aileron produces less drag 
than a positively deflected one, and as a consequence, it produces 
an adverse yawing moment in sideslip. In order to nullify this 
effect, ailerons are frequently either linked differentially so that 
there is a greater negative than positive deflection, or a sharp 
leading edge is used on a projecting lip so that a negative deflection 
produces approximately the same drag as a positive one. The 
Frise aileron is a good example of this latter type (Fig. 15-26). 
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16*7 Practical Aspects of High-speed Flight. Compressibility 
effects on stability and control may be very great. The problem 
is unusually complicated because of interference between the 
wing and tail, and because compressibility phenomena do not 
occur simultaneously on all surfaces. Compressibility shock on 
the wing, at a particular angle of attack, not only produces a 
change in wing characteristics but also causes a change in tail 
pitching moment that arises from the reduced down-wash. Be- 
cause of its thinner section, the tail generally has a critical Mach 
number that is higher than that of the wing; however, ultimate 
breakdown of flow on the tail involves not only a change in the 
stability and balance of the airplane, but also a change in the 
pressure distribution on the elevator and rudder. This causes a 
change in the hinge-moment characteristics, which is manifested 
as a change in the anticipated stick forces. Of more consequence 
is the possibility that deflection of a control surface may produce 
a local velocity that defines the critical Mach number of the 
complete airplane. For instance, an up'^ard-deflected Frise 
aileron could produce a local velocity on the projecting lip that is 
the highest velocity on the airplane. Therefore, compressibility 
shock could occur here first. By the same token, deflection of 
the rudder or elevator could produce high local velocities and hence 
give undesirable hinge-moment characteristics, because of com- 
pressibility shock occurring first on these surfaces. 

Superimposed on the problems of compressibility ate those 
associated with structural elasticity. In order to obtain an 
airplane configuration that is reasonable from an aerod3mamic 
standpoint, the airfoil section used in the wing and tail must be 
very thin. However, this implies a structiue that is character- 
ized by relatively large deflections. An interesting example is 
the problem arising from wing torsional deflection. A downward 
deflection of the aileron produces a twisting of the wing that 
reduces its angle of attack. At low speed the torsional deflection 
is very small, but at high speed the deflection may be sufficient 
to produce a decrement, rather than an increment, in lift. This 
phenomenon is called aileron reversal. The problem is a very 
serious one, not because an airplane would necessarily attain 
such a critical speed, but because aileron effectiveness decreases 
with increase in speed. 
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WMle no attempt is made here to treat these effects in any 
detail, their importance cannot be overemphasized. 

PROBLEMS 

16-1. Equations (15*10) and (15*11) were developed assuming a:S3mi- 
metrical horizontal tail section. How would these equations be modified 
if the horizontal tail section were not assumed symmetrical? 

15*2 Figure 15*4 corresponds to an airplane having W * 70,000 lb, 
Iw - 50 psf, wing aspect ratio A = 7.5, horizontal tail aspect ratio 
At « 5.6, tail length ratio U/c « 2.5, St/S = 0.23. Assume that for the 
wing the slope of the lift curve for infinite aspect ratio is oo - 0.096 per 
deg. Estimate m using Eq. (15*11). 

16*3. For an airplane, dCn^^^/dCh * —0.10, and when Cl = 0, 

^"* 0.24 “ ^*^* 

а. What is the eg position for which dCm^JdCL = 0? 

б. At what lift coefficient is the airplane balanced with the eg at the 
26 per cent chord? 

16*4. Positive deflection of the elevator of an airplane produces a 
negative change in pitching moment coefficient about the airplane center 
of gravity, — at constant angle of attack. Find an expression for 
change in airplane lift coefficient, aCl (based on the wing area), at con- 
stant angle of attack due to positive elevator deflection, as a function of 
the geometric characteristics of the airplane and —aCw^^. 

16*6. An airplane has the following specifications: gross weight » 
10,000 lb; wing area = 500 sq ft; cruising speed is 250 mph at 10,000 ft; 
eg location at cruising speed is 0.25c, for which the elevator angle 5, « 0 
and dCm^j^/dCL = —0.10. With all cargo and passengers removed, the 
weight is reduced to 8000 lb, and the eg moves to 0,30c. Find the ele- 
vator an^e required to balance the ship at this reduced weight at 250 
mph at 10,000 ft, knowing that dCw/d5. * —0.022 per deg at constant 
lift coefficient. 

16-6. Figure 15*14 corresponds to a four-engined airplane having 
W » 70,000 lb, Zw = 50 psf, and wing aspect ratio A « 7.6. The 
distance from tiie fuselage center line to the thrust axis of the inboard 
and outboard propellers is 12 and 24 ft, respectively. Take-off speed is 

»» 90 mph. Take-off power P = 1600 bhp per engine; propeller 
efficiency 17 = 0.70; maximum radder an^e Sr = ±26 deg. At the 
moment of take-off, two engines on one side become inoperative. Deter- 
mine whether or not the rudder is able to counteract the resulting yawing 
moment by solving for the velocity at which the maximum rudder 
deflection is able to balance the airplane at ^ 0. Ignore the drag of 

the stopped propellers. Assume standard conditions. 
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16*7. Show that the elevator effectiveness factor Ke may be obtained 
from 

(dCm/d5,\ 

at constant airplane Cl* 

16’8. Using the relation from Prob, 15-7, estimate the elevator effec- 
tiveness factor Ke for the airplane of Prob. 15*2. Use Figs. 15*9 and 
15*10 at Cl = 0.5, and assume Ke is constant for 0 ^ de ^ -10. 

16-9. a. Obtain an equation for Ch of a simple hinged surface, 

where Ap is pressure difference between upper and lower flap surface at 
point X, psf 

X is distance aft from flap leading edge, in. 

Cf is flap chord, in. 

6. Using the data contained in Fig. 15*19, verify the value of (dCs/ 
in Fig. 15*18 for Cf/c * 0.5. (Notice that Fig. 15*19 corresponds 
to Cjy = 1.0.) 
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Tablb I. Staotabd Am Peopertus at AltittoE* 


Alti- 

tude, 

ft/1000 

Absolute 

pressure, 

psf 

Tem- 

perature, 

Density 

ratio, 

PO 

Mass 
density, p, 
slug/ou ft 

1 

v; 

Viscosity, t 
MX 10». 
uug/it-sec 

K'inATnftt.i/* 

viscosity 

reciprocal, 

lA. 

sec/sqft 

Speed-of- 
soundt ratio 
a/at 
(oo » 

1120 fps) 

0 

2116.4 

59.0 


0.002 378 


373 

6380 

1.000 

1 

2011.3 

55.4 

0.9710 


1.0148 

371 

6220 

0.997 

2 

1967.8 

51.9 

0.9428 

0.002 242 

1.0299 

369 

6080 

0.993 

3 

1896.3 

48.3 

0.0151 

0.002 176 

1.0454. 

367 

5930 

0.990 

4 

1827.7 

44.7 

0.8881 

0.002 112 

1.0611 

365 

5790 

0.986 

5 


41.2 

0.8616 

f!v3ippl 

1.0773 

363 

5640 

0.983 

6 

1696.2 

37.6 

0.8358 


1.0938 

361 

5510 

0.979 

7 

1633.2 

34.0 

0.8106 

0.001 928 

1.1107 

359 

5370 

0.976 

8 

1571.7 

30.5 

0.7859 

0.001 869 

1.1280 

357 

5240 

0.972 

9 

1512.3 

26.9 

0.7610 


1.1456 

355 

5100 

0.968 

10 

1455.7 

23.3 

0.7384 

0.001 756 

1.1637 

352 

4990 

0.965 

11 

1399.8 

19.8 

0.7154 


1.1822 

350 

4860 

0.962 

12 

1346.0 

16.2 

0.6931 

0.001 648 


348 

4740 

0.958 

13 

1293.7 

12.6 

0.6712 

0.001 596 

1.2206 
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4610 

0.954 

14 

1242.8 

9.1 

0.6499 


1.2404 
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4490 

0.950 

15 
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0.6291 

0.001 496 

1.2608 
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0.947 

10 

1146.6 
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0.001 448 

1.2816 

340 
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0.943 

17 

1100.6 

-1.6 

0.5891 


1.3029 
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0.940 

18 

1056.7 

-5.2 

0.5698 

0.001 355 

1.3247 
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19 
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-8.8 
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1.3473 
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20 
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22 
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29 
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2870 
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31 
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-51.6 

0.3603 
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2780 
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32 

572.9 

-55.1 

0.3472 


1.6971 
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1 0.883 

33 

546.8 

-58.7 

0.3343 


1.7295 

303 

2620 

0.879 

34 

522.0 

-62.2 

0.3218 


1.7628 

301 

2540 

0.875 

35 

498.0 

-65.8 

0.3098 


1.7966 

299 

2460 

0.871 

36 

474.6 

-67.0 

0.2962 


1.8374 

298 

2360 

0.870 

37 

452.0 

-67.0 

0.2824 


1.8818 

298 

2250 

0.870 

38 

431.5 

-67.0 

0.2692 


1.9273 

298 

2150 

0.870 

39 

411.0 

-67.0 

0.2566 


1.9738 

298 

2050 

0.870 

40 

391.9 

-67.0 

0.2447 


2.0215 

298 

1950 

0.870 

41 

373.5 

-67.0 

0.2332 


2.0707 

298 

1860 

0.870 

42 

356.5 

-67.0 

0.2224 


Emm 

298 

1780 


43 

339.5 

-67.0 

0.2120 


2.1719 

298 

1690 


44 


-67.0 



2.2244 

298 

1610 

0.870 

45 

308.4 

-67.0 



2.2785 

298 

1540 

0.870 

46 

294.2 

-67.0 

0.1837 


2.3332 

298 

1470 

0.870 

47 

280.8 

-67.0 

0,1751 


2.3893 

298 

1400 

0.870 

48 

267.4 

-67.0 

0.1669 


2.4478 

298 

1330 

0.870 

49 

255.3 

-67.0 

0. 1591 


2.5071 

298 

1270 

0.870 

50 

243.3 

-67.0 



2.5675 

298 

1210 

0.870 


863 















364 PRINCIPLES OF AERODYNAMICS 


TabmI. Standard Aie Pbopebtibs at Ai/titude* (Continued) 



Absolute 

pressure, 

psf 

Tem- 

perature, 

op 

Density 

ratio, 

po 

Mass 
density, p, 
slug/cu It 

1 

Vv 

Viscosity.f 
p X 10», 
slug/ft-sec 

Kinematic 

viscosity 

reciprocal, 

1/p, 

sec/sq ft 

Speed-of- 
soundt ratio 
a/ao 
(oo *= 

1120 fps) 

55 

191.5 

-67.0 

0.1195 


2.8928 

298 

950 

0.870 

60 

150.8 

-67.0 

0.0941 


3.2599 

298 

750 

0.870 

70 

93.5 

-67.0 

0.0584 


4.138 

298 

470 

0.870 

80 

58.0 

-67.0 

0.0362 


5.256 

298 

290 

0.870 

90 

36.0 

-67.0 

0.0225 


6.666 

298 


0.870 

100 

22.3 

-67.0 

0.0139 


1 8.482 

298 


0.870 


* Based on data contained in TB 218 and TN 1200. 
t Baaed on Eq. (1*34). 
t Based on Eq. (1*25). 


Table II. Chaeacteeistics of Common Manometer Fluids* 


Liquid 

Approximate 
specific 
gravity at 
59 F 

■ 

Attacks 

natural 

rubber 

Attacks 

Neo- 

prene 

Attacks 

nonrigid 

Vinylite 

Attacks 

rigid 

Vinylite 

Attacks 

Saran 

(rigid) 

Silicone liqiudst 

Available 

0.76-0.96 

No! 

No 

No 

No 

No 

No 

Methyl alcohol 

0.79 

Yes 

Noll 

No 

Yes 

No 

No 

Kerosmie 


Yes 

Yes 

No 

Yes 

No 

No 

Benzol 

0.88 

Yes 

Yes 

No 

Yes 

No 

Slight 

Watert 

1.00 

No 

No 

No 

Nn 

No 

No 

Carbon tetrachloride 

1.59 

No 

Yes 

Yes 

Yes 

No 

No 

Acetylene tetrabromidef. . 

2.97 

No 

Yes 

Yes 

Yes 

Slight 

Slight 

MereuryT 

13.6 

No 

No 

No 

No 

No 

No 


* Information on tubing supplied through the courte&Qr of United States Rubber Com- 
pany, E. L Dupont de Nemours & Company, Bak^te Corporation, and The Dow Cheznical 
Corporation, 
t Costly. 

t The high surface tension of water may be reduced by using a “wetting agent,” such as 
Aerosol solution. 

S The lighter liquids are oombiistible. 

May extract compounding ingredients of rubber and change liquid specific gravity. 
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Table HI. Airfoil Characteristics* 


From Tests Run in the Variable-Density Tunnel 


Airfoil 

section 

Section characteristicst 

A = 6 char^ 
aoteristics, 
roimd tipsf 


deg 

0(0, 

per 

deg 


^ae 

ao, 

per 

cent 

chord 



' 

cpat 

per 

cent 

chord 

JW6, 

per 

radian 



NACA 0006 

0.91 

0 


0.0051 

0 

24.3 

178 

35 

4.28 


NACA 0009 

1.39 

0 

0.098 

0.0058 

0 

gntil 

240 

26 

4.28 


NACA 0012 

1.66 

0 

iwiiii* 


0 

24.4 

277 

26 

4.32 

0.0060 

NACA 0015 

1.66 

0 


0.0064 

0 

23.8 

259 

25 

4.24 

0.0064 

NACA 0018 

1.53 

0 



0 

23.3 

219 

25 

4.20 

0.0070 

NACA 0021 

1.48 

0 



0 


185 

24 

4.11 

0.0080 

NACA 0025 

1.26 

0 


0.0094 

0 

22.3 

134 

25 

3.82 

0.0094 

NACA 0030 


0 


0.0117 

-0.005 

18.1 

91 

19 

3.48 

0.0117 

NACA 2212 

1.72 

-1.8 


0.0062 

-0.029 

24.1 

277 

27 

4.31 

0.0063 

NACA 2409 

1.62 

-1.7 

0.099 

0.0060 

-0.044 

24.3 

270 

28 

4.31 

0.0061 

NACA 2412 

1.72 



0.0061 

-0.043 

24.5 

282 

28 

4.28 

0.0062 

NACA 2415 

1.66 

-1.7 


0.0068 

-0.040 

23.6 

244 

28 

4.24 

0.0069 

NACA 2418 

1.53 

-1.9 

0.094 

0.0076 

-0.038 

23.9 

201 

27 

4.14 

0.0076 

NACA 4406 

1.32 

-3.9 


0.0062 

-0.087 

24.6 

213 

32 

4.34 

0.0071 

NACA 4409 

1.77 

-3.9 


0.0066 

-0.088 

24.4 

268 

31 

4.20 

0.0072 

NACA 4412 

1.74 

-4.0 


0.0071 

-0.088 

24.2 

245 

31 

4.28 

0.0073 

NACA 4415 

1.72 

-4.0 


0.0076 

i-0.085 

24.0 

226 

31 

4,24 

0.0079 

NACA 4418 

1.57 

-3.7 


0.0079 

-0.078 

23.6 

199 

31 

4.07 

0.0081 

NACA 4421 

1.41 

-3.4 


0.0088 

-0.071 

23.1 

160 

32 

3.96 

0.0089 

NACA 23006 

1.17 

-1.2 


0.0057 

-0.012 

24.0 

205 

26 

4.34 

0.0058 

NACA 23009 

1.66 

-1.1 


0.0059 

-0.009 

24.1 


25 

4.32 

0.0060 

NACA 23012 

1.74 

-1.2 

4ITij 

mmm 

-0.008 

23.8 

290 

25 

4.34 

0.0061 

NACA 23015 

1.73 

-1,1 

iHiM: 

0.0067 

-0.008 

23.9 

258 

24 

4.28 

0.0068 

NACA 23018 

1,58 

-1.2 


0.0074 

-0.006 

23.3 

214 

24 

1 4.24 

0.0074 

NACA 23021 


-1.2 



-0.005 

22.7 

188 

24 

! 4.07 

0.0080 

NACA 43012 

1.84 

-2.3 

niffl 

0.0068 

-0.019 


271 

27 

4.34 

0.0071 

NACA 43015 

1.76 

-2.3 

iitfiV 


-0.015 

23.8 

251 

26 

4.37 

0.0071 

NACA 43018 

1.63 

-2.4 


0.0078 

-0.013 

23.2 


26 

4.20 

0.0079 

NACA 63012 

1.84 

-3.5 


0.0075 

-0.033 

22.3 

245 

26 

4.34 

0.0087 

NACA 63018 

1.63 

-3.4 


0.0080 


22.9 


26 

4.24 


Clark Y 

1.68 

-5.0 


0.0071 

-0.069 

23.9 

237 

29 

E&3 



1.68 



0.0076 

-0.081 

24.6 

221 

1 31 

4.14 

1*0 Vr * 

NACA M6 

1.51 






229 

26 

4.18 



* From TR 669. Test R « 3,000,000, R« » 8,300,000. 

t Round as viewed from top, not front. 

JTo convert these data to infinite-aspect-ratio characteristics, use the 
following relations. The term on the left of each equation refers to infinite 
aspect ratio. 

- 0,0016 (5 + (I - 4 
where i ^ 6 and is per cent thickness. 

oto = ofo — 0.39ct deg 
Cl^ = 0.935c*^ 

Note: In the first two equations, corrections are applied at constant lift 
coefficient; hence ci = Cl- 
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Fig. I, Aerodynamic oharaoteristics of an NACA 23015 airfoil having aspect ratio of 6. The data were 
obtained from tests on a rectangular wing at a Reynolds number of 8,370,000. {Ftowi TR 669.) 
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Angle of attack, », deg 
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Fig. II6. Cruising-power variation with low impeller ratio for a Pratt A Whitaey 
Double Wasp engine, showing “Auto-lean” fuel consumption. The fuel con- 
sumption may be assumed indepwident of altitude. (JReproduced by permission 
of Pratt & Whitney Aircraft.) 
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• ESTIMATED SPCOFIC FUEL CONSUMPTIONS 
NOTE— THESE CURVES SHOW MINIMUM SPEOFIC FUEL CONSUMPTION OBTAINABLE 



1200 1400 1600 1800 2000 2200 2400 2600 

Engine speed, R.P.M. 


Fig. lie. Cruisin^powervariationwithhifi^iimpeUerratiofor a Pratt & Whitney 
Double Wasp engine, showing “Auto-lean” fuel consumption. The fuel con- 
sumption may be assumed independent of altitude. {Reproduced by vermiasion 
of Pratt <fc Whitney Aircraft.) 
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wins. {From TR 658.) 


374 


PRINCIPLES OF AERODYNAMICS 


MiSSSHSHSSSSBiSSSaSHSilgHBsSSRaSHM 






HinifainHi 
HIIViinBI — 

■■naniBi 

■■iwnBH 

■■MBBBBICI 




■■■■aSSBSBSpS|^^K9KgMBKPH«uag|;i«9BBaaa 

^SeaKPKBKaHaHBaBaBsagaBaaa 

naHBKBKBaaBBieiaaRaBBnBBBBB 

Jr^BSBflBDBBBDBiaBaaBKBMBBBBBr 
jaaifBlSBBBDBnBnBRaBMBHBIBHBBBl 
>»BaBaBaBaBnRBB!9KBDRaKBinUBBRl 
^JBaaaaaaaBEiBaRBBBnBaNaBBaBaaa 
I^BaaaBDBnBaBBeflDBiRaBnBnnBaaRBa 
^BBBaaaaaaciBBSiianBaKaiiBBnisiinBaBr 

iBBffBaBBBaBBBBnBNBBnBaRaatiaBBBl 
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Advance ratio, J 

Fia. IVa.^ Aerodynamic characteristiGs of a four-bladed propeller. The ined from tests single-rotai 

propeller in front of an in-line engine nacelle with wing. {Front TR 747.] 


Speed-power coefficient, 
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0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 

Advance ratio, J 

Fia. IV6. Aerodynamic oharaoteristios of a four-bladed propeller. The data were obtained from teeis on a sinRle-rotatinK 
propeller in front of an in-line engine nacelle with wing. (Prom TR 747.) 



oro 



Advance ratio, J 

G. IVc and d.^ Aerodynamic characteristics of a four-bladed propeller. The data were obtained 
>m tests on a single-rotating propeller in front of an in-line engine nacelle with wing. (From TR 747.) 
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Altitude, h, ft 
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O^-TT- 1.000 -np-l.OOO 


10 , 000 - 


5000 -E=- 30 


15,000- 


20 , 000 - 


c-2000- 

% 

a 

S 1500- 


I 1000- 

•I 800- 


■ 4.4 !a; 

g-2500- 

-4.2 e- 

i2000- 


25,000- 


30,000- 


35,000- 


1000—^16 




0.638 TVH 
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0.85 0.90 0.95 1.00 

Propeller efficiency correction factor, 

Fiq. VI. Chart for Bofution of propeller efficiency factor Fri, {Example: propeller D = 
ft, propeller N = 1200 rpm, airplane V *= 400 mph, altitude = 20,000 ft. Therefore, Fn 
0.931.) 
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Absolute ceiling, 293, 295 
Adiabatic condition, 5 
Advance ratio, 276 
Aerodynamic center, 114, 222, 365 
Afterburning, 70 
Aileron, 71 

characteristics of, 341'-355 
Aileron reversal, 354 
Air, altitude characteristics of, 12-15, 
363, 364 

effect of humidity on, 11 
equation of state for, 4 
mass density of, 4 
standard, 11, 12, 363, 364 
Air exchanger for wind tunnel, 85, 86 
Aircraft, components of, 58, 59 
types of, 57, 58 

Airfoil, aerodynamic center of, 114, 
222, 365 

angle for maximum lift of, 108 
angle of attack of, 53, 61 
angle of zero lift of, 108, 213 
area of, 59 
aspect ratio of, 59 
correction for, 124-131, 143-146, 
334, 335 

balance of, 118-120 
boundary-layer control for, 237, 238 
boundary-layer growth on, 166-171 
camber of, 61 

effect of, on aerodynamic char- 
acteristics, 113, 208-211, 213, 
217, 223, 224, 247, 248 
center of pressure on, 98, 114-116, 
365 

chord of, 59, 61 

circulation theory of, two-dimen- 
sional, 100-107 

three-dimensional, 124, 133-138 


Airfoil, compressibility effects on, 
subsonic, 44, 179-184, 196, 

197, 202-204, 354 
supersonic, 184-190, 198-202 
transonic, 44, 45, 190-195, 197, 

198, 223-227 

critical Mach number of, 190, 197, 
198, 223-227 
dive brakes on, 239 
down-wash of, 125-127, 132, 137- 
141, 335 

drag of (see Drag, of an airfoil) 
efficiency factor of, 214-216 
with flaps, 229-237 
flow visualization on, 94-97 
geometry of, 59-67, 208-212 
ground effect on, 135, 136 
high-speed (see BQgh-speed airfoils) 
induced an^e of attack of, 127, 128 
induced drag of, 99, 130, 131, 143- 
145 

interference of, with fuselage, 246, 
247 

lift of (see Lift, of an airfoil) 
momentum theory for, 124-131 
NACA, 62-67, 206-213 

(See also NACA standard airfoil 
sections) 

pitching moments on, 52, 112-120, 
184, 189, 197, 222, 223, 365 
pressure distribution on, 41-45, 63- 
66, 113, 179-182, 187, 191, 
208-212 

roughness, effect of, on, 171, 207, 
208 

scale effects on, 166-170 
section characteristics of, 138, 365 
slots on, 71, 143, 235-237 
spanwise lift distribution on, 139- 
143 

stabflity of, 118-120 
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Airfoil, stall of, 108, 141-143, 166, 
216, 217 

stream turbulence, effect of, on, 
163, 171, 207 

supersonic, characteristics of, 66, 
184^190, 198-202 
taper ratio of, 60 
effect of, 139-141 
thickness of, effect of, 213-227 
velocity distribution on, 41-45, 
208-212 

washout of, 60, 143 
Airplane, axes of, 325 
components of, 68, 59 
compressibility effects on, 202-204, 
354 

control of, 323, 342-353 
efficiency factor of, 148 
engines of, 260-269 
(See also Engine) 
interference on, 245-247 
parasite drag of, 99, 146, 248-251, 
254r-257 

performance of, 290-321 
(See oho Performance) 
power required by, 251-267 
propellers for, 270-286 
(See also Propeller) 
stabmty of, 323-342, 354 
(See also Stability) 
types of, 57, 68 

Airspeed indicator, 28, 29, 72-74 
compressibility correction for, 179n. 
Altitu^, air-property variation with, 
363, 364 
critical, 264 

density variation with, 13, 14, 363, 
364 

effect of, on power required, 253, 254 
pressure variation with, 13, 14, 363, 
364 

speed of sound variation with, 14, 
363, 364 
standard, 11-15 

temperature variation with, 12, 
363, 364 

viscofflty variation with, 15, 363, 
364 


Angle, of attack, 53, 61 
of climb, 296 
induced, 127, 128 
for maximum lift, 108 
of zero lift, 108, 213 
Area, equivalent fiat-plate, 249, 250 
equivalent parasite, 250 
proper, 249 
wing, 59 
Aspect ratio, 59 

effect of, on drag of a cylinder, 242 
on drag of a normal fiat plate, 242 
on induced angle of attack, 127, 
128, 143-145 

on induced drag, 130, 131, 143- 
145 

on lift-curve slope, 129, 145 
on maximum, lift, 146 
effective, caused by end plate, 335, 
339 

caused by ground, 135, 136 
Athodyd, 69, 267 

Atmosphere, standard, 11, 12, 363, 
364 

Attack, angle of, 53, 61 
Autogiro, 67 
Autorotation, 341 

B 

Balance, of an airfoil, 118-120 
of an airplane, 326, 338 
Bellows, for measuring pressure, 15 
Bernoulli equation, for compressible 
fluid, 176 

for perfect fluid, 24-26 
Biot-Savart law, 134 
Blade angle of propeller, 273 
Booster, for control surfaces, 352, 353 
Boundary layer, 42, 153-171 
Boundary-layer control, 89, 237-239 
Bourdon tube, for measuring pres- 
sure, 15 
Boyle's law, 5 
Brake horsepower, 261 
Breguet range equation, 302 
modified for turbo-jet airplane, 316 
Bucket, in drag curve, 170 



INDEX 385 


Bulk modulus of elasticity, 7 
relation of, to speed of sound, 7 
Burble, angle, 108 

{See also Airfoil, stall of) 
compressibility, 45, 191 


Camber, 61 

{See also Airfoil, camber of) 
Ceiling, absolute, 293, 295 
service, 295 

Center of gravity, effect of location 
on, 330-332, 339 
Center of pressure, 98 
Characteristics of airfoils, aerody- 
namic, 213-227, 365 
geometric, 53, 59-67 
Chord, of airfoil, 59, 61 
zero-lift, 61 
Circulation, 101 

Circulation theory, three-dimension- 
al, 133-138 

two-dimensional, 100-107 
Climbing flight, 29^296 
Compound engine, 265 
Compressibility, 6^, 23, 173-204 
effects of, on an airfoil, 44, 45, 179- 
203 

on an aiiplane, 202-204, 314, 
315, 354 

in a Laval nozzle, 177, 179 
on a pitot tube, 17972. 
of a fluid, 6-8 

Compressibility burble, 45, 191 
Consumption of fuel, 267, 268 
Continuity equation, 24, 174, 175 
Control, 323 

Control surface characteristics, 34^ 
355 

Control surfaces, 71, 72 
Cooling, of engines, 69 
Cowl, 69 
Cowl flap, 69 
Cuff for propeller, 69, 282 
Cylinder, drag of, 244, 245 
rotation of, 100, 103-105 
scale effect on, 164, 244, 245 


Cylinder, surface velocity and pres- 
sure on, 39, 40, 43, 44 

D 

Damping, 323 
Density, of air, 4-6 

at ^titude, 14, 363, 364 
effect of, on power, 261, 264 
of manometer liquids, 364 
Diameter of propeller, choice of, 282, 
283 

Diaphragm, for measuring pressure, 
15 

Dihedral angle, 60, 341 
Dimensional analysis, 45-51 
Directional stability, 338-341 
Dive, terminal velocity in, 299 
Dive brakes, 239 
Dorsal fin, 71 

Down-wash behind an airfoil, 125- 
127, 132, 137-141, 335 
Drag, 35, 52 
of an airfoil, 98, 111 
compressibility effect on, sub- 
sonic, 44, 45, 183, 197, 202. 
203 

supersonic, 188, 189, 199-202 
transonic, 191-195, 197, 198 
effect of aspect ratio on, 130, 131, 
143-145 

with flap, 229-237 
increase with dive brakes, 239 
induced, 99, 130, 131, 143-146 
minimum section, 217, 219, 365 
profile, 99, 130, 146, 147 
reduction of, with boundary- 
layer control, 238 
representative, 111, 147 
scale effect on, 166-171 
section, 138, 365 
with slot, 235-237 
of an airplane, 146-149, 202-204, 
264r-257 

parasite, 99, 146-149, 248-257 
representative, 147 
residual, 99, 146 

of bodies of infinite aspect ratio, 245 
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Drag, of bodies of revolution, 244, 245 
of a cylinder, fineness ratio effect 
on, 243, 244 
scale effect on, 164, 244 
form, 43, 99, 154, 242 
interference, 245-248 
of a normal flat plate, 165, 166, 242 
of a parallel flat plate, 156, 158, 159 
pressure, 99 
proper, 249 
ram, 267 

* skin-friction, 43, 99, 156, 158, 159, 
242 

of a sphere, 160-164 
wave, 188 

Ducted propeller, 70 

Dutch-roll instability, 341 

Dynamic stability, 323 

E 

Effective helical tip speed, 281 

Effectiveness factor for control sur- 
face, 345 

Efl&ciency, of actual propeller, 274, 
275, 277-279 

of ideal propeller, 272, 273 
relation of, to lift-drag ratio, 278, 
279 

EflSciency factor for propeller, 280, 
281 

Elevator, 71 

characteristics of, 342-354 
effect of, on airplane pitching mo- 
ment, 332, 333 

Empennage, 71 

End-plate effect on aspect ratio, 335, 
339 

Endurance, calculal^on of, 220, 221, 
303, 304, 317 

Engine, 68-70 
chart for, 370-372 
fuel consumption for, 267, 268 
jet-propulsion, 267-259 
method of rating, 260 
supercharged, 262-266 
unsupercharged, 260-262 

Equation of state, 4 


Equivalent flat-plate area, 249, 250 
Equivalent parasite area, 250 
of an airplane, 256 
Equivalent parasite power, 256 
Exchange coefficient, 157 
Exchanger, air, for wind tunnel, 85, 
86 

Jf 

met, 67, 247, 248 
m, 71 
dorsal, 71 
Fineness ratio, 164 
effect of, on a body of revolution, 
243, 244 

Five-digit airfoil, geometry of, 62, 63 
Flap, 71, 229-237, 335 
comparison of, with slot, 236, 237 
effect of, on airplane pitching mo- 
ment, 335 

on directional stability, 340 
hinge moment of, 236n., 342-353 
Flat plate, drag on, normal-to-flow, 
165, 166, 249, 250 
parallel-to-flow, 156, 158, 159 
Flow, circulatory, 100, 101 
rectilinear, 103 
Flow visualization, 94-97 
Fluid, perfect, 23, 24 
Form drag, 43, 99, 154, 242 
Four-digit airfoil, geometry of, 62 
Fowler flap, 231, 236 
Friction, ground, with brakes, 313 
without brakes, 309 
skin, 43, 99, 156, 158, 159, 242 
Froude number, 50, 51 
Fuel consumption, 267, 268 
Fuselage, compressibility effects on, 
203 

geometry of, 66, 67 
interference effects on, 245-248 

G 

General force equation, 45-51 
General moment equation, 51, 52 
Glauert correction for aspect ratio, 
144 
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Glide angle, minimum, condition for, 
112 

GUder, 67 

Gliding flight, 112, 297-299 
Ground effect, on airfoil, 135, 136 
on complete airplane, 337 
Ground friction, with brakes, 313 
without brakes, 309 
Ground run, during landing, 311-313 
during take-off, 304-310 

H 

Helicopter, 57 
High-lift devices, 229-239 
High-speed airfoils, geometry of, 63 
(See also Aii*foil, compressibility 
effects on) 

Bflnge moment, 236n., 343 
Hinged surface, characteristics of, 
342-353 

effectiveness factor of, 345 
Homogeneity, of fluid, 23 
Honeycomb, 89 
Hull, 68 
Humidity, 11 

I 

Ideal propeller, 270-273 
Indicated airspeed, 72-74 
Induced angle of attack, 127, 128 
Induced drag, 99, 130, 131, 143-146 
Induced power, 256 
Instruments, 15-19, 72-74, 94r-97 
Integrating manometer, 19 
Interference, 245-247 
effect of, on stability, 335 
Interferometer method of flow visual- 
ization, 94, 96, 97 
Isentropic process, 5 
Isobaric process, 6 
Isochoric process, 5 
Isothermal process, 6 

J 

Jet propulsion, 38, 39, 69, 70, 267-269 
from exhaust, ^6 
performance with, 313-^17 


Jets, accelerated, 36-^39 
decelerated, 31-36 

K 

K4rm4n-Tsien equation, 180 
K4rm4n vortex trail, 164 
Kutta-Joukowski lift equation, 104 

L 

Laminar boundary-layer phenomena, 
154-156 

Laminar flow, 8 
Landing gear, 71 
Landing performance, 311-313 
Lateral control, 341-353 
Lateral stability, 143, 341, 342 
Laval nozzle, characteristics of, 177- 
179 

lift, 52, 98 

of an airfoil, circulation theory of, 
133-138 

compressibility effect 
on, subsonic, 182, 196, 197 
supersonic, 187, 188, 199, 200 
transonic, 190-195, 197, 198 
with flap, 229-237 
horseshoe-vortex concept of, 135, 
136 

Kutta-Joukowski equation for, 
104 

maximum, 108, 141-143, 166, 
216, 217, 366 

momentum theory of, 124-131 
relation of, to pressure distribu- 
tion, 181, 182 

scale effect of, on maximum, 166 
section, 138 

slope of curve of, (see Slope of 
lift curve) 
with slot, 236-237 
spanwise distribution of, 139-143 
of a rotating cylinder, 100, 104, 106 
of a rotating sphere, 105 
Lift/drag ratio, 111, 112, 220, 221 
Lifting line, 138 

Low-drag airfoils, geometry of, 64-67 
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M 

Mach number, 48, 50, 51 
critical, 190, 223-2^ 

(See also CompressibiUty) 
Magnus effect, 100 
Manometers, 17, 19 
characteristics of fluids for, 20, 364 
Mass, 1-3 
Mass density, 4 
Mean line, of an airfoil, 61 
Median line, 61 
Micromanometer, 18 
Moment, 51, 52 
hinge, 342-353 

pitching, of an airfoil, 52, 112-117 
about the aerodynamic center, 
114, 222, 223, 365 
effect of compressibility on, 
subsonic, 184, 187 
supersonic, 189 

of an airplane, 71, 222, 325-338 
effect of flaps on, 222, 229-233, 
335 

effect of slots on, 235 
rolling, 71, 325, 341, 342 
yawing, 71, 325, 338-341 
Momentum theory, for an airfoil, 
124-131 

for a propeller, 38, 270-273 
Multiple manometer, 18, 19 

N 

NACA standard airfoil sections, aero- 
d 5 mamic characteristics of, 206- 
227, 365, 369 
geometry of, 62-67 
Nacelle, 68 

Newton, laws of motion of, 1 
shearing-stress equation of, 9 
Newtonian fluids, 9n. 

Nomenclature, aircraft, 57-72 

0 

Oswald efficiency factor, 148n. 

P 

Parasite drag, 99, 146 


Parasite drag, of an airplane, 99, 146- 
149, 248-251, 254-257 
of bodies of infinite aspect ratio, 245 
of bodies of revolution, 244, 245 
of a cylinder, fineness ratio effect 
on, 243, 244 
scale effect on, 164, 244 
effect of interference on, 245-248 
of a normal flat plate, 165, 166, 242 
of a parallel flat plate, 156, 158, 159 
of a sphere, 160-164 
Perfect fluid, 23, 24 
Performance, 290-321 
with reciprocating engine, calcula- 
tion of, 290-313, 318-321 
climbing flight, 293-296 
cruising flight, 299, 300 
endurance, 221, 303, 304 
gliding flight, 112, 297-299 
landing, 31 1-^13 
maxi mum angle of cUmb, 296 
maximum velocity, 291, 292 
minimum sinking speed, 221, 298 
minimum velocity, 292, 293 
range, 220, 221, 301-303 
rapid estimation of, 318-321 
take-off, 304rn311 
time to climb, 296, 297 
with turbo-jet, 313-317 
Pitching moment {see Moment, 
pitching) 

Ktot tube, 28, 29, 72-74 
effect of compressibility on, 179n. 
Polar curve, 111 
glide, 298, 299 
Power, 251 

available from propeller, 251, 284- 
286 

brake, 261 
of engines, 260-266 
effect of, on stability, 337 
friction, 261 
indicate, 261 
rating of, of engines, 260 
required by an airplane, 251-257 
representative, 254-256, 318-320 
Power characteristics of engines, 260- 
266 
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Power coefficients, 276-279 
Prandtl-Gebers transition, 159 
Prandtl-Glauert equation, 180 
Prandtl-Meyer expansion, 186 
Pressure, absolute, 15 
chordwise distribution of, on an air- 
foil, 41-i5, 63-66, 113, 179- 
182, 187, 191, 208-212 
ejffect of compressibility on, sub- 
sonic, 179-182 
supersonic, 45, 187 
transonic, 44, 191 
distribution of, on a cylinder, 39- 
41, 43, 44 
on a sphere, 41 
on a streamlined body, 41 
dynamic, 25 
gage, 15 
stagnation, 30 

correction of, for compressibility, 
179, 180 
static, 25 

measurement of, 15-19 
variation of, with altitude, 13, 
14, 363, 364 
total, 25 

Pressure coefficient, 40, 208, 224 
Profile drag, 99, 130, 146, 147 
Propeller, 38, 68 
activity factor of, 280 
advance ratio for, 275 
charts for, 373-379 
choice of diameter of, 282-284 
constant-speed, 283 
ducted, 70 

effects of compressibility on, 280, 
281 

efficiency of, 272-275, 277-279 
comparison of, with airfoil char- 
acteristics, 278, 279 
fixed-pitch, 283 
geometry of, 280-282 
ideal, 270-273 
inclined, 337, 340 
momentum theory of, 38, 270, 273 
power coefficient for, 276 
simple blade-element theory of, 
273-275 


Propeller, solidity factor of, 280 
speed-power coefficient for, 277, 380 
thrust coefficient for, 276 
comparison with airfoil charac- 
teristics, 278, 279 

tip-speed correction for, 280-281, 
381 

yawed, (see Propeller, inclined) 
Proper drag, 249 

R 

Ram, 69w., 267 
Ram-drag, 268 
Ram-jet, 69, 267 

Range, calculation of, 220, 221, 
301-303, 316, 317 

Rapid performance estimation, 318- 
321 

Rate of climb, calculation of, 293-296 
Residual drag, 99, 146 
Reynolds number, 48, 49, 51 
critical, 159, 163 
effect of, on an airfoil, 166-171 
on a body of infinite aspect ratio, 
245 

on a body of revolution, 244, 245 
on a cylinder, 164, 244 
on a normal flat plate, 165, 166 
on a parallel flat plate, 153-160 
on a sphere, 160-164 
Rocket, 36, 37 
Roll, angle of, 325 
Rolling moment, 71, 325, 341, 342 
Rotating cylinder, 100, 103-105 
Rotating sphere, 105 
Roughness, effect of, on aerodynamic 
characteristics, 171, 207, 208 
Rudder, 71 

characteristics of, 342-355 
effect of, on airplane yawing mo- 
ment, 339 


Sailplane, 57 

Scale effect, (see Reynolds number, 
effect of) 

Schlieren method of flow visualiza- 
tion. 
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Section characteristics of airfoils, 138, 
365 

Separation, 23, 160 

(See also Reynolds number, 
effect of) 

Service ceiling, 295 
Shadow method of flow visualization, 
94,95 

Shearing stress, in laminar flow, 9, 
153, 156 

in turbulent flow, 157, 158 
Shock wave, 46, 178, 179, 186 
Simple blade-element theory, of pro- 
pellers, 273-275 

Skin friction, 43, 99,* 156, 158, 159, 242 
Slat, 235 

Slipstream velocity, 38, 271, 237, 340 
Slope of lift curve, 108, 110, 214, 216, 
365 

effect of aspect ratio on, 129, 145 
effect of compressibility on, sub- 
sonic, 182, 196, 197 
supersonic, 187, 188 
transonic, 200 

for tail surfaces, 145, 334, 335 
Slots, 71, 143, 235-237 
comparison of, with flaps, 236, 237 
Smoke, for flow visualization, 94 
Sound, speed of, 7, 8 
variation of, with altitude, 14, 363, 
364 . 

Speed, climbing, 295 
cruising, 299 
gliding, 298, 299 
indicated, 72-74 
landing, 313 
local, 30 

maximum, 291, 292, 315, 316 
minimum, 292, 293, 315 
relative, 30 
remote, 30 
sinking, 221, 298 
of sound 7, 8 
stalling, 110 
take-off, 309, 310 
terminal, 299 

Speed-power coefl&cient, 277, 380 
Sphere, rotating, 105 


Sphere, scale effect on, 160-164 
Spin, 341, 342 
Spiral instability, 341 
StabiHty, 323, 324 
of an airfoil, 118-120 
of an airplane, 323-342, 354 
directional, 338-341 
lateral, 143, 341, 342 
longitudinal, 326-338 
effect of center-of-gravity posi- 
tion on, 330-332 
effect of elevator deflection on, 
332, 333 

effect of flap deflection on, 335 
effect of ground on, 337 
effect of interference on, 335 
effect of power on, 337 
effect of stabilizer setting on, 
332 

effect of tail lift curve on, 334, 
335 

effect of tail position on, 333, 
334 

Stabilizer, 71 

effect of, on pitching moment, 332 
Stagnation point, 30 
Stalling, 108 
Standard air, 11-15 
properties of, 363, 364 
Static pressure (see Pressure, static) 
Stokes^ law, 160 
Stratosphere, 12 
Stream tube, 24 

Striae method of flow visualization, 
94r-96 

Sublayer, laminar, 157 
Subsonic, 45n., 173, 174 
Supercharger, gear-driven, 262-2'65 
turbo-driven, 265, 266 
Supersonic, 45n., 173, 174, 196 
Supersonic airfoils, aerod 3 mamic char- 
acteristics of, 184-190, 198-202 
geometry of, 66 

Supersonic flow in Laval nozzle, 177- 
179 

Sweepback, 63 

aerod 3 mamic characteristics of, 141, 
197, 198, 201, 202 
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T 

Tab, 71 

Take-off calculations, 304-^11, 317 
Taper ratio, 60 

Temperature variation with altitude, 
12 

Testing, wind-tunnel, 76-97 
Thrust, from exhaust, 266 
Thrust coefficient, 276 
comparison of, with airfoil charac- 
teristics, 278, 279 

Transition, of a boundary layer, 158- 
160, 207 

(See also Reynolds number, effect 
of) 

Trajisonic, 46w., 173, 174, 196 
Tropopause, 12 
Troposphere, 12 
Turbo-jet, 69, 267-269 
performance writh, 313-317 
Turbo-propeller, 70 
Turbo-ram-jet, 70 
Turbulence, stream, 171, 207, 208 
Turbulence factor, 163 
'^Turbulent flow, 8 

U 

U-tube manometers, 17, 18 
V 

Velocity (see Speed) 

Vena contracta, 37, 88 
Venturi tube, 27, 177-179 
Viscosity, absolute, 8-11 

variation of, with altitude, 15, 
363, 364 

with temperature, 15 
kinematic, 11 

variation of, with altitude, 363, 
364 

Vortex, bound, 134 
filament, 133n. 
free, 135 
horseshoe, 135 
image, 135 
traihng, 132, 135 
Vortex trail, 164 


W 

Wake, 30, 35, 36 
Washout, 60, 143 
Wave drag, 188 

Whirling-arm method for testing, 76 
Wind, effect of, on gliding distance, 
112 

on landing, 313 
on take-off, 311 
Wind tunnel, 76 
air exchanger for, 85, 86 
annular-return, 81 
atmospheric slot for, 85 
bellmouth for, 88 
boundary-layer control for, 89 
classification of, 77 
closed-circuit, ^ 
closed-throat, 86 
double-return, 81 
flow improvement in, 88-91 
flow visualization in, 94-97 
force measurement in, 92-94, 20(5 
free-flight, 78 
free-spinning, 77 
gust, 77 

honeycomb for, 89 
low-turbulence, 89-91, 206-208 
model support in, 91, 92 
open-circuit, 80 
open-throat, 86 
pressurized, 81, 85 
screens for, 91 
single-return, 80 
two-dimensional, 87 
vanes for, 89 
variable-density, 81 
Wing (see Airfoil) 

Wing efficiency factor, 149 
Wing-fuselage combinations, 57, 58 


Yaw, angle of, 325 

Yawing moment, 71, 325, 338-341 

Z 

Zero lift, angle of, 108, 213 











